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fndice comentado

En este libro se retinen copias de 32 trabajos publicados. El criterio para formar este
conjunto es que hubiese separatas disponibles en el momento de recopilarlas. Con pos-
terioridad ser descubrieron algunas omisiones importantes que serdn comentadas mas
abajo.

Para facilitar la lectura a continuacién se incluyen breves explicaciones.

Un primer grupo lo forman los trabajos con niimeros 1, 2, 3 y 10. Estos son trabajos
publicados alrededor de los afios 1965 a 1968, antes de la tesis doctoral. En estos afios
otros resultados obtenidos no fueron enviados a revistas, sino que fueron difundidos en
forma de informes técnicos. Tal es el caso de las publicaciones provenientes de un con-
trato con la Universidad Nacional de Tucumaén para estudiar temas relacionados con el
desempeio de alumnos de grado en diversas carreras.

El trabajo de tesis realizé en la Universidad de Stanford, bajo la direccién del muy
prestigioso profesor T.W. Anderson, y los temas fueron del drea de Series Cronolégicas.
Un primer grupo lo constituyen las publicaciones 4, 5 y 6. El tema es la btisqueda de una
forma explicita para los componentes de la matriz inversa de una matriz de Toeplitz: esta
tiene estructura simétrica, con cinco diagonales centrales distintas de cero, El principal
trabajo publicado es el niimero 6, y (como corresponde) aparecio en una revista de ma-
tematica aplicada.

La forma explicita de los componentes de la matriz inversa citada, se utilizé, junto
con otras u:écnif:as, sobre todo de andlisis asintético, para resolver el problema tratados
e e
orden. Se trataron las propuestas de los i BRI st e

i profesores James Durban y Morris Walter. El Pri-
mero (publicacién 8) se basa en aproximar el promedio mévil por una autorregresién del

o'rden suﬁcle.nten'fente grande" mientras que el segundo (publicacién 7) hace el mismo
tipo de aproximacién utilizando autocorrelaciones, E

2p) stos trabajos fueron re i
la exposicién ntiimero 16. } o

El prox:ch bloque de publicaciones corresponde a trabajos postdoctorales realizados
en forma con junto con el Profesor Anderson. So

T n las publicacion
trabajo nlimero 9 es un resultado de ti d es9,12,14,19 y 20. El

Po matemético y consiste en obtener una expre-
a matriz de varianzas y covarianzas de un modelo

do en la literatura matematica, pero encontramos
0s resultados deseados,

autorregresivo; el resultado era conoci
procedimientos simples para obtener |

La publicacién 12 trata el importante asunto de las condiciones bajo las cuales existen
los estimadores maximo verosimiles (bajo normalidad). Resultd que para el modelo de
promedios méviles no es necesario recurrir a condiciones especiales, mientras que para
el modelo autorregresivo se requieren condiciones a cumplir con los datos. El trabajo 14
trata algunas extensiones del tema modelos vectoriales.

La publicacién 19 trata ya concretamente de los resultados requeridos para poder
computar los estimadores maximo verosimiles. Por lo tanto cierra un conjunto de traba-
jos: 7 y 8 tratan la obtencién de estimadores explicitos usando aproximaciones, 12 trata
el tema de la existencia de soluciones, 19 los procedimientos para realizar los computos
y finalmente 20 contiene simulaciones para verificar los resultados citados.

Las publicaciones 13, 17 y 18 tratan aspectos de la ensefianza de estadistica en Argen-
tina y en otros paises de América. La publicacién 18 en particular, describe una propues-
ta para reorganizar las actividades del JASI.

Con los profesores Pedro Morettin y Clelia Toloi de la Universidad de San Pablo en
Brasil encaramos el tema de la estimacién de la varianza del término de error (“varianza
residual”) en modelos ARMA (autorregresivos con residuos de promedios méviles). Los
resultados constituyen las publicaciones 21, 22, 23 y 26. Se estudiaron matemadticamen-
te y se ilustré con simulaciones, las estimaciones por los métodos de los momentos,
cuadrados minimos y mdxima verosimilitud, en modelos autorregresivos, de promedios
moéviles y mixtos.

Las publicaciones 29 y 15 tratan respectivamente, de las correlaciones y de las auto-
correlaciones. El primero es una nota de tipo didéctico.

Las publicaciones 24 y 30 corresponden a trabajos de tipo aplicado, y estdn basadas
en el procesamiento de datos mensuales sobre precipitaciones.

Las publicaciones 28 y 32 versan sobre analisis espectral, la primera cuando la es-
timacidn se realiza usando estimadores con “ventanas”, y la segunda cuando se usa el
enfoque del estimador autorregresivo. De tipo aplicado es la publicacién 11.

Las publicaciones 25, 27 y 31 tratan temas distintos: fia primera incursiona en el
importante tema de la “correlacién intraclase” y fue motivado por el trabajo nimero 20,
la segunda explora el efecto sobre la estimacién de los parametros, de la presencia de
errores con distribucién de probabilidad que es una mezcla de distribuciones normales,
y finalmente en 30 se utiliza la técnica “bootstrap” para estimar los errores estandares de
ciertos estimadores proporcionados en el programa “X-11 ARIMA”,



Omisiones importantes advertidas. Al concluir el trabajo descripto, se advirtié la omi-
sién involuntaria de algunos trabajos a los que asigno considerable importancia. Entre
ellos los siguientes:
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Mentz, The American Statistician, 39, 4 Part 1, 274-278.
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37. Sobre la historia de la estadistica oficial Argentina, (1991) Estadistica Espariola, 33,
128, 501-532.
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CITACIONES

El trabajo 6 fue citado varias veces. Por ejemplo en F.A. Braybill, Matrices with Appli-
cations in Statistics, Second Edition (1969), Wadsworth and Brooks/Cole, pagina 284.

Los trabajos 7 y 8 también fueron citados, ver, por ejemplo, M.B. Priestley, Spectral
Analysis and Time Series, Volumen 1, 1981, Academic Press, pagina 359.

La publicacién 12 dio lugar a trabajos destinados a extender el caso vectorial, los
resultados obtenidos sobre existencia de estimadores maximo verosimiles en modelos
autorregresivos.



Prélog O de Pedro Alberto Morettin

Este libro realiza un justo homenaje al Profesor Raul Pedro Mentz, Profesor Emérito
de la Universidad Nacional de Tucuman e Investigador principal del CONICET. El es Profe-
sor de la Facultad de Ciencias Econémicas de la UNT, que aiin jubilado, prefiere continuar
trabajando en su Universidad, donde desempefia sus funciones con el mismo entusiasmo
de antes. Es también Director del Instituto de Investigaciones Estadfsticas, érgano apo-
yado por el CONICET.

Conoci a Ratl hace més de 30 afios, durante un viaje de estadisticos latinoamerica-
nos a Estados Unidos, por invitacién de la Asa ~American Statistical Asociation. Desde
entonces percibi su entusiasmo y anhelo de ayudar a desarrollar la Estadistica en Lati-
noameérica. Y esto se materializé en diversos trabajos realizados para el 1as1 (Interameri-
can Statistical Institute), ya sea como vicepresidente o presidente, o como editor de su

revista Estadistica, a 1a cual ayudé a reestructurar. En el 4mbito de su pafs, establecié los
programas de Magister en Estadistica Aplicada y Doctorado en Estadistica en la UNT.

Durante todos estos anos, Ratl cultivé una gran diversidad de intereses en el drea
de la Estadistica, todos ellos reflejados en los trabajos reunidos en este libro. Encontra-
mos tres publicaciones relacionadas con el trabajo realizado para el 1as1: En la primera
se efectu6 un relevamiento de los centros de la regién que posefan algtin programa de
grado o posgrado en Estadistica, cuyos resultados fueron presentados en la Seccién del
11 realizada en Buenos Aires, en 1981. La segunda est4 relacionada con la ensefianza de
Estadistica en Latinoamérica y la tercera con la actuacién del 1as1 en la regién.

Las otras publicaciones que encontramos en este libro reflejan otros intereses. Hay
p.ublicaf:iones relacionadas con la estacionalidad en series de tiempo; un asunto de par-
ticular interés para Ral por muchos afios, y que le llevé a publicar un excelente libro
sopre métodos estacionales. Otra 4rea de interés, que motivé la publicacién de varios tra-
:::.?;Z: ;q;t:llllta; :;er ieasdt::aeié; denr;'lso;lzlfs autolregresivos y de promedios méviles, uni-
El interés de Ratil en estar‘l i EU S .e i

ultima area se remonta a su tesis de doctorado en Stanford, bajo

la orientacién de T.W. Anderson, sobre las propiedades asintéticas de los estimadores en
modelos de promedios méviles,

10

En el inicio de su carrera encontramos importantes trabajos, publicados en revistas
internacionales de renombre, sobre la inversién de matrices de tipo Toeplitz, también re-
producidos en este volumen. Completan la lista de publicaciones, trabajos sobre Analisis
Espectral y Correlacion y trabajos aplicados a las dreas de Economia y Climatologia. Hay,
todavfa una curiosidad: Un articulo publicado en 1967, en la revista Estadistica, sobre el
Analisis Bayesiano.

Para mi es motivo de orgullo el haber sido invitado a escribir este prélogo sobre Raul
y haber compartido su amistad y la de su familia por mas de tres décadas.

Pedro Alberto Morettin
Sao Paulo, Julho de 2008.
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5 I'élOgO de J. Ricardo Acosta

“.I've lived a life that's full

I traveled each and every highway
And more, much more than this,

I did it my way..”

(PAUL ANKA, “My Way")

Hay hombres que pueden enorgullecerse de haber hecho siempre, a lo largo de su

vida, o correcto en el momento correcto. Y luego ser reconocidos por ello.

Casado desde 1956 con Guillermina E. Fierro (Coca), padre de tres hijos (Marfa Isabel,
Graciela y Ratil) y abuelo de once nietos, puede afirmarse que la vida de Ratl Mentz -mi
abuelo- ha sido y es fructifera en todas sus multiples facetas.

Nacié el 16 de Diciembre de 1932, en el seno de una familia con muchas aspiraciones,
que le inculcé desde pequefio la avidez por el conocimiento y la superacién personal. Asi
lo indican sus anécdotas sobre las clases de piano -que no le gustaban demasiado, segiin
lo reconoce- y de inglés, a las cuales asisti6 a instancias de sus padres, en un tiempo en
que el estudio de este idioma no estaba tan difundido como en el presente.

Mi abuelo fue siempre un buen estudiante. Se destacé tanto en su paso por la Escuela
Julio A. Roca, como en su posterior transito por la Escuela de Comercio y la -por entonces
joven- Facultad de Ciencias Econdmicas de la Universidad Nacional de Tucuméan.

Esto mientras alternaba con los pasatiempos habituales de una época que no conocia
la TV ni las computadoras. Asi, gustaba de departir con amigos, jugaba al billar o a las
cartas, iba al cine, y no se perdfa de ninguin baile, segiin cuenta mi abuela (con cierto tono
de reproche, pero aun asi entre risas).

Capitulo aparte merece su sana obsesién por la lectura, habito que mas tarde sabria
fomentar en los suyos. Pocas personas conocieron tanto a tan corta edad sobre la vida y
obra de Borges -por ejemplo-, como quienes compartimos desde pequefios los almuerzos
y cenas de mi abuelo.

Otra de sus sanas obsesiones es la matematica. Su afecto por esta ciencia y su voca-
cién incansable de maestro convertian nuestras visitas de la infancia en una sucesién
de pasatiempos interesantes, como aprender que los niimeros primos son aquellos divi-
sibles tinicamente por uno y por sf mismos, y que la denominacién no alude a ninguna
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relacién de parentesco. Esto, en la temprana nifiez, representaba todo un hallazgo (que
ademads era evaluado al fin de semana siguiente).

Su idilio con la estadistica comenzd, l6gicamente, de la mano de su aficién por la ma-
temadtica. Stanford, el INIE y lo que sigue es historia conocida. Si bien no puedo precisar
la magnitud de lo que hizo mi abuelo por y para la comunidad estadistica, confio en que
semejantes precisiones serdn materia de otros prélogos y se me excusara de brindarlas
en el presente. De cualquier modo, el homenaje que hoy se le rinde resulta muestra
elocuente de la trascendencia de sus actividades, y es materia de orgullo para su descen-
dencia.

Como cuando junto a mis hermanos y primos lucfamos altivos una remera con la
leyenda “I'm statistically significant” (comprada en el “gifts-shop” de algtin Congreso), e
intentabamos reproducir frente a nuestros amigos la explicacién del abuelo de que un
individuo no es significativo en estadistica y de alli la genialidad de la frase. Hay que
reconocer que pocos -nosotros incluidos- terminaban de comprenderlo.

Lo cierto es que a lo largo de su vida, Raul Mentz ha alcanzado el dificil mérito de ser
un hombre grande y completo, como docente e investigador, maestro, estadistico y cabe-
za ejemplar de una familia. Por ello su agasajo, lejos de venir impuesto por el protocolo,
representa un reconocimiento justo por parte de sus colegas, discipulos y allegados.

Porque no muchos hombres pueden, como mi abuelo, mirar hacia atrds y afirmar que
han vivido una vida plena, que recorrieron cada uno de los caminos, y que lo hiciercn a
su manera, que ha sido, no caben dudas, la manera correcta.

J. Ricardo Acosta
Agosto de 2008
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Prélogo de Raul Pedro Mentz

Como parte del homenaje que generosamente organizé el 1asr (Instituto Interame-
ricano de Estadistica), se decidié publicar una coleccién de separatas de trabajos que
realicé durante muchos afios, desde 1967.

Los tépicos cubiertos son variados, pero hay una clara orientacién hacia la teorfa y
las aplicaciones de los métodos de analisis de series cronolégicas. Este fue el tema de mi
tesis doctoral (Ph. D. en Stanford en 1975).

Tuve la fortuna de compartir una buena porcién de estos proyectos, con estadisticos
proveniente de distintos tipos de extracciones. Uno fue el director de mi tesis, Profesor T.
W. Anderson, otro el colega Profesor Pedro A. Morettin. En épocas recientes he realizado
trabajos que enfatizan el uso del computador, para lo que conté con el aporte de Nora
Jarma y de Carlos Martinez.

Estoy sumamente agradecido al IASI y a sus autoridades actuales, en particular a la
Presidenta, Licenciada Clyde Trabuchi y al Secretario Técnico, Profesor Evelio Fabbroni.

También deseo agradecer al Profesor Pedro A. Morettin por su apoyo en este proyec-
to. Esto se une a la labor de muchos de los miembros del Instituto de Investigaciones
Estadfsticas (INIE) de la Facultad de Ciencias Econémicas de la Universidad Nacional de
Tucuman.

Rauil Pedro Mentz
Agosto de 2008
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La estadistica bayesiana: una descripcién de sus ideas bdsicas, pp. 61- 80

La estadistica bayesiana: una descripcién
de sus ideas basicas

Radl Pedro Mentz, Argentina
Summary

Over a period of roughly the last ten years, various statisticians have originated
and developed a current of thinking known as the “Bayesian approach’ to decision
statistics. In essence, this new trend combines numerous elements of analysis in a
fairly original manner known as “Bayesian.” Strictly speaking, however, this designation
is not altogether correct. The well-known Bayes’ Theorem (of Thomas Bayes, published
posthumously in 1763) is utilized more frequently in this theory than in other
formulations, but this results, among other things, from an attitude that differs
from the traditional view regarding what should be interpreted as probabilities.
Nevertheless, the name “Bayesian' is accepted and serves to indicate the position
with which we are concerned here.

In their modern version, these techniques have spread rapidly, particularly in
some European countries and in the United States. They were at first developed as
methods for analyzing situations peculiar to business, but a variety of applications
were rapidly found and suggested in other fields. Relatively f=w works haye appeared
on this topic in Spanish, however, which leads us to the belief that even now,
there is still justification for presenting this paper which, without adding new elements
to the body of theory concerned, sets forth its principal characteristics in a compact
but orderly way and shows the relationship between it and other more traditional

methods.

Accordingly, this paper presents (Iy a briel review of the traditional concepts
relating to tests of statistical hypotheses, including the use of characteristic error
curves for the selection of the best test (2) the “decisionist” way of selecting this
best test—along the lines of Wald, and more appropriately, according to the Bayesian
field of thought; (3) the “subjectivist” way of choosing the best test; and () the
Bayesian way of deciding 2 given problem statistically.

Although the aim of this work is to arrive at topics (83) and (4), we believe
that the order in which the topics are presented will facilitate comparison of the
theory with which we are concerned and its predecessors.

1. Introduccién

Durante los diez tltimos afios aproximadamente, diversos estadisticos
han iniciado y desarrollado una corriente de pensamiento a la que se
individualiza como el “enfoque bayesiano” de la estadistica de las deci-
siones. En esencia la nueva corriente de pensamiento combina de manera
relativamente original numerosos elementos de andlisis y es a esa manera
de combinarlos que se refiere el nombre de “bayesiano.”

* ‘Trabajo p 1o cn el V Coloqulo Argentino de Estadistica, Rosario, Sana Fe, octubre
1965. Constituye el Cuaderno No. 65-4 del Instituto de Investigaciones Econdmicas, Faculdad de
Ciencias Econdmicas, Universidad Nacional de Tucumin,

*» Taculdad de Ciencias Econbmicas, Universidad Nacional de Tucumin,

17



Publicaciones - Rail Pedro Mentz

En rigor, la designaci6én es bastante impropria, pues si bien es cierto
que en esta teorfa se utiliza con mds frecuencia que en otras formulaczones
el celebrado “Teorema de Bayes” (original del Reverendo Thomns Bayesy
publicado péstumamente en 1763), ello es una consecuencia, entre otras
cosas, de una actitud diferente a la tradicional con respecto a lo que'debﬁ
interpretarse como probabilidades. Sin embargo, el nombre de ““bayesiano
estd aceptado y sirve para individualizar a la posicién que nos ocupa.

Estas técnicas alcanzaron répida difusién en su versién moderna,
especialmente en algunos paises de Europa y en l_Es_tados I.defjs. En princi-
pio se desarrollaron como métodos para el andlisis de situaciones propias
de los negocios, pero rapidamente se han encontrado y se han sugerido
aplicaciones variadas fuera de ese campo.

A pesar de esta amplia difusién que comentamos, han sido relativa-
mente pocos los trabajos en espafiol que se han dado a conocer sobre el
tema, de manera que creemos que todavia se justifica en este momento un
trabajo como el presente, que sin agregar nuevos elementos al cuerpo de
la teorfa que nos ocupa, exponga sus caracterfsticas principales en forma
compacta pero razonada y muestre la relacién que dicha teorfa guarda con
los métodos mis tradicionales.

Para cumplir con estos propositos, presentamos sucesivamente: (1) una
rdpida revisién de los conceptos tradicionales de los “test de hipotesis
estadisticas,” incluyendo el uso de curvas caracteristicas de error para la
seleccion del “mejor test”; (2) la manera “decisionista”—en la linea de
Wald—de seleccionar ese “mejor test”; y mas propiamente en el campo de
las ideas “bayesianas”; (3) la manera “bayesiana” de decidir estadisti-
camente un problema dado.

En rigor, el objeto de este trabajo es llegar a los temas (3) y (4), pero
creemos que ¢l orden que hemos elegido para la presentacién de los tépicos
facilita la comparacién de la teoria que nos ocupa con sus predecesoras.

En el curso de nuestra exposicién no damos referencia especifica sobre
la fuente de cada aseveracién; en su reemplazo, presentamos una biblio-
grafia comentada que creemos que llena con ventaja esa funcién.

2. El disefio de un test de hipétesis estadisticas

]. Nuestro razonamiento arranca desde una de las primeras formas
de inferencia probabilistica: el intervalo de confianza.

Para fijar mejor las ideas, consideremos el caso particular de una
variable aleatoria (estadigrafo muestral) Z, con esperanza E(Z) y desvia-
cién estdndar o (Z). Por consideraciones tedricas, quizds vinculadas al tama-
fio de las muestras, o por experiencia que se tiene sobre la naturaleza de la
situacién fisica analizada o meramente como una aproximacién conve-
niente, se acepta que Z se distribuye normalmente.
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Sea kg 5 el néimero real tal que si X es una variable aleatoria normal
con esperanza nula y variancia unitaria, se cumple que

Pf (X 2 kodm) p— 0-05 (1)
de'manera que -kg g5 = kg,05. Vemos que
Pr[-— k.05 < e 1) gkw] =0.90 @
v (2) ,
y también que
Z-E@ | _ ] i
P?’ I:—-*-'-—a_ (Z) 2 kl].l]& = 095 . (3)

De estas probabilidades se pueden derivar formalmente, transponien-
do términos dentro de los paréntesis, un intervalo de confianza del 90
por ciento en el primer caso, o un limite superior de confianza del 95
por ciento en el caso de la Férmula (8). Por ejemplo, si ¢ (Z) fuera
conocida o estimada a satisfaccién del investigador, tal que no exista
incertidumbre con respecto a su verdadero valor, el intervalo

[Z — ko.os* @(2), Z + ko050 (2)] ()
es el intervalo de confianza del 90 por ciento para E (Z) y
[- @ 2 +kosso(@)] (5)

el limite superior de confianza del 95 por ciento para E(Z) .}

Para hacer resaltar la naturaleza de este modelo, no escribimos el
intervalo (4), por ejemplo, en la forma de una probabilidad, pues
E(Z) no es una variable aleatoria sino un pardmetro y en consecuencia
carece de distribucién de probabilidad.

Una forma habitual de aclarar la naturaleza de (4) y (5) consiste
en decir que bajo una interpretacién probabilistica de prucbas repetidas,
intervalos de confianza de este tipo, computados para muchos valores
2y, Z, +.. del estadigrafo Z, cubrirdn el verdadero (y habitualmente desco-
nocido) valor de E(Z) en el 90 y 95 por ciento de los casos respectiva-
mente,

9. Claramente esta misma linea de argumento puede utilizarse para
probar hipétesis (estadisticas) con respecto a E(Z). Asf, dada uma
muestra y un valor z, computado en ella, “con el 90 por ciento de con-
fianza aceptamos la hipétesis de que E(Z) = E,(Z)" si, y solamente si,
E, () cae dentro del intervalo

[-’fo — ko.os* o (Z), 2, + ko.05 E(Z)]. (6)

para el caso de un test “de dos colas” y simétrico en probabilidad.

1 La distincién emtre “intervalo” y “Jfmite” no es esencial y a menudo utilizaremos l»
primera palabra en forma genérica.
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3. En el caso particular de los test de hipétesis, es muy importante
advertir los efectos de un disefio descuidado de la investigacion. Suponga-
mos que en una muestra determinada z, haya resultado igual a 25 y el
intervalo de confianza (6) sea 25 = 9 6 (16.34). Si bien en la mayoria de
los casos el investigador se sentird (personalmente) muy confiado _al
aceptar que E,(Z) es 25 6 24 6 26, su actitud (personal) una vez que
se conoce el resultado muestral puede ser mucho menos segura si debe
aceptar que E, (Z) es 33.9 o rechazar que es 34.1, a pesar que el modelo
le indica clara e inequivocamente el juicio que debe emitir.

En resumen, serfa muy ventajoso que en la ectapa de disefio se
pudieran considerar, de una manera prictica, los riesgos de cada decision
en un test estadistico y asf adecuar el tamaiio de la muestra y la ubicacién
del punto critico, por ejemplo, a los riesgos tolerables para cada valor del
pardmetro. La manera de evaluar estos riesgos en un plano probabilistico
que ha adquirido mayor difusion, es la de construir las curvas caracteris-
ticas operantes (o las curvas de potencia) para un test determinado. Estas
curvas (o funciones) permiten tomar en consideracién no solo el valor
del parimetro que corresponde a la hi potesis de nulidad (E, (Z) en nuestro
caso), sino todo un intervalo de valores posibles del pardmetro y frecuente-
mente todos sus valores posibles.

En general, la curva caracterfstica operante (CCO) en un test dado,
es la representacién grafica de la probabilidad de aceptar la hipétesis de
nulidad, como funcién del pardmetro que se investiga y la curva de po-
tencia la complementaria a Ja unidad, o sea la que muestra la probabi-
lidad de rechazar.

Para un caso como el que corresponde a (4), o sea un test simétrico
de dos colas en la distribucién normal, la CCO es:

JE@) = Pr[E(2) - koos+o(2) < Z < E(Z) +koosa(2)] (7)

~ Para un test de una sola cola como el que se deriva de (5), del
Epo “acéptese la hipétesis de nulidad si z < z, y rechdcese si z > ot v
CO es

Z—E(Z)
o (Z)

donde claramente se verifica que z, = E (Z) 4+ ka . o (Z) y a es el “nivel
de significacién” del test (0.10en (7)).

Por ejemplo, para probar la hipétesis de nulidad de que E(Z) =
= E,(Z) contra la hipdtesis alternativa de que E(Z) = E,(Z) donde
es E,(Z) <E,(Z), cuando ¢ (Z) es conocido, el tipo de test que corres-
ponde a (5) es apropiado y las representaciones grificas de la CCO (8)
y de la funcién de potencia tienen la forma esquemdtica de los Gréficos 1
¥y 2, respectivamente.

j(E(Z)J-—-Pr[ gkcz:l-——-Pr[ZgE(Z)-i-Ica-a(Z)], (8)
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Una formulacién mds realista es la siguiente. Por consideraciones
propias de la situacién que se estd investigando, se ha llegado a esta-
blecer que el valor E,(Z) del parimetro que se quiere probar es el
valor de indiferencia (breakeven point), de manera que resulta propiado
que la hipdtesis de nulidad sea, por ejemplo, que E (Z) <E@ ylh

—_—r
Piobabilided do ocoplor on el 1041
{-o L
o4
1) ¥
Z,
Gréfico 1 £

hipétesis alternativa que E (Z) > E,(Z). Para este tipo de test, a menudo
resulta mds ilustrativo reemplazar la CCO o la funcién de potencia por la
curva caracleristica de ervor que muestra las porciones de las otras dos
curvas en las partes que corresponde a una decision errénea del test.
El esquema del Grifico 3 es tipico de la forma de estas curvas.

4. Por lo menos en un plano tedrico, el investigador podria plantear
Dajo la forma del Grafico 3, una gran cantidad de las combinaciones posi-
bles de test que podrian intentarse, cambiando la ubicacién de z., modifi-

11-

Probobilidad da rechorar an sl teat
{-& &
o 4

E.(2)

[
o

2]
—_—

Griflco 2
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cando el tamaiio de la muestra, o haciendo ambas cosas a la vez. 2 Con todo elegido como medida del riesgo en su decisién, es mayor en la proximidad
ese material a su disposicién, conjuntamente con el costo de cada alterna- del valor de parimetro que corresponde al punto de indiferencia, que
tiva, estaria entonces en condiciones de decidir sobre el test éptimo. para valores muchos mds grandes o mucho mas chicos que él. Sin embargo,
por la propia naturaleza del valor de equilibrio, esperamos que los riesgos
medidos en las unidades originarias del problema (costos, utilidad, etc.)
se comporten aproximadamente como en algunos de los esquemas del
Grifico 4.

Funciones tales como las representadas en el Grifico 4 se designan
funciones de costo. Los valores dependen funcionalmente del pardmetro
que se investiga y la palabra “costo” tiene un sentido genérico e indica
que la funcién representa los riesgos de la decision del test en las unidades
de medida propias del problema (pesos moneda nacional de costo o de
ganancia, niimero de horas de trabajo, niimero de alumnos en un problema
educacional, etc.). En lo sucesivo y por razones de simplicidad considera-
remos que la funcién de costo viene dada en dinero.

i+

Probobilidod deo error en el 1est

{-o ¢

Las funciones de costo habitualmente sélo incluyen los elementos
afectados por la decisién que se analiza. En consecuencia no representan
g Ieiz) E(z) necesariamente el costo total en el sentido econémico. Obsérvese que en

Grafico 3 los esquemas del Grafico 4 las funciones se anulan por lo menos para
E,(Z), precisamente para hacer resaltar esa situacion.

Obsérvese que la variedad de curvas caracteristicas de error que exfs' Estas funciones de costo no son ficiles de obtener en la prictica
ten para un caso como el que comentamos es infinita. Sin embargo, aun y atin puede aseverarse que en aplicaciones cientificas tradicionales, como
disponiendo de una experiencia limitada, se podria llegar por eliminacién en investigaciones biologicas, médicas, de comportamiento humano no
a una cantidad manejable. econdmico, etc., es un verdadero problema separado discutir la naturaleza
y atin la existencia de tales [unciones. Sin embargo, por lo menos en mu-
chos casos de la investigacién econémica, de la ingenieria y de los nego-
cios, pueden proponerse funciones de costo si se efectia un andlisis de-
tenido del problema. En tal caso, el hecho de que se deba preparar mis

Considérese ademas que si bien los costos de realizacién de los distin-
tos test pueden determinarse bastante adecuadamente en dinero, el poder
discriminador de un test, tal como aparece en la curva caracteristica de
error, o sea su capacidad para asignar probabilidades de error mis o
menos diferenciadas para valores distintos del pardmetro, viene dado en

probabilidades y no en las unidades propias de la situacién investigada. (®) ®) (©

A pesar de estas serias objeciones, es interesante hacer notar los impql‘-
tantes resultados que se han conseguido al aplicar este tipo de andlisis, Urilidad, cortan, o6
conjuntamente con algin otro criterio adicional, en casos concretos. Un
ejemplo notable lo dan las tablas y gréficos para inspeccién por muestreo,
de tanta difusién en Europa y Estados Unidos.

3. Elementos de la teoria estadistica de las decisiones
utilizados en el disefio de un test

() £(z) Ei(z) E(z)

5. Atn con estos relinamientos, es claro que existe una gran variedad Gréfico 4

::1{: 2‘;‘;?;;:“;5 3&%‘;& el:ea?:hs:;;“g??;éa ddzfeczos. Por e]‘imli’k’r estud}:lando informacién original para aplicar las técnicas estadisticas, redunda en un
, q provabilided de error en el test, que hemos beneficio posterior, pues los modelos pueden responder adecuadamente

2 ‘También podria considerarse un “test estadistico secuencial,’* etc. muchas Pregumns‘
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6. Aceptada la existencia y admitida la ventaja del uso de la fun-
cién de costo en un problema dado, nuestro proximo paso es emplearla
junto con la curva caracteristica de error en el disefio del test, pa_rz}'log'rar
una evaluacién més apropiada del riesgo asociado con cada decision. En
lo sucesivo v conforme con la tradicién en el tema, nos referiremos a
"dccisiones"Jy no a “decisiones del test,” con la implicacion de que, al
decidir sobre la base de la estructura econémica propia del problema, es-
tamos decidiendo esencialmente éste y no su version estad{stica.

La manera propuesta para establecer la vinculacién entre costos y
probabilidades de error, y posiblemente la que mds apela al buen sentido,
es ponderar los valores de la funcién de costo por las probabilidades de
la curva caracteristica de error. La funcién resultante, que depende tam-
bién del pardmetro estudiado, es designada la ,‘u.nc:’a'n de costo £'{Pt.’i'-ﬂ(f0
y adopta aproximadamente la forma esquemdtica del Grifico 5 s la
curva caracteristica de error es como la del Grdfico 3 y la funcién de
costo como la del Grifico 4 (a) .

Si 1a funcién de costo esperado estuviera expresada en dinero, podria-
mos agregarle el costo de la informacién muestral que corresponclle :11. test
respectivo, el costo del muestreo, con lo que tendriamos nuevas funciones
de forma similar a la del Gréfico 5. Estas son las funciones de costo total

esperado.

Ceoule siperede

L(2) £(2)

Gréfico 5

7. Nuevamente nos enfrentamos con el problema de que existen
infinitas combinaciones de puntos criticos (z.) y tamafios muestrales (7).
cada una de las cuales origina una funcién de costo esperado o de costo
total esperado. Cuando las medidas del riesgo eran solamente probabilida-
des confiibamos que el investigador pudiera usar su conocimiento del
problema para seleccionar el “mejor” test considerando curvas como la
del Grifico 3. Como ahora las curvas de riesgo representan unidades
propias del problema y no probabilidades como en los pdrrafos 84, pode-
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mos esperar que el juicio informal del investigador sea reemplazado por
un criterio explicito para definir y seleccionar el “mejor test” de un
conjunto dado de test equivalentes.

Una manera de hacer esta seleccién objetivamente, o sea en forma
independiente de la opinién del investigador, es usando el criterio “mi-
nimax.” Este criterio propone tener en cuenta el resultado mds desfavo-
rable de cada test posible (esto es, el mdximo de la respectiva curva de
costo o costo total esperado) y seleccionar como mds conveniente el que
tenga el menor (minimo) de esos resultados mds desfavorables (mdximo);
de ahi la expresién “minimax.” ) ’

Por ejemplo, consideremos el siguiente caso (tomado de Robert
Schlaifer, Introduction to Statistics for Business Decisions, McGraw-Hill,
1961). Se investiga el pardmetro p, la verdadera proporcién en la pobla-
cién; el valor de indiferencia de p es p, = 0.04; se consideran test basados
en una muestra al azar simple de tamafio n = 20; el estad{grafo muestral
es 7, la proporcién en la muestra, que se supone sigue una distribucién
binomial; los test que se comparan son todos del tipo “acéptese que
p < 0.04 si y solamente si r < r,” Bajo estas condiciones, cuando la
funcién de costo es como la del Grafico 6, las curvas de costos esperados
para los test donde r, es 1, 2 y 3 respectivamente, aparecen en el Grafico 7.

Es ficil advertir que el criterio “minimax” indicard que el test
con 1, = 1 es superior a los otros dos.

60

%0 >

40 //
30 //

20 e

4 N-M//

5 )

Gréfico 6

8. A pesar de que el criterio “minimax” posee una seri¢ de pro-
piedades muy atractivas y atin desde un punto de vista intuitivo es muy
razonable, un andlisis detenido permite advertir que presenta algunas
dificultades importantes.
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En particular, a menudo en este tipo de esquema, resulta imposible
combinar explicitamente y como parte del modelo la funcién de costo
esperado con otra informaci6n adicional que pudiera tenerse con respecto
al pardmetro estudiado. Esto representa un verdadero inconveniente pues,
por ejemplo, si se tuviese informacion de mucha credibilidad, pero mo
necesariamente cierta, de que una situacién especial p}:ede representarse
para algunos valores particulares del parimetro, seria deseable podei
utilizar este conocimiento, efectivo aunque no cierto, para seleccionar el

mejor test.

Consideraciones de esta naturaleza, llevan a un cn_foque bastante dife-
rente de todo el problema y éste es el tema que analizaremos en el resto

de este trabajo.

Costo esperado

10

A__
.20 25 30 1] P

Griéfico 7

4. La manera “subjetivista” de disefiar un test

9. En todo nuestro andlisis hasta este punto, hemos utilizado las
probabilidades bajo una interpretacion tradicional y objetiva de pruebas
repetidas, vale decir, como limites de frecuencias relativas. En ningun
momento hemos necesitado suponer que ellas representan medidas del
grado de credibilidad que se tiene respecto de un suceso y que tienen Ila
interpretacion cotidiana que se da a la palabra “probabilidades.”
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Resulta que esta cuestién teérica pero bésica debe ser dilucidada
previamente, para poder aceptar un nuevo modo de analizar un problema
como el planteado en el pirrafo 7. Especificamente, la cuestién se centra
en la aceptacién de la interpretacién subjetiva de las probabilidades. 3

Si estamos dispuestos a dar ese paso y reconocemos a las probabili-
dades como medidas (posiblemente subjetivas) del grado de credibilidad
de un suceso cualquiera, repetitivo o no, proponemos utilizar el siguiente
razonamiento:

Por conocimiento que se tiene sobre la naturaleza del problema, se
puede asignar una distribucién de probabilidad a E (Z). Vale decir, el
pardmetro que se investiga, que revestfa ese cardcter paramétrico bien
definido en los modelos descriptos en los pdrrafos 1-7, es considerado
ahora también coro una variable aleatoria, la wariable aleatoria bdsica
del problema. A ella se le asigna, de alguna manera, una distribuciéon de
probabilidad, aceptada por el investigador y atin propuesta subjetivamente
por él; para distinguir a esta nueva distribucion de la distribucién mues-
tral del estadigrafo que se considere en el muestreo posterior, la llama-
mos la distribucidn “a priori” de E (Z). Los elementos que derivamos en
los pdrrafos 1-7 para llegar a la curva de costo esperado, siguen formando
parte del modelo, con la tnica variante que como E (Z) es ahora una
variable aleatoria, hablaremos de curvas (o funciones) caracteristicas con-
dicionales de error, de curvas condicionales de costo y de curvas condicio-
nales de costo esperado; la palabra “condicional” indica que los valores
dependen de la variable aleatoria bdsica del problema.

Resulta fdcil advertir que el criterio que se desea proponer- es el
siguiente: ponderemos los valores condicionales esperados de las curvas
de los Grificos 5 6 7 por las probabilidades “a priori” asignadas a E (Z)
y seleccionemos como mejor test aquél que tenga el menor costo esperade
incondicional obtenido de esa ponderacién.

10. Dejando de lado por un momento la discusion de si las proba-
bilidades “a priori” son verdaderas probabilidades en todos los casos,
obsérvese que hemos logrado una manera razonable de combinar la infor-
macién que existe con respecto a E(Z) con los datos que se conocen,
también “a priori,” sobre la naturaleza de un test dado. En particular,
esta alternativa “subjetivista,” se muestra mds razonable que utilizar el
juicio del investigador para seleccionar el mejor test mirando tnicamente

3 La interpretacién subjetiva o personalista de las probabilidades tieme un moderno ¥
excelente expositor en L. J. Savage (especialmente en The Foundations of Statistics, Wiley, 1934).
Fl aclara la naturaleza de la posicién (p. 3) diclendo que una probabilidad mide la confianza que
un individuo dado tiene con respecto a la veracidad de una proposiciGn especifica.

En este orden de ideas, un *f lista"” estd disp a aceptar como probabilidades juicios
sobre la posibilidad de que llueva en 1966, de que Rémulo hava fundado a Roma, ctc., todos los
cuales son acontecimientos de naturaleza no repetitiva.

La idea central, esti en que csas probabilidades pe les satisfacen ciertos axiomas, que
son los mismos sobre los que se ha demostrado que se puede construir todo el aparato del cilculo
de probabilidades como lo conocemos,

No debe suponerse sin embargo que la interpretacibn que comentamos presupone que las
probabilidades serin siempre proguestas personalmente por ¢l investigador. Con la adopcidn del
enfoque subjetivista debe asegurarse que el investigador aceple las probabilidades. pero éstas pueden
originarse en informacién de fuente histbrica sobre ¢l problema, en su propio juicio personal o en
otras formas distintas o combinadas,
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a curvas caracteristicas (condicionales) de error: estas ultimas vienen ex-
presadas en probabilidades y no puede esperarse en todos los casos qldle
un investigador no estadistico domine su naturaleza, En cambio, puede

confiarse que dicho investigador estard en buenas condiciones para evaluar,

de Ja mejor forma posible, su propio conocimiento con respecto a la varia-

ble bésica del problema. _ )

11. Nuestra presentacién ha sido hasta :_thol'a muy 111[01'111:_11 ¥ sdult:
ha procurado motivar los elementos de los distintos modelos considera l11:(!)55.
Para proponer formalmente el problema_de disefio de un teffkqliet e
ocupa, utilizaremos esencialmente la notacién propuesta por Wilks, © te
mos la siguiente formulacién:

Sea Z una variable aleatoria con espacio muestral R. Sea ¢ un punto
del espacio paramétrico Q, donde Q es, por ejemplo, un conjl_u:l(l;odﬁg;t?z,
Q = {61, B ... 6:). Sea p(Z/6) la distribucién de probabilidad ¢ .
cuando @ es el verdadero valor del pardmetro, de tal manera que €XIs e:‘1
s distribuciones discretas de probabilidad p(Z/61), ---» P (Z/6s) :dvﬂz
sola de las cuales se supone cierta cuando se realiza una observacién de Z.

Sea 4 el conjunto o espacio de las decisiones, 4 = {@u ---:_31:4} qu{f
se tomaran con respecto a § sobre la base de la observacién de Z; 831‘ 1
finito en todas nuestras aplicaciones. Por ejemplo en el problema e
parrafo 7, A = {a;, a,) donde a, es la decisién de que p < 0.04 y a2
de que p > 0.04.

Una funcion decisoria, d, que pertenece a un
cisorias D, asocia con cada valor de Z una decision en 4. P
en nuestro caso particular tenemos que

4 clase de funciones de-
or ejemplo,

d(r) = a cuando r < 1,
=Gy cuando r > T, .

Asociada con la decisién a de 4, existe una funcién de costo C (6, a)
que representa el costo de la decisién a cuando ¢ es el valor del pardmetro.
Esta funcién estd definida en el espacio 4 X Q y asigna a cada punto de
¢é1 un numero real.

La funcion de costo esperado es entonces

ri6,d) =E[C@ dx)] = T €, d@) p@/o), (9)
el

también llamada frecuentemente la funcidn de riesgo.
El criterio minimax aconseja seleccionar la decisién d? que satisface:

r(8, dv) = mz’n{m(w ria, d)}. (10)
del|fefl i
El criterio subjetivista parte de una distribucién “‘a priori” q (6) )
llega al costo esperacdo incondicional :
o, d) = EI X OO, die) p(efo) o) . (1n
i=1 zeh
¢ Mﬂ{hr;mrr'rr:f Statisties, por S. 5. Wilks, Wiley 1962, p. 502,
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La decisién d es propuesta como “mejor” si

de = min 7(8, d). (12)

deD

5. El uso de probabilidades “a priori” y del teorema de Bayes

en un problema de decision

12. A pesar de la nueva interpretacién de las probabilidades y del
uso de la distribucién “a priori,” nuestro andlisis ha seguido los mismos
lineamientos tradicionales, vale decir, ha procurado disefiar un test de
una hipétesis estadfstica seleccionando un punto critico, etc. Sin embargo,
la existencia y aceptacién de la distribucién “a priori” permite combinar
los elementos del problema de una manera diferente. Vamos a presentar
a continuacién la manera “bayesiana” de analizar un problema de deci-
sion, en el caso de que existan dos acciones alternativas posibles.

Supongamos que el investigador ha logrado proponer una distribu-
cién “a priori” para la variable aleatoria bdsica, a la que llamaremos u y
que se conozca la funcién condicional de costo, a la que designamos por
simplicidad C (w). Si no se dispone de otra informacién, es razonable
proponer como criterio de decisién, que se tome aquella accién que mini-
miza el costo esperado E’ [C (u) ] (o maximiza la utilidad esperada), donde
hemos escrito E’ para indicar que la esperanza es con respecto a la
distribucién “a priori” g (u). Suponemos que p s6lo toma un niumero
finito de valores, de manera que g (p) es discontinua.

Supongamos a continuacién que se ha decidido extraer una muestra
al azar simple de tamafio n y en ella estimar a p mediante el estadigrafo Z.
Sea p(Z/p) la distribucién muestral de Z cuando p es el valor verdadero
de la variable bésica del problema, Por el teorema de Bayes, tenemos que
la distribucién “a posteriori” de p cuando se ha observado Z es

: p(Zlk) q(u)

(u/2) = =——— (13)
PZ) =3 ozl @

m

Se propone como criterio de decisién en este caso en que existe

simultdneamente informacién “a priori" e informacién muestral, seleccio-
nar la accién que minimiza el costo esperado, E” [C (u) ], donde la espe-
ranza E” es con referencia a la distribucién “a posteriori” p (u/Z).

13. Para mostrar cémo se calculan estas probabilidades “a poste-
riori,” consideremos el siguiente caso: la distribucién “a priori” de =, la
proporcién [avorable a un cierto suceso, es

™ 0.2 03 04 0.5

q(7) 10.4 0.3 0.2 0.1
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Supongamos que se ha seleccionado una muestra al azar simple de
tamafio 20 y el estadfgrafo r, la pmporri('m muestral, ha resultado ser
0.2; supongamos ademds que se dan las condiciones para que r pueda
considerarse distribuido como una binomial.

Utilizando la nomenclatura de distribuciones conjuntas, marginales

y condicionales, tenemos:

Variable Distribucién Probabilidad Probabilidad lI)i.stribut_:iér}, ’

aleatoria g priori"” muestral conjunta “a posteriorl
bésica (Marginal) (Condicional) (Marginal)

= q(m) pr=0.2/x) q(x:) pl/=) p(r/r=0.2)
0.2 0.4 0.2182 0.08728 0.6520
0.3 0.3 0.1304 0.03912 02923
0.4 0.2 0.0350 0.00700 0.0523
0.3 0.1 0.0046 0.00046 0.0034
1.0 0. 13386 1.0000

Obsérvese cémo la distribucién “a posteriori” refleja el hecho de que
el resultado muestral (r = 0.2) ha contribuido a acrescentar la confianza
que se tenfa en 1 = 0.2,

14.  Con el propésito de hacer el problema mis realista, puede supo-
nerse que la variable alcitoria bisica es continua. En este caso la densidad
“‘a posteriori” es

j(#‘."r‘ = p(Zh‘) I(F} (14)
[ 2@l (1) du

En ¢l ejemplo del parrafo 18, supongamos que se acepta que x es uniforme
en el intervalo [0.1]. Entonces

flxfr) = oy ol (15)

1
(’.‘)[ o (l-n) " dr
0

Utilizando la solucion de la “funcién beta”

1
N In— r)!
T ety Bl = ! g, 16
‘[ *(l—m)" T dnr BEDl (16)
y la identidad
pYieE Jall n!
¢) = rltn —1)! 4

30

resulta que la densidad “a posteriori” de s dado r es:

i) =41 QaQ-a)""" 0<r<l (18)

el 08 SR

15. Un caso interesante ocurre cuando p es “a priori” normal con
media E’ (i) y desviacién estdndar ¢’ (u) y la distribucién muestral del
estadigrafo Z es normal (u, 6 (Z)) cuando p es el verdadero valor espe-
rado, En este caso, si ¢ (Z) es conocida, resulta que la distribucién “a
posteriori” de y dado Z también es normal con esperanza E” (u) y desvia-
cién estdndar ¢” (), donde

B’ (w) Z

_7w T 7w 1

C1 e e G e
7wt 7@ 7w T 7o

Si la variable aleatoria bdsica, y, es la esperanza de una distribucion
normal y el estadigrafo muestral la media X (se muestrea al azar simple de
una poblacién con varianza ¢* conocida), entonces la distribucién “a
posteriori” es normal y los pardmetros (19) adoptan la forma particular

E" () (19)

E'(w , nT

B = 2 A e S S B (20)
e G g
u,rz ( #) gz a_.f2 (}‘) U}

16. En este parrafo consideramos dos aspectos estadisticos de mucha
importancia.

En primer lugar, debemos establecer propiedades de los estadigrafos
muestrales que permiten seleccionar el mds apropiado para utilizar en
(13) o (14). Resulta que el criterio deseado es el de suficiencia y esto es
ficil de aceptar si advertimos que en la formulacién “bayesiana™ se define
a un estadigrafo muestral suficiente como aquél que permite obtener la
misma distribucién “a posteriori” que una descripcion completa de la
muestra, y esto para cualquier distribucién "a priori” que se proponga.
Sin embargo puede probarse que esta definicién es equivalente a la for-
mulacién més tradicional en término de la factorabilidad de la verosimi-
litud conjunta de la muestra.

La segunda cuestién se relaciona con la seleccion de la forma de la
distribucién “a priori.” De la discusién precedente se deduce que no
existe ninguna restriccién esencial sobre la forma de dicha distribucion;
sin embargo, si la expresion analitica de la distribucién “a priori” se
elige convenientemente, el problema matemitico se simplifica notable-
mente, y en particular, la distribucién “a posteriori” entonces pertenece
una familia conocida de distribuciones de probabilidad.
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Mis concretamente, puede probarse que para muchos casos corrientes
de distribuciones muestrales, se puede obtener una familia de distribucio-
nes “a priort” conjugadas, intercambiando el papel de los parimetros y
las variables en la expresién de la distribucién muestral, y entonces la
distribucién *“a posteriori” pertenecerd a la misma familia que la distribu-
cién “a priori.” Ya vimos que si la distribucién muestral y la distribucion
“a priori” son normales, la “a posteriori” también serd normal. Igualmente,
si la distribucion muestral es binomial v la distribucién “a priori” es
“heta” o si la distribucion muestral es Poisson y la “a priori” es “gamma,”
las distribuciones “a posteriori” serin de la familia “beta” o “gamma”
respectivamente.

17. Con la discusién hasta el pdrrafo 16, hemos reunido un con-
junto de elementos interesantisimos para ¢l andlisis estadistico de un pro-
blema de decision, pues disponemos de una estructura econémica (funcion
de costo), de una distribucién “a priori” de la variable aleatoria bdsica
del problema y de un estadigrafo muestral, Ademds, como se dijo en la
tltima parte del pdrralo 12, hemos aceptado una manera precisa de
combinar esos elementos mediante una regla decisoria hasada en el costo
esperado incondicional “a priori” o “‘a posteriori,” segun exista o no
muestreo.

Para terminar esta presentacion, nos referiremos a dos problemas muy
importantes: (1) la evaluacién del “riesgo terminal,” que existe al adoptar
una decision optima a la luz de la evidencia disponible, antes o después
del muestreo; (2) la seleccién del tamafio muestral.

No es de extraiiar que la informacion econémica se use en este modelo
de una manera original para lograr una solucion satislactoria paria €sos
problemas. En particular, se ha desarrollado el concepto de wvalor esperado
de la informacion perfecta (o costo de la incertidumbre), que es una
medida del riesgo asociado con una decisién 6ptima que se toma en un
momento dado del andlisis, evaluada en las unidades propias del problema.

Para ilustrar como operan estas ideas, consideramos el caso en que
se cumplen las siguientes condiciones: (1) la estructura probabilistica es
como en ¢l pirrafo 15; (2) la [uncion de costo es lincal como en el
Grifico 4 (a) y las dos ramas ticnen pendiente de igual valor absoluto k,
partiendo del valor de indiferencia y,. Se prucba que el valor esperado
de la informacion perfecta (VEIP) es

VEIP = i+ o (x) - G(D) @1)

donde ¢ (1) os la desviacion estindar de la distribucion de u (“a priori”
o “'a posteriori”),

D= dpr=B) E (W) (22)
(o) “
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(£ () corresponde a las distribuciones “a priori” o “a posteriori”) y la
funcién G definida por

)
= | G~d—mn *al (23)
v2r

“a
se encuentra extensamente tabulada, &

Tanto cuando se trabaja con la distribucién “a priori” como con la
distribucién “a posteriori,” el VEIP mide el riesgo asociado con la decisién
éptima en el momento respectivo y en el caso en que las unidades econd-
micas del problema fueran dinero, entonces de la comparacién entre el
costo del muestreo y el respectivo VEIP surgird claramente la ventaja o
desventaja de obtener nucva informacion muestral.

En realidad, se han desarrollado también métodos para determinar

el tamafio de muestra éptimo con una situacién de decisién dada. Sin em-
bargo, no entraremos en ese detalle en este trabajo.

6. Bibliografia y comentarios

18. Las ideas cenwales de los pdrrafos 1 a 4 aparecen prdcticamente
en cualquier libro de estadistica basada en el cdlculo de probabilidades.
Para quien se interese en la trayectoria histérica de las ideas, recomenda-
mos dos obras del mds importante precursor de la estadfstica moderna:

Métodos FEstadisticos para Investigadores, por R. A. Fisher, traduccion de
J. R. Magin y J. J. Ruiz Rubio, Aguilar, Madrid, 1949. Especialmente
¢l pirrafo 5 del capitulo 1, p. 19;

Statistical Methods and Scientific Inference, por R. A. Fisher, 2a. edicion,
Hafer, Nueva York, 1959,

La nomenclatura moderna de los intervalos de confianza y de los test
de hipétesis estadisticas [ue introducida por J. Neyman y E. S. Pearson,
Sus ideas pueden leerse en el libro:

First Course in Probability and Stalistics, por ]. Nevman, Holt, Nuevs
York, 1950,

Se atribuye al grupo que trabajaba (en 1925) en técnicas de ins-
peccién por muestras en la empresa Bell de Estados Unidos, y en parti-
cular a Dodge y Romig, las primeras aplicaciones de las curvas caracteris-
ticas operantes. Ambos autores publicaron posteriormente una mono-
grafia:

Sampling Inspection Tables, por 1. ¥ Dodge v 1. G. Romig. Za. ediciin,
Wiley, Nueva York, 1959,

* Por ejemplo en los apéndices de los libros de Schlaifer o el de Raiffa y Schlaifer. Para
reflerencias completas constiltese la Parte VI,
% Véase Schlaifer, 1959, Cap. 33-38, o Railfa y Schlaifer, Parte I, ep. il en la Seccibn VI
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Las ideas bdsicas de la teoria estadistica de las decisim}es fueron
discutidas inicialmente por Abraham Wald, sobre todo en su libro:

Statistical Decision Functions, por A. Wald, Wiley, Nueva York, 1950.

Las presentaciones de Wald presuponen una gran madurez matemd-
tica por parte del lector y sélo adquirieron difusién en el campo aca-
démico; su incorporacién a la estadistica préctica fue muy lenta. Sin em-

bargo en el afio 1959 aparecieron dos textos:

Probability and Statistics for B usiness Decisions, por R. Schlaifer, McGraw-Hill,

1959;
Elementary Decision Theory, por H. Chernoff y I. E. Moses, Wiley, Nueva
York, 1957

que procuraban hacer accesible, a un mayor niumero de .lectores,. los prin-
cipios de la teoria estadistica de las decisiones. Ambos tienen mve_les ma-
teméticos mucho menos exigentes que las obras de Wald y el libro de
Schlaifer no presupone el conocimiento del cdlculo infinitesimal.

El libro de Chernoff y Moses presenta un enfoque de las d'ecisiones
desde el punto de vista de la teorfa de los juegos y no estd explicitamente
orientado hacia la forma “bayesiana” de decision que hemos cor{lentado
en la Gltima parte de nuestro trabajo. El libro de Schlaifer ha sido pre-
parado para un curso que se ofrece a los alumnos de la Escuela de Admi-
nistracién de Negocios de la Universidad de Harvard y es decididamente
“bayesiano” y por supuesto subjetivista.

Es nuestra opinién que una persona que se interese seriamente por
la investigacién empirica en la economia y los negocios (por lo menos)
deberfa adquirir una apreciacion de lo que ofrecen ambos textos. En
particular, para quien tiene un interés inmediato en las aplicaciones, suge-
ririamos ¢l libro de Schlaifer.

En este texto de 782 péginas, el autor muchas veces se aparta radical-
mente de la manera tradicional de encarar los problemas de inferencia
probabilistica y Ja nomenclatura y la terminologia son entonces diferentes
de las de otros textos. Ademds, la comparacion entre los métodos propues-
tos vy la téenicas wradicionales (61 las llama “cldsicas”), recién se hace-
en los dltimos cuatro capitulos y el libro tiene 421,

Para corregir estos inconvenientes, el propio autor ha presentado el
texto (de 582 pdginas) :

Introdurtion to Statistics for Business Decistons, por R. Schlaifer, Me-Graw-
Hill, Nueva York, 1961,

7 Traducido también al fiol por L. Dignowity, Editorial Continental, México, 1962, bajo
el titulo Teoria y Cileulo Elemental de lus Decisiones, Sin embargo, la traduccién es excesivamente
descuidada como se comprobari con sélo leer el indice, p. 11 y 19,
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que contiene nuevamente sus ideas bisicas pero compardndolas en todo
momento con las “cldsicas” o tradicionales. Quizds el lector interesado
prefiera comenzar con este texto y referirse al otro de Schlaifer para
ampliar el nimero de técnicas y métodos.

Ambos libros se caracterizan por la claridad con que se presentan
los conceptos, por la calidad y minuciosidad de los cjemplos y ejercicios
propuestos y, como dijimos, por el escaso uso explicito que se hace de
técnicas matemdticas avanzadas. Las pruebas de la mayoria de las proposi-
ciones de estos textos aparecen en el libro

Applied Statistical Decision Theory, por H. Raiffa y R. Schlaifer, Divisién
de Investigaciones, Escucla de Administraciéon de Negocios, Universidad
de Harvard, Boston, 1964,

Esta obra tiene un papel central en la formulacién “bayesiana” que
nos ha ocupado. Ademds de las pruebas formales, contiene presentaciones
muy completas de las proposiciones bdsicas y una exposiciéon detallada
de los elementos de la teoria de las probabilidades (Parte III, Distribution
Theory) necesaria para el andlisis. S$in lugar a dudas un estadistico ma-
temitico que se interese en el tema deberd consultar extensamente este
importante trabajo.

Ademds del libro de Raiffa y Schlaifer se ha publicado un texto
complementario, que trata el problema particular que se plantea cuando
se trabaja con la distribuciéon normal y la desviacion estindar es descono-
cida. Esta nueva monografia,

Tables for Normal Sampling with Unknown Variance, por J. Bracken 3
A. Schleifer, Jr., Divisién de Investigaciones, Escuela de Administracion de
Negocios, Universidad de Harvard, Boston, 1964,

presenta una breve discusién de ese problema y extensas tablas que se
utilizan en su solucién.

Esta es la bibliograffa basica sobre el tema de la “Estadistica Bayesia-
na.” Varios libros recientes sobre estadistica matematica y aplicada en ge-
neral, han comenzado a incluir entre sus temas un capitulo sobre la teoria
estadistica de las decisiones. Este movimiento es bastante general y quizdis
los dos mejores ejemplos lo den, a dos niveles diferentes,

Statistical Theory, por B. W. Lindgren, Mucmillan, Nueva York, (962
(Capitulo 5);
Mathematical Stalistics, por S. Wilks, Wiley, Nueva York, 1962 (Capitulo 16).

En otro orden de ideas, han aparecido numerosos articulos y comenta-
rios sobre el enfoque “bayesiano,” que sin lugar a dudas puede ayudar al
lector interesado a lograr una buena perspectiva, sobre todo con relacion
a otras posiciones, En particular, merecen citarse entre los comentarios:

“Review of Probability and Slatistics for Business Decisions, by R. Schlaiter,”

por F. J. Anscombe, Journal of the American Statistical Association,
Vol. 54, No, 288, diciembre 1959, p. 815;
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“Review of Applied Statistical Decision Theory, by H. Raiffa and R.

Schlaifer,” por H. V. Roberts, 1bid., Vol. 57, No. 297, marzo 1962, p. 199;

“Review of Probability and Statistics for Business Decisions, by R. Schlaifer,’

por S Vajda, Journal of the Roval Statistical Society, Seric A, Vol. 122,
Parte 4, 1959. p. 549.

Este ultimo comentarista no coincide con los otros dos en su aprecia-
cién de la labor de los “bayesianos.”

En cuanto a articulos mencionaremos solamente tres que nos parece
pueden ilustrar, con una lectura breve, las ideas centrales de los modelos
que se proponen:

“The New Business Statistics,”” por H. V. Roberts, The Jonrnal of Business,
YVol. 32, enero 1960, p. 21;

“The Bavesian Approach to Statistical Decision: An Exposition,” por J.
Hirschleifer, ITbid., Vol. 34, octubre 1961, p. 471;

“Bayesian Statistics,”” por F. J. Anscombe, The American Statistician, Vol. 15,

febrero, 1961, p. 210

Para cerrar esta resefia bibliogrdfica, mencionaremos dos trabajos en
los que se aplican técnicas “bayesianas" a problemas concretos:

Decisions Under Uncertainty: Drilling Decisions by Oil and Gas Operators,
C. Jackson Grayson, Jr. Division de Investigaciones, Escuela de
Administracion de los Negocios, Universidad de Harvard, Boston, 1960,

es una tesis doctoral que presenta el caso de estudiar decisiones propias de
la bsqueda de petréleo; este trabajo incluye una estimacién de las fun-
ciones personales de utilidad de los empresarios respectivos, las que son
luego utilizadas en los cdlculos estadisticos. El segundo trabajo que men-
clonaremos €s:

Inference and  Disputed Authorship, por F. Mosteller v D. L. Wallace,
Addison-Wesley, Massachuserts, 1964, :

Esta importante monograffa analiza la paternidad de los escritos “fe-

deralistas” e incluye la derivacién de algunos resultados tedricos propios
de la estadistica “bayesiana.”
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Regression models for seasonal analysis

Raul Pedro Mentz and Victor Jorge Elias

In this work we consider a regression approach to estimate
simultaneously the trend and seasonal components of a time series,
on the basis of intra-annual observations. We analyze several
proposals presented in the literature and prove their equivalence; as
a consequence the use of one of them is recommended on gml.!nd‘s
that its interpretation is simpler and more direct. The analys:s_ is
later related to the traditional method of “difference from moving
average,” which we propose to interpret as a nonparametric \'::m:ml
of the regression scheme. We also consider from a practical point of
view the relation between the regression approach with a poly-
nomial trend component, and the method of difference from
moving average, and related proposals of empirical extraction.

The regression approach to deal with seasonality is frequent in econometrics,
when the main purpose is to estimate the parameters of economic relations on the
basis of monthly, quarterly, or similar observations. In that case the approach to
the estimation problems is usually conditioned by the desire to obtain “gO_Oﬂ
estimators of the main parameters, namely those of the economic relation.
Different demands are bound to arise when the purpose is to estimate trend (that
in our presentation includes all “smooth” movements in the series, relative to the
period of observation, and will be taken to include all cyclical components) and
seasonality, for multiple uses not necessarily related to a definite economic model.
For example, it may then be desired to obtain separate estimates of the trend and
seasonal components, and that each one be easy to interpret. This may be
important in the preparation of economic indicators responding to an additive or
multiplicative model, or to compare estimates coming from different methods.

In this work we study the regression models from the second point of view
only, and try to investigate theoretically and practically their performance, *‘per
se” and in relation to well-known approaches of empirical origin. It should be
pointed out that it has been questioned whether the regression approach will be
effective for the purposes we have in mind here; see, for example, Shiskin, Young
and Musgrave (1967). However, works such as that of Jorgenson (1964) tend to
increase the confidence of statisticians in regression models, since it is proved
there that under suitable hypotheses their statistical treatment can be made to
satisfy important optimality criteria,

1. The regression model

Given an observed time series [y;: t=12,...,T] with monthly observations, a
proposal to estimate simultaneously the trend and seasonal components is
expressed by the multiple linear regression model

*University of Tucumdn, Argentina.
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Vi=agtogtt . tantm+ 5Dy + 2Dy + .o+ 12Dy, ¢+,
t=12,..T, (1)

where the polynomial in t of degree m (m =1) represents the trend component,
@, oy Oma B4 ooy Bya are the unknown m + 13 parameters of interest. [u] isa
set of random variables satisfying for all subindices { u, = O, fuf = o*, fuug =0,
when t #5. D for s=1, ..., 12 is a seasonal dummy variable that takes the value
1 when t corresponds to month s, and 0 otherwise. We regard m as known. Model
(1) is a particular case of the general linear models considered by Jorgenson
(1964) for this purpose, and one of the most widely used.

To simplify matters slightly we take T =12N. From a theoretical and
computational standpoint the general case merely makes the form of some
expressions more complex, We consider monthly data for the sake of definiteness,
but clearly the same approach is valid for any other similar subdivision of the
year.

Expression (1) is interpreted as the desire to fit to the observations 13
“paralle]” polynomials in t, each of degree m, one being the average (whose
constant term is &y ) and the remaining 12, one for each set of N observations for
month s, having constants ag +f,, s=1, ..., 12. We note that this is a case of
constant seasonality, characterized by the fact that §; does not depend on t.

In (1) it is easily verified that

|=D”+D“+...+D|:‘[. t=12,..,T, (2)
and that the matrix of regressors has rank m + 12 instead of the full rank m + 13.
Several proposals to deal with this problem will now be studied. Noted that a
solution of the normal equations using some definition of a generalized inverse

matrix is also feasible.

1.1 The solution as in the analysis of variance. Jorgenson (1964) proposed a
solution parallel to that frequently used in the analysis of variance, namely to
impose the additional restriction

12
I fs=0. (3)
5=1
Then (1) can be written as
Yi=AgtAjt+. . FAntm+B, DY +...+B,Diituf, t=12,..,T, (4)

where Djj equals | when period t corresponds to month s, —1 when it
corresponds to s =12 (December), and 0 otherwise. The summands B;DJ; are
interpreted as deviations from the trend. and Jorgenson (p. 694) notes that under
(3) “the annual sums of seasonally adjusted and seasonally unadjusted data must
be the same.”

1.2. Omitting the constant. Sometimes it is proposed to eliminate the
constant in (1) and use the model

Y =AN+ L+ ARM EBID, L+ BED ty. t1=12,..T. (5)
See, for example, Johnston (1972).

This model can be interpreted as proposing 12 regressions, where for month s
the equation has regressors t, ..., 1M and constant B It is not possible to estimate
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the constant of the average polynomial trend. zmd*one can la&e it arbilrari‘ly equil
to 0. Another possibility is to declare its value as Ag =y .01 Ag = (1/1 3! Pl B
any of these would then replace (3) to estimate the 13 + m parameters in (1).

1.3. Omitting one month. Instead of (5) sometimes the parameters of
Ve = AF* £ A 4+ ARFm + BY "Dy + .. 4B Dy twy, =12, T, (6)

are estimated, where for the sake of definiteness we omitted the twelfth month.
For example (6) is preferred to (5) to be used with a computer program that
forces the use of a constant term. See for example Rao and Miller [(1971).

Section 4.7] .

2. Comparison of the alternatives

2.1. Algebraic relations. Let us consider (4) and (5). In case the parameters
are estimated by ordinary least squares (OLS). Goldberger [(1964). Chapter 5]
proposed a method to compare the estimators resulting from the normal

equations. The first 12 rows of the matrix of regressors corresponding to (4). set
in the order t, ....tm, 1, DYy ..., DY, 1. form the matrix

1 1 1 1 1 0 . B
2 P 2m 1 0 1 Mo,
3 & 3m 1 0 0 e

Qh=f . . . S N S
AP L md ol 8 @l
2 37 .. |2m 1 -1 -1 -1

while for (5) the corresponding matrix is (O| I). Hence

Lo
Q=D —i— (8)
0l

Al A
An An
= = 9)
BY Ao
B,
; TZ BH
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In terms of components (9) says that the OLS estimators of the coefficients
of t, ..., t™ are identical in (4) and (5), while the other estimators are related by
B =A, #B. 's=12,...11,
il del e L (10)
Ba=Ag =By — .. By =Ap +Bya,
the last line because the sum of the By satisfies (3).
Summing over the equations in (10) we find Ay, so that
Ao =(1/12) B} + .. +BY),
By =BT —Ag =(1/12) (11B} — By — ... — BYy),

* : : (11
By =B, — A =(1/12) (-BY — B} - .. —B}, + 11B}, —B%).
This shows that
v e R ]
Y RO . SN
0 e vt gl e
I'=(1h2) (12)

= IR G & 6
The first equality in (11) says that if’ to estimate the constant in the average
polynomial trend in (5), we use the average of the estimated coefficients of the
seasonal variables, as was suggested in 1.2, we show the equivalence with model
(4) for the trend component. The equivalence becomes complete if we further
adjust the seasonal estimators according to (11). Another way to express the
relation between the trend components, is that (4) derived under the condition

(3), is equivalent to (5) with
. 12
Ap =(1/12) }:] By
s:

Instead of deriving the relation among the OLS estimators, an interesting and
in this case equivalent method, is to relate the corresponding parameters. We note

that (2) holds and that

Dg =Dy — Dz g, (13)
for all values of s and t. Substituting in (4) we obtain

Yi=Ag(Dygt ¥ D) # A tH At + By (D) - Dyyg) +

toHBu(Dyy - Dll.l}'l'ul* (14)
:Al I+.+Amtm+(B| +A0)D|1+‘..+(Bn +A0)D1|'l+
+(Ag =By ~ ... =By;)Dya g +uft

If we set this model equal to (5), the relations in (10) are read for the correspond-
ing parameters. Reciprocally, since Dya ¢ = (1/12) (1-Di—...—Df ;). we have that
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Dy =D} + Dy s =DE + (1/12) (1-D]; — ... - D} 1); (15)

substituting in (5) and setting the resulting expression equal to (4), we read the
relations in (11) among the corresponding parameters. ) _
Note that finding (15) is equivalent to inverting J, and that finding (13) is

equivalent to inverting J™' - _

An interesting by-product of this analysis is that the matrix 'Q of regressors
which are non-zero powers of t, does not enter into the computations, ané hence
the results hold for any set of m linearly independent regressors, which are
linearly independent of the constant and the included seasqna] yarlabl_es. Clearly
this observation is valid for any one of the proposals studied in lh1§ section. o

To compare (5) and (6) we proceed in the same way. Substitution of (2) in
(6) gives

yo= AT 4 4 ARSI+ (BT + ATHIDy + o+ (BI + AIDunc

+Ag Diag + Wy, (16)

which is of the form (5). On the contrary. if we deduce Dj2 from (2) and replace
the resulting value in (5). we obtain
yo= Bl +Ajt+ ..+ Aqtm+ (By —BR)Dy + ..+

+[BT1_BT2}D1I.I+VI‘ {7
which is of the form (6). In terms of matrices we proved that
1 ] g 0 .. OnNl0 O 0 0 }
I 0 T T 1 0 0 SR
pee ety . ol o 1 9 0o -1 |(8)
s e i SR D P SRR

The relations between the OLS estimators in (5) and (6) can then bg written
as follows, where we repeat a portion of (10) and another of (11) to facilitate the

COMmparisons:
B =AZ*+ B =Ap+ B, s=1,..11, (19)
.BT: =Ag*¢AQ+B|1.

and Ag* =Bl =A,+B,,
s fl Bt = Bl _Bo. $5l.. 0k (20)

In (20) we interpret that in incorporating Ag * in (6). we can only estimate
the differences between each specific monthly effect and that of the omitted
month, which serves as a base. We see that the relation still holds when we
incorporate a constant and impose (3). Similar interpretations can be made
for (19).

2.2. Statistical properties. The analysis of the proposals in paragraphs 1.1,
1.2 and 1.3 shows that the parameters in models (4), (5) and (6) stand among
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themselves in one-to-one linear relations like (10), (11), (19) or (20). Since the
three models have full rank (equal to m + 12) the OLS estimators in each case are
the unique, best linear unbiased estimators of the corresponding parameters. by
the Gauss-Markoy theorem. and the estimators of any set of parameters, obtained
from those of any of the other models, have the same optimal properties [of.
Scheffé (1959), page 14, Theorem 2].

From the point of view of prediction of values of y, relations like (14). (16)
or (17) show that any of the models, with parameters estimated by OLS. will lead
to identical predictions.

Finally, if we assume normal distributions for the error terms, the OLS
estimators coincide with those by maximum likelihood, and are unique. best
unbiased for each model. By the invariance property of maximum likelihood
estimation, the properties extend to the estimators of any of the sets of
parameters, no matter what model is used to do the initial calculations.

The inferencial procedures for the normal case are given, for example, in
Jorgenson (1964).

2.3. Connection with the analysis of variance. A situation similar to that
studied here, arises in the analysis of variance. Note that (1) is a model of
“analysis of covariance.”

A classical approach to the analysis of variance is to impose to models like (1)
the restriction (3): this is for example the form most frequently used in Scheffé
(1959). However, to exploit the close relation among linear models in the analysis
of variance with those of regression (which are usually of full rank). the approach
as in (5) has been often used [see for example Rao (1963), Section 4.d] . and also
the approach as in (6) [see for example Mendenhall (1968)] .

Graybill [(1961), Section 11.2.3] proves explicitly that every linear model
can be reparametrized so that the resulting model has full rank, and that for any
such reparametrization the unbiased estimators of the various linear combinations
of the parameters are identical. From this point of view we found the explicit
relation among several full-rank reparametrizations of (1).

2.4 Conclusion. The foregoing discussion shows that the choice of model to
perform the estimations is statistically irrelevant. Model (4) provides a complete
estimation of trend without further elaborations. Moreover, its seasonal estimates
are directly comparable to those obtained by methods such as that of “difference
from moving average.” to be described below, when in the latter the sum of the
seasonal components is set equal to zero. Hence there is a clear advantage in using
this model. ;

Note that in (6), when one of the months is omitted, Ag™ is not the
estimated trend constant. Nor is recommended to use the By of model (35) directly
as seasonal components, since X!12{B* = 12A,, which in general will not equal
zero, and will make different the sums of the given observations and of them after
seasonal adjustment,

3. Estimation in two steps and the method of difference
from moving average

The procedures studied in Sections 1 and 2 will now be considered as
operating in one step, against alternative procedures in two steps. In several
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respects the contents of this section specializes the general treatment in Jorgenson

(1964) to the case of polynomial trends.
3.1. Least-squares in two steps. To estimate the 13 + m parameters in (1) we

can regress

yi=Ap +AYtE L FAptm e, t=12...T, (21)
and then fit to the residuals of the OLS estimation, the seasonal parumeters
yi - Ap - Ajt— .. — Aptm =BiDy  + ..+ BjaDiyy ey
t=132..;T. (22)

T
In (22) the regressors are orthogonal( Ei Dy Djt = N §j. where §j is Kro-
1=
necker’s delta function) and hence each By is estimated by OLS as if we had posed
twelve regressions through the origin
yi—Ag — Ajt — .o —Aptm =BDy +eg, s=12,..,12, (23)

each one fitting the observations for the corresponding month. Then
8;=:~J Z(s) (Yt — Ap — Ajt— .. — Aptm), s=12, .12, (24)
£

the simple arithmetic average of the residuals for the N observations correspond-
ing to month s.

Since in (4) the Dg are not orthogonal to the remaining regressors, (24) will
in general differ from the OLS estimator in (4). Note that & B = 0 when Ag# 0,
since the sum of (24) over t = 1.2, ..., T is the normal equation obtained by taking
the derivative of the least squares criterion iz (Y — Ap — Ajt — ... — Aptm —
BDg)* with respect to Ay and the resulting equation is set equal to zero in the
least-squares procedure.

Under this approach the use of (1) as a simultaneous regression problem for
trend and seasonality, is in some respect only apparent. However Jorgenson (op.
cit., Section 3) showed that if the trend removal operation in the first step is
totally effective, and accomplised by a matrix procedure (“linear filter”), the
corresponding procedure in two steps, similar to the one we described above, is
equivalent to *..at of paragraph 1.1, and hence to the other proposals in one step
that we studicd.

Hence, if model (1) holds, if we want a simultaneous formulation for trend
and seasonality, and if the statistical properties described in 2.2 are judged
relevant, the procedure in one step considered in 1.1 (or its equivalents) should be
preferred to the proposal in two steps of this paragraph.

3.2. The method of difference from moving average. The approach in the
preceeding paragraph can be used to clarify and reinterpret the traditional method
of difference from moving average. In this scheme we start with the model

Vve=Ti+6Dyet ..+ 12Dy tzg, 1=12,..T, (25)

where T, is the series trend component, not necessarily parametrized as in (1). It
is proposed to estimate T, by smoothing the available observations using moving
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averages (which are also non-parametric procedures), usually a twelve-month
centered moving average, which is defined by

: 5
To= (1/24) (y,_g +2 _zs v Foeg), t=78,...T-6. (26)
j=

Then the fs are estimated through a formula equivalent to (24). namely

Biag Sl =Ty, s=12,..12, 27)

where we omit from the sums the first observation for months corresponding to
t=1..., 6,and the last one for t = T-5, ..., T. (In case the period of observation

consists of complete years. these are simply the first and last six months,

respectively.)

Note that (3) will not hold in general for the §, so that an additional adjust-
ment is usually proposed.

The estimation procedure (26) for the trend component. has shown
empirically to be quite useful, and it is expected that the competing possibility
(21) will lead to high values of m. For example, Johnston [(1972), Section 6.2]
reports that m=6 was needed in one case. For a critical analysis of moving
averages in this context see Durbin (1963).

In relation to the result of Jorgenson mentioned in 3.1, we can interpret the
present method as an approximation to the requirement that the linear “filtering”
of the trend component be totally effective. It should be pointed out that
Jorgenson proved that one can always find a linear trend to match exaetly any
moving average filter, but the resulting expression may be very different from a
polynomial in t.

3.3. Regression models and the method of difference from moving average in
practice. The argument in 3.2 can be taken as a pedagogical effort to relate the
method of difference from moving average, often presented without much
justification, with the well-known regression approach with polynomial trend.
However the discussion left unexplained the popularity of the former, and in
particular of some refinements of it, in relation to the regression approach with
polynomial trend component and least-squares estimation, which looks sounder
on a statistical ground. One key aspect that we want to emphasize is the empirical
treatment of m, the degree of the polynomial used in (1) (we regard as less
important the restriction imposed by the polynomial structure, in so far as one is
free to choose m, and has enough observations to perform the analysis). From 2
practical point of view, m is not part of the data but a parameter to be estimated
from the available observations. If we consider the problem of fitting (1) to a set
Of time series, the choice of m must be solved for each series separately, and a
wrong choice may produce important specification errors.

One possibility is to use procedure such as that described in Anderson
[(1971), Section 3.2.] to decide upon the value of m. In that case, if we consider
the procedure consisting of deciding upon the value of m, and then estimating the
12+ m parameters in (4), it is not clear if the resulting estimators will have the
statistical properties of paragraph 2.2.
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generated by (1).

This argument may contribute to explain the success obtained in practical
problems by methods such as that of difference from moving average and other
variants and refinements of it (notably the Bureau of the Census Methods). most
of which are clearly of empirical origin and lack a rigorous statistical justification.
Further the argument contributes to anticipate that it is not imperative that in
applied work these methods of empirical extraction be neatly superseded by those
based on the regression approach with polynomial trend compenent.

34. A proposal. The preceeding analysis shows that it is worthwhile to
explore alternative estimation procedures for trend and seasonality, whose known
statistical properties are only of the large-sample type.

Model (4) can be replaced by the autoregressive model:

Yl =n8:3 +13rIY[-| R el ﬂ’p)’[_p * B’]D;*[ | B;] DTLI + 'Ll;. (28)

Here y;. ¥i—1. .... Y—p satisfy a linear stochastic difference equation of order p,
or we say that the model is autoregressive of order p.

An autoregression may model the trend component in a more flexible way
than a polynomial in t. Model (28) can be taken as a parametric version of (25)
which is less restrictive than (1). In this sense it may be expected that it will be a
stronger competitor to the empirical-based methods mentioned above.

The 12+ p parameters in (28) can be estimated by least squares. These are
the maximum likelihood estimators when the I, are assumed normal. Asymptoti-
cally the estimators are consistent and normally distributed. The asymptotic
properties are parallel to those of the OLS estimators in the finite-sample case,
when the regressors are nonstochastic. See, for example, Anderson [(1971).
Chapter 5].

The choice of p, the order of the autoregression, is a statistical problem
parallel to that of choosing m in (1), and can also be tackled satisfactorily. See
Anderson [(1971), Section 6.4].

The asymptotic results mentioned in the preceeding arguments require that
the B be such that the roots of the equation 2P — fzP- L .@;, =( be less than
one in absolute value. This assumption makes stationary the corresponding
stochastic process, However, in time series with a strong trend component, the
estimated values may contradict this assumption. The nonstationary case has also
been considered in the literature, but no reference to this treatment will be given
here.

The use of an autoregression as trend component, and its estimation by least
squares, were suggested by Parzen in a situation closely related to that studied
here, as mentioned by Nerlove [(1964). page 258, note 34].
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Ejemplos sobre propiedades
asintéticas de los estimadores

Ratil Pedro Mentz

Al ensefar técnicas de estimacién y en la investigacién aplicada
de muchas 4reas, a menudo es necesario considerar conceptos asin-
téticos o “de muestras grandes”, pues para muchos problemas préc-
ticos importantes no se conocen estimadores con las propiedades co-
munes (esto es, las “de muestras finitas”). Una rapida revisién de
algunos textos elementales o intermedios que tratan estas cuestiones
hace pensar que la lista de ejemplos (mas propiamente, de contra-
ejemplos) que se presenta sera tutil,

Definiciones

A A
Sea 8; = S, (X, ..., X,) un estimador de © que es funcién de n
variables aleatorias observables. Entonces:

A : A
(a) S, es consistente si la sucesién {Gun=1, 2,...} satisface

: A
pllmn_) 8 =8

o0 L
b A G
(b) S, es asintéticamente insesgado si las esperanzas matematicas
A
. = £ A
E B, existen para todo n y su sucesién satisface lim " ES,=6.
A ' ” — o0
(c) S, esinsesgadosiES, == 5 para cada n.

Queremo.s m?strar por via de ejemplo, que ninguna de estas
propiedades implica a las otras dos, excepto que (¢) implica a (b)
trivialmente.

1. Ejemplos sencillos

Sean X;, ..., X, variables aleatorias normales e independientes
con esperanza matematica p y varianza ¢* (0 < ¢* < ). En realidad
para varios de los casos s6lo necesitamos hipétesis menos restrictivas.

® Frofesor de la Universidad Nacional de Tucumén,
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1)

2)

3)

4)

A L n —
p,= (I-1/n) X y o = (I/n) Z, _1 (X -X,)* son asintética-
mente insesgados pero sesgados para cada n (fijo).

A k — =
#n = (lfk)2’=l X = Xk y ‘2;’ = (1/(k-1) }2:=1 (X'—_X“}:

donde k es fijo (no cambia con n) y n
= k45 k<4 6,..., son insesgados pero inconsistentes. Lo que
ocurre aqui es que las varianzas de las distribuciones muestrales
son constantes que no cambian con n y en consecuencia aun para
n muy grande la variabilidad muestral de los estimadores no tien-
de a desaparecer

A = k —
b= - K, yoi = (1-1/n) (1/E=-1)) Y (Ki-T)2,
donde k es como en el ejemplo 2), son sesgados, asintéticamente
insesgados pero inconsistentes.

N u—1 N u o - i
=) D K Y ek (OFD) e Ki-X):
son consistentes pero sesgados para cada n. En el ejemplo 6) mas
abajo se considera un caso donde puede utilizarse un estimador

A rve .
como p, . El estimador ¢* es “Optimo” en el sentido de que mi-

. . T g 2, 2
nimiza el error medio cuadratico E(e; — ¢ )~ entre todos los

~
estimadores ¢* que son funciones de las n variables aleatorias

5)

dadas.
A d ; 3 =y
Supongamos que S, es un estimador consistente e insesgado de ©.

" &

Definamos un nuevo estimador (“aleatorizado”) ©, de la siguien-
A =

te manera: P(S, = 6s) =1 — 1/n y P(S, = n%) = 1/n para

Y
n=12,... . Entonces Pllmn_)w G}u = © pero

*
EQn=(l-/n) © + ntysia>1

la sucesién de esperanzas no converge. En consecuencia la consis-
tencia no implica la carencia de sesgo asintético. El problema en
este ejemplo radica en que mientras el grueso de la probabilidad

se

concentra alrededor de ©, cantidades pequefias pero positivas

estan asociadas con el valor n* que crece indefinidamente cuando
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. - » g
n crece, si a > 1. Como consecuencia a veces se dice que E ©a,

&
var(8.), etc, “no existen asintéticamente”.

2. Ejemplos del drea de series cronolégicas

Los ejemplos de la seccién I tienen como objeto mostrar la na-

turaleza de las dificultades, pero algunos son comparativamente tri-

s nadie consideraria a los estimadores propuestos como

viales pue
s de

razonables. Ejemplos mas realistas provienen de los problema
estimacién en series cronoldgicas, donde la teorfa asintética juega

un papel central.
Sea {y:} una serie cronolégica estacionaria con E y. = 0 para

todo t, funcién de densidad espectral £ (A) continua en —x=A=my
covarianzas {eo(h) : h=12...}; aqui o(h) = o(-h). Suponga
que observamos Yi,¥z-..¥r-

T—1 A .
6) Ir(x) = (1/2%) Zra_m, ox(r) cos Ar, es el periodograma de

Schuster. Los estimadores de las covarianzas son ¢r (-h) =
= /1h) Yo, -
I t=1 Yi¥t4n , para h=0,1,...,T-1 . Es conocido que este

estimador posee las siguientes propiedades:
(i) E In(A) # £(A) en general

i) 1i BETQ) =1

@) lim | ET() =W

(ili) Atin bajo supuestos fuertes con respecto al proceso {yet
y a su densidad espectral £(A), Ix(\) no es un estimador
consistente de f(A); en realidad el estimador (multiplicado
por una constante) tiene como distribucién asintética una

distribucién “ji al cuadrado”.
En consecuencia el periodograma, como estimador de f(\) ¥
atin bajo hipétesis comparativamente fuertes, es sesgado, asinto-
ticamente insesgado e incons!stente.

. . 1 A
Algunos autores utilizan g,* (h) = ((T-h)/T) gy (h) como estimador de g(h) pa-
ra formar estimadores de f()). Este es sesgado (mlentras que ‘:T!h] no lo es), asin-

léticamente insesgado y consistente, bajo algunas hipétesis.
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7) Supongamos que ademis de las hipétesis generales de esta sec-
cion, la serie cronolégica dada es un proceso autoregresivo del
primer orden, esto es, que satisface la ecuacion diferencial (esto-
castica) del primer orden y = — B ¥e—1 + Ut , t=...,—1,0,1,...
donde |8 < 1 y {u} es una sucesion de variables aleatorias

no correlacionadas con E uy = 0 y E u’ = 1. El estimador del
tipo de minimos cuadrados.
T—1

WD) S gy

- t—

LAY

Br = —
T—1
T Ny
t=1
tiene las propiedades:
G) Ef# B
5 A
lim =
@) plim B =p

A
En consecuencia g es sesgado pero consistente.
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Inverting a covariance matrix of toeplitz
type by the method of cofactors

Raul Pedro Mentz

SUMMARY, A matrix is said to be of Toeplitz type if it has equal
elements along diagonals. These matrices, with the additional pro
perty of symmetry, arise frequently in statistical work, as cova
Triance matrices of wide-sense stationary stochastic processes, in
nonparametric theory, etc. The inverse is often of interest, and
a method is used to find its components when the TxT matrix has
only 5 nonvanishing central diagonals. The method is to express
the cofactors of the components of the given matrix in terms of
some determinants, that are shown to satisfy certain linear dif-
ference equations, and to solve these explicitly. The complexity
of the resulting expressions for the components of the inverse is
comparable to those known in the literature.

1. Introduction

A matrix A = (aij} is called a Toeplits matriz if 854 ™ 83.4¢

In mathematical statistics Toeplitz matrices arise in several con-
texts; see, for example, Grenader and Szego [3]. They appear as
covariance matrices of wide-sense stationary stochastic processes,
in which case they are symmetric and positive semidefinite. In the
present paper we assume. throughout that they are positive definite
and symmetric (i.e. are covariance matrices in nonsingular cases),
even when some of our results hold for nonsingular symmetric ma-
trices in general.

1f 5w {uij} = {Uli-jl) is the given matrix, the underlying assump
tions often imply that the components vanish if li-jl > m, where
m > 0 is an integer. We may call the corresponding processes fini-
tely correlated of order m, and m=0 is the case of lack of correla
tion. This occurs, for example, in the moving average model of

+ N i i
order m, X, = V,+ v e v, a the Ve being uncorre

lated random variables with common means and (finite) variances,
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There exists wide interest in finding either exact or approximate The components of W, can be computed from

forms for the components of the inverses of these Toeplitz matri-
ces, since that knowledge can be used to derive the statistical (2.1 "fﬁ) . cofactor of ";1

theory of procedures defined in terms of them. For example, the |£T]
author's interest in the inverse matrix studied here stems from
the analysis of Walker's [12] estimation procedure for the moving

average time-series model.See Mentz [ 6] .

In this section we use the following notation, where a subscript

denotes the order of the corresponding matrix or determinant, and

= Wwe omit iti

For the case of m=1, explicit forms for the components of Erl ob- We nl.:o . s:perscripts i: e ?mpanents “.] e B e L
R wis weticd 4f oolaiiioe 456 SElL SRERRs on use the notation of partitioned matrices:

tained by me
for example, Shaman [8]. It has been conjectured that it would (2.2) T =12
In the present work o

be feasible to extend the procedure to m > 1.

we deal with the case of m=Z in detail. -pl 1 py P, L A T 'p1| 1
In the case of m=1 several other approaches also solved the pro- Pypyl Py Py e 000 p2=

blem of finding the components of E.;l For higher values of m the ¥ 0 PPyl Py vva 000 y ] : )
problem proved difficult. Shaman [9] exhibited a close-form expres ~s ¢ o w8 coe s ‘1

sion for the components of the inverse matrix when m=2, and for . ‘; . G101 e W Y

that case also Mentz [ 5] has an expression. For general Toeplitz " e .E...!. _________
matrices there is a paper by Calderon, Spitzer and Widom [ 1], but @ 0 ... 0 2y ‘°1_ _U 10 e 02y p!_
it appears as a hard problem to deduce from their solution an ‘ 1 .

useful explicit form for the components of E;l for finite T. s =5

m
: " k : -

A useful notation is Z = L, 0,6, , where G, has components afj )-1 Py P00 0 .00 00 1 Ayl by 0. 0]
for |i-jl = k, and otherwise equal to 0. For a solution of a simi- Pyl Py Py 0 a0 3’-1'}' "

lar problem with different G, see Mustafi [7]. In this notation 5 PaPy L Py Py e 00 pz}

- = =

Z=0, 2 PG, vhere Py = oj/uo (0, > 0 because Z is positive - oo : T 3 = Sant
definite),and we see that there is no loss of generality in taking 0000 0 ...pl i

the coefficient of Gy to be equal to 1, as will be done below. (2.4) 00000 s Pyl 0 {

In Section 2 we show that the cofactors of the components of E;l

can be written in terms of some determinants that in turn satis- K = I‘]-('Br

fy linear difference equations that we propose to solve explicitly. 3 < e !

Then in Section 3 we use the analysis of Section 2 to derive some o e:}pandmg ET fu.terne of the caspeneats n its S5t ok,
close-form and recursive expressions that are comparatively easy Dubia AL i, A05) Serd YT Fhe devRoibe s Sty the U5
to apply analitically and computationally. However, we do not aesr; Mmogdnsgns, FHESRCRING ELIRERNGS SERieh

study the computational merits of th i

y .p merits o .e propa?als as f::cmpa.red_ with (2.5) 'En*“"’z}zn-L*{’"z"f)zn-z*"z@:"’z)zn-s"g(‘f”zn-a‘

computer rutines prepared for certain Toeplitz matrices; see, for !
example, Trench [10]. +’“irn—ﬁ =4

2. The inverse of | + plG; 3 szz bv evaluation of cofactors The associated polynomial equation
(2.6) -zsftl-ﬂzJ;“+(92-pf)13mztaf-pz)zzwi(pz-nwg =0

Let Z, = (0,.) = L+ 2,6 + 2,6, p, # 0, and ten = ). )
= ~T ij can be written in a symmetric way using the substitution -p,x = z;
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after division by pi we obtain
2 2
1-p pi-p pi=p 1-p
(2.7) % + 2:n:**lzzx:‘+122x2+ Zx+1=0
Py Pa P2 )

Zero is not a root of (2.7), and if x* is a root so is 1/x*, Since
there must be five roots, +1 or -1 must be one of them. (They are
the only "self inverses".) By inspection we see it is -1. Then

% g
z, = p, , zz-%{ﬁ«/&‘f-_} . za-dﬁ—:d_zftl‘?_
(2.8)
" ‘3
where
(2.9) dy,d, = (22720, 18 /(2 p,01)74 5] )

In general the roots (2.8) can be real or complex, and some or all
can be identical. Hence the solution of (2.5) will take different
forms depending on this fact. As an example, which will be also
used as illustration in subsequent derivations, if all roots are
distinct then (2.5) has solution

(2.10) z = 7 cizg

where the ¢z, are the roots given in (2.8).

Since £ is defined only for n > 1, (2.5) holds for n > 6, and the
sequence satisfying the difference equation and for which (2.10)
is the general solution is 21,22,... . The boundary conditions to
determine €;» 1= 1,...,5, can be taken to be (2.10) for
n=1,,..,5 with the left-hand sides evaluated explicitly as

=1
2
= 1-p}
(1-0,) (140,-20%)
Bl R 2.2
23y +py)+(py*p3)*201p - 20 1P,

M M M
~

(=)

(2.11)

x|
=
"

L]
]

L8 B oolp AL el
5 = TP E3 20 1p (1-P -0 ,t03) -p5 (1-p1-p))

Following the same approach we expand L, in terms of the components
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in its first row and find that
2 4§
(2.12) by = Pelpoy * Polgag = PyPoly g * Aol = 0
The polynomial equation is
4 3 2
(2.13) Y. =Py * By - Plﬂir E né =0
and after replacing Pox = y it becomes

(2.14) pga 33 o 40 3

X7 = PPRXT + pOXT - piPoX 4 p: =0
which has symmetric coefficients and can be studied in the same
way as equation (2.7). The roots Y o= 1,2,3,4, of (2.13) are

obtained from

1 ) Z 1 Z 2
A= !ﬁml"’pl‘“z's’z) v Gy = !p‘z‘("l"""l"“’z*s"z)

e 2p

2 Z 2
(2.15) y, = ==(d, +/d*-4) e
s e T L d1+,.,—z—d1_4

P —_— 2p

73 » zi[dz""dzfé} 2

¥ Sp=
: -4
dy*vdy
The particular case of all roots distinct leads to solving (2.12)
by the sequence

&
(2.16) L = C;y: 2 et

2wy

The four boundary conditions needed to determine the Ci's can be
taken to be (2.16) for n = 1,2,3,4 with the left-hand sides eva-

luated explicitly as
Ly=py

2
L, =p7-p
(2.17) 2 ; i
Ly = p1*PoP =200,
L, = #L,-p, L (020 )-p,(p%-02))
4 b el LA WL PR B (T
Expanding K, by the components in its first row we have

(2.18) K, = ‘oizn-l-‘azxn—l % o w2eELSn e

In the special case that I is given by (2.10),

61




Publicaciones - Raiil Pedro Mentz Inverting a covariance matriz of toeplitz type by the method of cofactors, pp. 106- 108

3 e | where F has its lower left-hand element equal to p,, the two ad-
(2.19) Kn+pixn-1 =y izl Sehs jacent elements equal to p,, and all other elements equal to 0.
We expand (2,24) by Laplace's formula in terms of minors of the
which is a first-order, inhomogeneous, linear difference equation. first i-1 columns, In these columns there are three non-vanishing
- s, namel
Provided that only one root (for Z,) equals p,, minors with non-zero complementary minors, y
5 (2.25) IZ, 4] = Z
o a2 . 1 Qe 1 _.n ~i-1 i-1
(2.20) K, =C(-p)" + 7P C; e e jEz B =
2 jr2 | 0
The second summand corresponds to the root z; = P,; no other z, 4 f »
can be equal to p, in (2.20); if more than one root equals p,, (2.26) Zi-2 | P2 = L%
instead of the factor 1/(z;+p,) we have to use 1/2p,. 1 oy
The new constant C in (2.20) will be evaluated from (2.20) for 0 _—--O-I '}_.;
n=2, with Kl =Py Note that
and
K, = p,(1-0,) i
z .
(z.21) Ky = (1-p1) - pyp,(1-p,) { :
2 4
Ky = P Eg - pKy =0, (1-p,) (1+2,-20]) - P, K, (2.27) X5-2 : Pa| = PoK 5
1
|
With this background we now find expressions for the components =7 —== Sl

= . % . 5 ;
LI of ET = E’r . Since !'r is symmetric we restrict attention to

th i i : 3
e components on and above the main diagonal. where K* is X, flipped about its secondary diagonal, so that

Tet cage: i=j. Then wy, = B, /Z,, where B, is the cofactor of LEGH 4 X EE W denote by A, (1,1, 3 = 1,2,3, the correspomdiag
il
0.5+ In terms of submatrices cofactors, then
i+ {4)- i3 i3

2,1 PEM (2.28)  (-1)77By = By A (1,5)7P 85 oAy (31,5040 K; A4 (3,3)
(2.22) B, =

p,E* s The A (i,j)'s are computed using Laplace's expansion in terms of

-~ ~T=1

the last T-j columns. Then
where E* has its upper right-hand element equal to 1 and all other 3
Aj(,3) = Byl PRy gy 3 1*P2%rgo1lyoi
elements equal to zero, We use Laplace's expansion in terms of 1 Tri- Ard "2 23] 3
minors of the first i-1 columns; then

v 2 " g2
{ 2 gy e 2y Prlyoga1Pobymg2) PoKe 3 Orly s g0l 5 g)*
2.23) By, #%. B .t [
CR B B LT W e W N
To make (2.23) valid for all i, we define £, = 1, T . = 0. 2 3
oy T ey Ay(i,3) = #pBp gLy g 17PoKeogbyg-2%P2%p-j-1b4-1-3
2nd case: i < j,

For j = [T/2]+1,...,T, say, these formulas are valid for all i < j,

Ei-l £ y provided we define I, = L, =1, Ky = 0, Pl =K = Qifox
2.24) -1)itig 4 : ;
. 1) ij = PZE’- l‘-j--i E s > 0, For j <[T/2]+1 similar arrangements could be made. In fact,
0 pE* I due to the structure of W, we only need to compute those components
~ 1~ ~T=-j -

of the last [ (T+1)/2] columns on and between the principal and sec-
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ondary diagonals, and then deduce the remaining components using
the symmetry of W, and its persymmetry (symmetry with respect to
its secondary diagonal). They lead for example to

e ST T
(2.30) W5 = VWp_ g4, 7-j41 o AT O L (zsal

We summarize these results as follows:

. =l
PROPOSITION 2.1. Let Ey = I+, 40,0y, with Py ¢ 0, and I,

- D
= Wy ("ij ). Then

B,
i+] i= -3 s j= 1,-..,T
(2.31) Nj(.:’ ™ {'1)1 g E—:‘L y dmf,eee,T<ivl; ] [T/2]+

where the B,. are given in (2.23) when i=j and in (2.28) and

J » 3
(2.29) when i < j, in terms of the determinante Zs,Ls,KE, which
are defined in (2.2)-(2.4) and satisfy the difference equations
(2.5), (2.12) and (2.18), respectively. The remaining elements of

ET are obtained using wg) = “j(? and (2.30).

i+
1f p, = 0 but p, # 0, then L = o7, K. = ;5 _,,(-1) jBij =

. %% =1 s
= I, A (,0), A (i,j) = p{ zT-j , and the solution reduces to

B B
y=i i=1"T=
(2.32) “f;’r) = {-PIJJ .._"TJ.

Here Iln satisfies the corresponding version of (2.5), namely

z =
(2.33) Z - _ +p1 2 ,=0

with boundary conditions Z, = 1, 3, = 1 - p} instead of (2.11).

3. Alternative forms of the components of the
inverse matrix

In this section we want to use the analysis of Section 2 to obtain

other forms for the wg) that can be of greater use, We shall find

useful the following result:

DEFINITION. A matriz A = {aij] 10 eaid to be "diagonal of type "
if a5 = 0 whenever |i-jl > r.
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PROPOSITION 3.1, Let A = {’ﬁ] be a TT symmetriec and positive de-
finite matriz, A necessary and suffioient comdition that ._l_t_-l be
diagonal of type T is that there exist constants b, , such that
for t = 1,2,,.,,T-1+1

£3.1) & #h

tt 1416 * 0 P By peiPrarar et T 00 TIUET,LLLT

This result was apparently originated with Guttman [4] and Ukita
[11], and a detailed proof is given in Mentz [5].

Condition (3.1) states the existence of a linear relation between
succesive sets of r adjacent rows of A; an equivalente formulation

(to be used below) is to relate the first r-1 rows to each of the
remaining ones,

We now proceed to derive a closed-form expression for the wg).
From (2.28) and (2.29) we derive the components in rows 1 and 2
(or columns T and T-1,respectively) of !'r = E;l, as follows:

)it

3
[3.2) “ljw'r—-jﬂ,r = :r (Zr_jl.j_l psz_ij_z'fp!zT__j_‘le_J),

i=2y004,T

j+2
= s

25 1541, 117 g o1-aty-22 1Py Frag )y ¢
T
2 _ah
(3.3) +p2(pzzi—j*pzxt—j-1+‘°1Kr-j)l‘j_é pz(pl‘:-r_j_l"‘
[ &
"‘KT'j}Lj-s’szr-j_LLj-s] P A

Since I, is ndiagonal of type 3", it follows that there exist cons
tants 6, and f,; such that
(3.4) Wis ali"lj + ﬂnwzj ) b &1 RNy & S - 5 &

Using these relations for j = T-1, T we form the systems

Woper = %Y rer 20,141
(3.5)
Wip =0y t M 0 1= 30T

that can be solved for the 911 and OH; replacing the resulting
values in (3.4) we obtain the following:
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PROPOSITION 3.2. Under the conditions of Proposition 2.1,

5 - (w W =Wy W Jw, i
y O g 1 Wip~¥ag¥s 1 ¥rog41,1 ST S Al L 08 S Rl SEES O S 8

H(T
i ¥ig¥2,0-1 © M1,1-1%21
(3.6) I
- Wi
O g 1M1 poiet M1 12, Togen )My ” Mar¥a 1o gan Min¥a, rotan V2

W, W = WonW
T-1 21°1,T-1
1T°2, ’ i<j

~ where the neoeasary components are given in (3.2) and (3.3).
It is easily checked that (3.6) holds for all i < j. As in the

case of (2.31), it suffices to compute Wy for i = j,...,T-j*+1,

i o= (T/2041,..0,T,
Expression (3.6) exhibits the components of the inverse matrix as
functions of the components in columns T and T-1 (or rows 1 and 2},
and in turn, using (3.2) and (3.3), as functions of the roots oj‘.
(2.6), (2.13) and -p,, the latter being the root of the polynomial

equation associated with the sequence of K 's.

While (3.6) may be useful for analytic purposes, the following Te-
cursive approach may be simpler!_since the wi?J will be given as
functions of the determinants Z7 and K, only, not of the L,.

The components along the diagonals near the main diagonal give rise
to some interesting simplifications. In effect from (2.28) we have

that
= ” i - L, +
1By g1 =By By by =P oKp s 1Lo)P2%5 p%r-1-171%0
(3,7 + 0K 202%r g g = By B s 1P oKy 1)
- 00,5, % w02k, %
125 2% 1P 2R s 2%p 11

using the explicit values for some L 's given in (2.17). Similarly

2 o 2 ; 3 g
1By 54p=Z ([ () -P5)Ey =P P oKy 5 5*Po%poi-3) P2%1-2

(3.8)
[ o202z -p.0.K 140K, . (P,P,Z L S
17020 % 327P P aig_g 2l PRy o P Pa%p g 27 2 r-1-2
1B, .o (0400220838, o =pa (P -0,)K .
(-1B; 143"23 gL (P *P1P 2019 )y 5 37Pp (P17P3) Rp i3
3 9 2 2 by Z 2 ¥
(3.9) $ 01038 ) PR gl (P10 P)EL 4Py (P PR) Ky j 3

3 2 n
PPy g 41 PRy le,(py-P ) By 5 g
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2 4
" P1Po¥ro1-3*P 2%y g4
For the present case of r=3 expression (3.1) reads

(3.10) W,, = =b

i VN D P S S 3

using this expression for columns i+2 and i+3 we form the systems

Yii42 " PuiYien, 142 PagVisa, 142

= -b

(3.11)

1= 1,.00,T=%

Wy, i43 1141, 143 P42¥ea2, 443 2

From these systems we derive b;, and b,,, substitute them back in
(3.10) and obtain

o Wen, 103¥1 000 Mi02, 140 103 0Wina g

W
ij
- Yie1,442%042, 143 7 Vi1, 143%142, 402

Cin 143%s 502 Yien 1428 143 Vi42 3

Yia1,i42%i42, 143 T Yi41,143%142, 442

The components of the inverse matrix are then computed as follows:

PROPOSITION 3.3, Under the conditions of Propoaition 3.1, the ecom
ponenta W. = “i(.;:) of the inverse matriz W, = ﬂE_;" are determined

as follouws:

(a) Determine Wi j4q for s = 0,1,2,3 according to

(3.13) v o1 o it
1% 5 CraBr s Pe% T g) 0 B2 T
T
= L= 2 &
G143 W 41 * ﬁz_‘l{E'r-i-l("121-1'”1’251-2*“'2‘(1-2) ?Ke-i-1%1-11 o
¥ ¥ ® 2 aunat
1 2 2 2 2
Vi, i+2 ;:"lzr—i-z((’1"’23Ei—1"°2[pl'pz)zi-z*"z"zxi-z}+
(3.15) *
T S EPE R, e
271-i=3"1-1""r=i-2V PP %112 1 P R g )
i = ee?
1) 5. .3 §- 3
1,143 T Zpaieg (P10 125-20p)E, (=P ()PP P3)E; o
T
2,2 3 4 5
(3.16) A UL LIN) L N GO A PP L SIS b
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2 Road o8 S
+ Ky_y g{-py (010 )8 %05 Py ~P3)Ey 7P 12Ky oM,
' T WO

(b) For column j, [T/2]#1 < j < T, find in successtion “j—--.j for
s = 4,...,2j-T-1, uaing (3.12).

(c) Determine the rematining "ij wsing the eymmetry and persymmetry
of !m.

Expression (3.13) is derived from (2.23), and expressions (3.14)-

(3.16) from (3.7)-(3.9), respectively.

As was remarked above, Proposition 3.3 solves the problem of spf:-

cifying the wij' as functions of the det!.-u-minants‘IJ|1 and K of dif

ferent orders. Also note [ for example, see equation (2.19)] that

once the Zn are available the K are easily determined.
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A note on inverting 2 covariance of toeplitz type

Radl Pedro Mentz, University of Tucuman, Argentinz
Bulletin of the Internationa! Statistical Institute
Velume XLVI, Book 4, 1975, pp.151-155

1, Introivction, &4 TT amoiriz §, = (;ié) 45 callel a Toezlitiz

zalriz if g 4 rerticulerly vseful case for oathamatical

niztictics 1?,4::13 is gymmetric and sij.«o for |i=jl» m. Toxr
o=] the cocronents s J of g;l are Carival Y the peilol of
cofactors, for exezple 4n Chanan {15£9). Iz tka preseat wox: -.-.-a-
eztond these reaulta to ==2, Pox me=2 Shem:zn (1572) aal Yentz (1972)
Save conciderad the preblss, boik using approackes 2ilfsrort fré::
tke precent cae.

By Zactoricg out the coszonent of § 4n tke main diazenal, wa sce
that without losa of gemuzallity we howe to dezl witk ;‘§=I+:'1§1+r2§2,
Bay, whera -(g“J), giz;)nl if [1-3] =n, eni squnls O otharwise,
so that ga = I, the ideaiitf; =etrix,

do details mll be givan in tkis apory these ere rresented 1'1
entz (1972).
2. Tho Inverse of §-3+=131w222. let 5 o of oxler n and Sn its
deterninazt, Lat
5 & {;; §n—1 : g T

| 5 :
b P - I §n_1

o

J(2.)

waere 5-(:1,:2,0,...,0}','E-(D,...,O,rz,rl}, g-(r 205 00490) 800 et
lrn and L'a ba tke corzesponiing foterzinanis, Iy aziznlin: 5 in texss
0f tie cosponents in 4tz Lirst row, Tusiin (1557) ZounZ t]..at $he

dctarcinanis eatisdy tho limser, hnaa-\:aem, fi2s-onder Mdilozsace

aquation 3, 5.
(2.2) -.aadr{l-rz)un_f(rz—xl).‘n +T (r -%,)5, 3+r,\_ -1)3, ~*725, 50

Hancs 8 can bo writton as a linsar coatiantion of tho roots of iic
rolynoxisl ecuaticn essosictel withk (2,2), tho coalficiants badsg

Geterminal foon bousdary conddtisss susfs); Jron tc 2qustions Tor
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ne=l,...y5; vith tho corresponding Su evaluatod e=plicitly. In faot
by means of a oinple transformation ihe polynomial eguation can be
maja myetric and p;.-nnuoa.u; reluced o oscond order. Tho sane
apzroach can bo used w7ith the L n? beozuse

(2.3) L —::1- +:|.-2Ln_ —rlzgl. u:!.H-o,

‘wMls ths T eatisfy the simplor esvation

(2.4) L Fa11%1

Progosition 1. Lot Si=fer,§ +r,@, wih 7,40, and 5 -_w,r-( y - Ema
(2.5)  wge(=1) B e 3=[1/2) 41,0000
e !

(2:09 Bu'si-xs‘r-s."’:sz-zsm.i-f

n (Y ;3-51_15(1,:) 5,2 2(1,:)+r2 ot3(1s3)s

and

(2.2) A (4,3)-, ® I, sz_ij_i_frzS,. =1 byg-2

(2-9) -‘ (111} 51 J{ j"i -] 2‘%51 - - z)-rexﬂ-:(r Lj—i 2 ?3-1—3)
zsr-s-:l.( 1% 3-4-3 ’?’3—1—4)’ :

4
(2.10) 13{ 1, ”'1'25’1\- j" 5-1-1_2?1'- jI.- jo1-2"250 .1—_1" 31-3°

_.u...,la a.ml! satis 2.2),(2.3) ani (2.4) rosyectivel

ratelaing 1.......:-nta of I, aze obirined by using I:ri-'” (symmetry)

3 "3 »
22 g0, 740"y (22zarmaetsy).

The proof of tiis propocition consists bacically in expanding the
by Lagplace's rule in ferms of minors of the

co:uctors of the 8 j
4254 4-1 coluans., The jiven exprescions are valid for all 4 amd J

provided we dofine 3, =L o=Ls IG-O, S -I. -I ‘=0 for n>0.

3o Dsleticn Tith the Zaco gel, L 1-2-0 but r ;‘O,thnu L =r) sx AT

{-‘1} 1313- - 1‘1(" J}!ﬁ(i’j)- ST : znl the solutioa :‘ed.l.lODB to
(5.1 ’"1:'{"’1) 31-151‘-.1/ T

Zora G satiufisc the corrosgoniing verziea of (2.2), na=ely

2
5 -5 _1-:-?5 =2, wiik Younlazy zoenliticns I.=1, :,_-1-:'1. Ia ks
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form 1t is gvan, for axserle, Yy Jacasn (1253).

4. iltorcctive Torms. Ja now prescab scas forws of tha 3, o e T
be core uceful than thet in Iropozition 1. Teie hczover that N2
will eventuclly be writtem za ﬁmotim of the roots of tha polirouial
equatiors assooiated with (2.2), (2.3) and (2.4), ani that tais aay
be useful for analytic purposes. : :

Eroposition 2, Let ;,-(ai :.) be TxT, ﬂm"trio and zosiiive definita.
4 nocessary and guffiojent conditions thet h{a '1) saticfiss atep

for |i-jl>r is ibat there aexist consiantc bts such that for t=1,...
|T-3'+1,

(41) 840%0y,8 el grbeeetdy :\_latﬂ__l-.‘,-o, tr'=t4lyene, T,

This result apparoctly orisinate? with Guttaon (1955) and Tkita
(1955), 2nd a detailed tzoof is civen in Lwntz (1572). Coniition
(4.1) statea the existcncs of s liuear relationship batvzcn sudcesive
Jets of r aljoceni rows of J; an  2guivclent Zoroalation (4o bo used
below) is to relate the Z4rci r-l ro.o to ezch of the »owaiuing ones.

| ool

Proposition 3, Tuler *he oconlivicas of Tzonosition 1,

(%) 022 AR U PRI G 2710, 71 ) egel,T-1

'o?ij .
272,01 © T1,1-1%20 =

( o 21, o117, 21", 41) :'(" 724171572, 1-1 42 ) Mo
N172,7-1 ~ T2r™1,7-1

»
(4.2) ig .
Eroof. Since ni,-o for [4-3 > 3, by Troposition 2 there exist

-
concstanis tli and t?.‘l.' such that w u-tnwljdﬂfrad, i=3,...,T5 § >1i.
Usicg these rolztiens for j=T-1,T, solvin; tta resulting srateas for
the £, and t21’ 2nd reylacing back tho vclues, ans obtains (4.2).
3.0,

Progasition 4. Under tha conlitions of Trorozi‘ien 1,

1+2,1+; % 142" 1+2,1+2 1,1+3 1+_,;i" 141,44378,442"

T141,4427102,043 T 7141, 44371042, 442

(4.3) %42 .4407,1030 100, 4

iroof. The ;roof is sizilar to that of Trorozitios 3, oxly 2l-t we
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LW W37 W, ==l widoh 4o (4.d). 23

170, 2 e2, 8
apreceion (§.2) exaibits the ¥y e fanstiome of the w,,
&3l 323}. These 4o turn can bo evaluuted 2drasily

enl

SREE LY
Sz Ircposition 1.
Do-rsosion (4.3) asy be cospuisiionslly sizjlor “han {4.2). Ta

3ysc coasuse T g Zor 5=0,1,2,3, fdra t1; froa Ifroporiticn =9
8 sles
+-idny alvaniolz thet for thesz oasee the ‘L: Zoterminnnts thot are

noasel zré of low ox..3m, ani oo by evnlustal vesy 3usily. Then the

- awe Suastions czly of the S anl I Coferminants, ond the
1,384t n 4 .
1-%4sr wre levomidned oros the 5 cac s7-41ahla. TEEL taens

coiuponcuts tleng the central Majenul of &, (£.3) c2n be nsed
scoursively o finl ke other Hij'

5. icwmonleizsonte, Tis maiu Fiis of tiis study AE paxi of ke
eeicar's iL.T. fluszotztien im the Dsjarissat of Sietisidcs,
Stanfors Tniversity. ipprecizidon is asprecsel te Trelessor Jiwe
imlazsoz for panercus uidance end help while divectinz diiz tork,
vas o rrofescor I‘aﬁl.E:-.a:an for :osreciicms 1o a Zirst drali., ToxZ
2% Stonford wac supported by o Rozizzoh Jeatrost itk the 0Z7ito of
¥eval Zazeareh (T.7. jaderson, Troject iractor).
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T+ Bussazy. A matrix 45 szdd to ba of Teezlitz type 42 it boe egtal
clexsuts aloog Jdagonals. TLese cetrices, with the additicmal rropar-
ty ol oyzastry, arise frecusintly im staiiciiczl work, as sovariunzs
zatziosz of sloticnery ctoshastic procesues, in monparamstric theory,
cto. The inverso is often ol ictsrest, and a czothod iz usel to fia2
its cocpenanta shen the T = T zatrixz has only 5 noovamiuling ceztzal
diaouzls, '."..a‘ method 45 o axprass ths coloctors of ths coujyouantso
of the zivea matrix in terac of sows dsterminants, tﬁat are siowm %o
satisly certein lincar differancs eguaticas, anl 4o solvs thcoaa
cx;132i%l7. The comploxity of the resulting expressiocne for tka
copponents of the invernoe is compzrable to those knoma i tha
litorature.

Te &g'_s.t_:_:_é. Toe aairico est citde comne appartans:nt aa 475c Toorlits
quand elle a dec éléments ézpux le long dos ddajozalos. Cos nmatricas,
cui poscsilant zuesi 12 propriét3 spiciale de la sycdiria, se trouvent
gsouvant dans lec oeuvrzs siztiziijuez comnme das covariances de pro—
ceasus siochastigues stzticaraires, dons la thioris noa paczndtrigue,
stc. L'invarso 95t {r&iuezzent intérasscnte ot on utilise une zdihods
poar en trouvar sm2s cocrosants infs;ua'ln oatrice ¥ x T & suslswent

5 ddagonzles centrales moa nulles, La métiols coansistes & énoncer las
winours des coojosants 43 ls matrice dun.n"n en foaciion de guclgues
déterainants, Cn dducnire o oceux-ci qu'ils satislont cextainss 3zua-
tions lindaires nux différeocss flales ot on les rdsout formslleoant.
La complexité des axpreseions rdsultantec pour les cosposants Se 1'4p-
verso pout-3tre compare & la ga'on coanzlt 363k dos osuvres teckzi-

qucs.
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On the inverse of some covariance
matrices of toeplitz type

Rall Pedro Mentz

AhmAmmxumdmbearToephrztwelhthqum clements along diagonals. These
matrices, with the additional property of symmetry, arise frequently in statistical work, as covariance
matrices of wide-sens¢ stationary stoch in nonparametric theory, etc. The inverse is often
of interest, and a method is developed to ﬁnd its components in close form when the T x T matrix has
only 2m + 1 nonvanishing (central) diagonals (1 £ m < T). The method consists in posing difference
equations for the components of the inverse, and solving them explicitly. The resulting procedures
reproduce known results when m = 1, provide an expression for the inverse when m = 2, provide
approximations in these two important cases and an interpretation for another approximation for
general m, and are shown to be particularly suited for two methods of estimation in moving average
models of time series. The inverse of a related matrix is also studied.

1. Introduction, A T x T matrix £ = (g;)) is called a Toeplitz matrix if
0y = 0;—;. A particular case is when g;; = g);_;;. A useful notation for this second
case is

T-1

(L.1) L= Z 0G, = 0o Z 2Gy,

where g, # 0, p, = 6,/o,, and G, has components gl equal to one when
li — jl =k, and equal to zero otherwise. Without loss of generality we take
Po = 1. A particularly useful case for statistics is when further py,_; = 0 for
li = jl>m, 1 £m < T; the covariance matrices with these components corre-
spond to stochastic processes “finitely correlated of order m" in the theory of
wide-sense stationary stochastic processes, and to several other important cases.
Note that(1.1)exhibits E as a linear combination of known matrices, the coefficients
being the (parameters) o, or p,. For a solution of a similar problem with different
G, see Mustafi (1967).

The inversion of Toeplitz matrices has been approached in the literature as a
computational problem, where the purpose is to find numerical procedures that
operate faster than general inversion procedures, or as a mathematical problem
of finding the components of the inverse in explicit form. Of course a solution to
the second problem is also a solution to the first one. This paper is devoted to the
second objective, and no attempt will be made to evaluate the computational
merits of the proposals.

* Received by the editors August 16, 1974,

+ Institute of Statistics, University of Tucumin, Tucumin, Argentina. This work is part of the
author's doctoral dissertation in the Department of Statistics, Stanford University. This work was
supported in part by the Office of Naval Research Contract N000-4-67-A-0112-0030"(NR-042-34) at
Stanford University, by the Ford Foundation, and by the University of Tucumdn.
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The inverses are given in terms of the roots of some polynomial equations
involving the p,. This is often convenient for theoretical work, because in many
important cases it is possible to prove helpful properties of the roots. One example
is when they are less than one in absolute value.

2. The inverse by solving difference equations. In case p, = 0 for |k| > m,
(1.1) becomes £ = ¥'7_, pG,, with pg = 1, p, # 0,1 < m < T. If we denote the
inverse matrix by W = (w,), the defining equation for the inverse, EW =1,
written in terms of components is

dy; =Wyt Pyttt Panrry (=),

Opnj = P Wiy T T P Wyt Wy F P Waar
e e PeWam,j {f = m]-

oy = PuWimmy T 00 F PiWi—1 T Wiyt P Wiay

(2.1 ;
Foove P Wisngs i=m+1,,T—m,

Orm+1 = PeWr-amsrjt =0+ P Wromjt Wiy + PiWT-me2.

ot P Wy i=T-m+1,

Oy = PuWromit o0 + B Wrayj T Wy (i=T),
where §;; is Kronecker’s delta function.
This system of linear difference equations will be solved for each j (fixed
column of W) and i < j, that is, for components above and on the main diagonal.
The linear difference equation of order 2m corresponding to rows m + 1, ==+,
T — m, in the homogeneous case, has the associated characteristic equation

0= pﬂ""l“ +pm—lzzm-1 o i Pm
= P2+ 1) 4 oo py(H + 27N + 27,

which is symmetric in its coefficients, Dividing through by p,,, it appears that the
roots occur in pairs, z;and z;* (z; # 0), and hence (2.2) is equivalent to

(22

(23) 0= ﬁ(2—2;1= ﬁ(r"z,-)(z~z_.-“‘]= l!'](zz—zd,--i-l).
j=1

i=1 i=1
where d; = z; + z;' ', Equating coefficients one is led to a system of nonlinear
equations for the d;. When m = 2 they are ’

(2.4) __;91,0:-'-1 =d, +d,, pr' =2+d,d,,
and whenm = 3,
—pp5 ' =dy +dy +dy, pip7'=3+dd; +d,dy + dyd,,

(2.5) ¥
—p3' =2, + 24, + 2, +dydydsy..
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These systems of m equations, and z, = {(d, + /a7 — 4) provide the 2m roots of
(2.2). In fact the reduction to m equations can be achieved preserving the poly-
nomial form. The procedure has been given in detail in Anderson (1971b), and
consists in writing (2.2) as

0=p'"+ Y poe™* + 2%
(2.6) h=1
m
=p'"+ 2" ¥ pollz 7N + 1),
h=]

and then using the substitution zs = z2 + 1.
When the roots z,, - - - , z,, are distinct, then

1) W= T (Gl + G, isi.

The form will have to be altered if some of the roots coincide. The 2m constants
in (27) can be evaluated from boundary conditions extracted from (21). In
particular, for columns 1,2,---,mand T—m + 1,-.-, T, the boundary con-
ditions are just the first m and last m equations in (2.1), and one of the resulting
linear systems determines the constants for the m columns.

To determine the rest of the components we use the symmetry of W with
respect to its two main diagonals (inherited from that of E), that leads to

(2.8) Wy = Wi=Wr e m-js1s L=t doees o

and one of the following procedures:
PROPOSITION 2.1. Let E be of order T x T, and given by

2.9) L= E PGy,

> k=0
withpy = 1,p, # 0,1 Sm < T,andletL™" = W = (w,)). Then the following four
steps determine the wy;: :

Step 1. Find columns T — m + 1, -+, Tof W from (2.7) or a similar expression,
depending upon the nature of the roots of (2.2), where the 2m constants are evaluated
Jrom boundary conditions provided by the first m and last m equations in (2.1);

Step 2. Using (2.8) deduce rows 1,2, -+, m from columns T—m + 1,---, T}

Step 3. Determine the proportionality constants 8, in

(210} Buwu + BHW:J + st 9.;“'-.; = Wi, i=m+ 1,--- " i jg I.‘

(for columps j = [T/2) + 1,+++, T — m) from columns T —m + 1, --- 9 &

Step 4. Using repeatedly (2.10) find those components wy; satisfying i = j,--+,"
T—-j+1;j=[T2]+1,---, T — m, and all others using (2.8).

Alternatively one can proceed column by column, as follows:

PROPOSITION 2.2. Under the same hypotheses of Proposition 2.1, the wy for
i < Jj are given by (2.7) or a similar expression, depending upon the nature of the
roots of (2.2). The 2m constants are evaluated from boundary conditions extracted
JSrom the system (2.1) as follows: For columns T,T—1,---, T—m+ 1, the
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conditions are the first m and last m equations of (2.1). For any column j =
T—m, -, [T/2) + 1, we assume that columns j+ 1,---,j+ m are already
available, and then the conditions are the first m equations of (2.1) plus equations for

of section 2 can be used to reproduce some known results Here x, can be taken
to be 3p7 (=14 /1 —4p?). For positive definite matrices we require that

rows j —m + 1, .-+, j with the substitutions
Wie1 = Wije1 = Wi,
Wip2,) = Wjj+2 = Wij
211) :
Witmg = Wijsm = Wayi

the remaining columns can be obtained using (2.8).

To prove Proposition 2.1 one only notes that (2.10) is equivalent to the
condition of Proposition A.l in Appendix A. To prove Proposition 2.2, we note

that for column j, [T/2] + 1 S j £ T — m, the complete system of equations is
composed of the first m in (2.1), plus the homogeneous equations

212)  wy+ 3 palWiesj + Wien) =0, i=m+1l.m+2,---,j—m,
h=1

plus equations
0= puWjcamerjt+ o+ PiWimmj t Wimme1,j T P1Wjom+2.j

+...+p“wj+1‘j (;‘=j-—m+|]'.

(213) 0= pWjopeyj+ s + Py Wimay + Wimry + 21W
o DWWkt : (i=j—1)
L= puWjjt ot Wy iy Wy PrWiay
t o+ PuWsm (#=J)s

plus other homogeneous equations for rows i > j. The sequence satisfying (2.12)
is Wy, i = 1,2,+-, j, so that the components in the left-hand sides of (2.11) have
to be obtained from the columns already determined.

Note 1. To avoid vacuous statements, T is taken to be large compared with m.

Note 2. In some instances, the procedures described in Propositions 2.1 or 2.2,
;:;Iborh, will disclose an explicit general expression for all w;, as will be ex emplified

ow.

Note 3. Consider the case where p, = p§ # 1 for rows i=m+ 1,+--, T.
Then (2.1) will be different only in the (complete) equations corresponding to those
rows, and the roots entering in the expression for w;; will be evaluated from (2.2)
with the coefficient of 2™ replaced by p. Otherwise the procedure is still valid, and
;n are the forms of the solution, as is made clear by the procedure of Proposition

1.

3. Applications. A detailed discussion of applications (a), (b) and (c) below,

appears in Mentz (1972). f
(a) The casem = 1, and some approximations. In case m = 1, either procedure
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[l < %. and hence |x,| < 1. After deriving columns T, T — 1, etc. in succession,
the form of column T — s becomes evident. and can be verified by induction, all
using Proposition 2.2. This lcads to the form

(1= _\‘%T-:j-&!“x{ﬂ-l—j o x{d-']—i)

pll = Xl — x§7°7)

ERTE W= : isj,

which is a new version of the result given by Shaman (1968). This form suggests
the following approximations. when T'is large and i £ j:

“ s x?T-!j'ZHX{“‘lvi - x\{*l-i]

A2 i S . any j:
(3.2 W = i = y j
a=lwi _ iri=i
(3.3 Wi 2 L T j small:
: pll = x3)
_ AT-2jr2ydeini .
(3.4 W s e i Jlarge.

o] =23

These approximations arc based on the fact that |x,| < 1. In particular, under
the sume hypotneses. wyy = — X fr Wir = —x]7'~%p. Shaman gave the approx-

imiuon

i 1=i
4 _——
e any j.
Nl = 2pxy)

n

S Wy

bused on @ difierent argument.

The form (.11107 slight variations of it) can also bz found directly by applica-
uon of Proposition 2.1,

(b1 The zase m = 2. The procedure of Proposition 2.1 can be used in this case.
Let wyp and w, 7. , be determined for all i. Relation (2.10) now reads 0/, +

;= wy for j=T- 1T, and i = 2.4, --- . T: solving for 0,; and (/,,. and
using the relation for j= 34, :--. T = 2and i £ j.one obtains
(Wa g2y Wap = Waghyg g Wy ey = Wy Wir — WagWir- 1 M7 jer7-1
W, = R - \
; WipWagoy = Wy War
(3.6) i<j

This expressior. is also valid for i = i.2and j= 1.2.T— LT.
The particular form of u-;,—_und Wiz—y d::pcnds on the nature of the roots of
the poiynomial equation pyx* + pax’ + X* + pyx + py = 0. If the roots are
x, and x7 ' each with multiplicity two. then
: s=T-1.T,
3N wy= Cyls) = PCHSNY + {Cats) + iC())xT "
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- - -1
if the roots are x,, X7 *, X5, %7 ' and x, # Xx;,%; # X; °, then

§=T=1,T;
38) W= Clxi + Ciloxi’ + Cilelxa + Cilo)a ’

For the case of (3.7), in Appendix B it is shown that
39 Wi, = myix] "' + ndipxi
an approximation is also discussed. The case of (3.8) can be treated in a parallel

and we omit those details here. - >
fomic] Estimation in the moving average model. For the moving average model

of time series analysis,
(3.10) o= o + @&y T 000 T OG-0

i i = =1, Eeg) =0 il t #s5,
the random variables &, satisfy Ele,) 03 E@g) =1, 2
?;nhc:?exjs:s interest in eslimatinlg the autocorrelations p(s) = o(s)/oua(0) where

q=ls

z O jafss |5| 24,
(3.11) Opals) = Oual=3) = § =0
0, Isl > q.

Among other things, this gives a way to estimate thg a;s.On th‘e basis of a sample

Viattt y,from(3.10]Wa]ker{l961]proposed_ansnmtorfarp = (p(1), -+, plg))

in terms of k (k> g) sample autocorrelations defined be r;=CfCo Go=
T YT — shs= 0,1, -+, k. The estimator can be written

(3.12) b= — Wy, (e )WL (e,

where ¥ = (ry, -+, r) = ([, r®), and r"' has g components. Wip) is the
covariance matrix of the limiting normal distribufion of ﬁ (r'"! — p), and is
partitioned to conform with r; see also Anderson (1971a, §5.7.2). Then (3.12)
involves the first 2q rows, or the last 2q columns, of W3'(p) evaluated at p = _r‘”.
W,, has equal elements along its diagonals, and they vanish if their indices differ
by more than 2g. ’

Hence, the procedures of. § 2 are suited to evaluate the components of the
last 2q columns of W2 (r'") explicitly. This was done in detail for the case g = 1

in Mentz (1975), to study the asymptotic properties of p when k = k(T), a function

of T such that limy__ k(T) = co. The form (3.9) arose in this context, with p, =
201 + 2077, p2 = (1 + 297)7". :

A proposal to estimate the a; in (3.10) by Durbin (1959), is based on approx-
imating (3.10) by a finite autoregression of order k larger than g, Then the vector p
of coefficients of this autoregression is estimated from the least squares equation
Cp = ¢, where C = (Cy-y), € =(C,, Cy, -+, Ci), and the C; are the sample
autocovariances defined above. Cis a k x k Toeplitz matrix and in principle can
be evaluated explicitly by the methods of § 2.

A modification suggested by Anderson (1971b) is to take the components of C
equal to 0 when their indices differ by more than g; the resulting matrix estimates
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e U R

(Gpgqli = J)) consistently, as does C. because g, 4(i — f) = 0 for |i — j| > q. For
this procedure. the methods of § 2 become more appropriate. and for example the
explicit forms (3.1) and (3.6) and their approximations can be used when g = |
and 2. respectively. Some details for g = 1 are worked out in Mentz (1975).

(d) Interpreting a well-known approximation. If T = (6)i- ). G-y =0 for
li = jl > q.and T is positive definite for every T. there exist coefficients &g, - -- . o,
such that £ = I,,. the covariance matrix of a vector (y,. -~ . yy) generated by
the moving average model (3.10): see for example Anderson (1971a. § 5.7.1). This
way of looking at E gives rise toa different approximation for £~ that is frequently
used. at least for small values of m. and that we now discuss in the general case,
It consists in that 5} = T ;. where T, is the ¢ovariance matrix of (x;.--- . x;)
generated by the autoregression

{(3.13) XXy By Xy g = s ALK =6 p=ees =101, 500,

The merits of this approximation are usually judged by comparing E,,, with
T, These matrices differ in the components in two ¢ x ¢ submarrices located
at both endpoints of the main diagonal. See e.g. Wise (1935).

The form (2.7) in case all roots are different. permits the direct comparison
of the components of T, | with those ol £ .. In eficet. the components of =, are

) L)
(3.14) salloi=Y K=y Kt iz

A=l at 1
where the x, are the(distinctiroots of M(x) = z,x* + +-- + 2, = Oseeforexample

Anderson (19714, § 3.2.2)). while under the model of this section (2.7) becomes

(3.13) o

¥

q

] 1yt + ¥ o __il i™>1
=15 “Il T i i Tl ol ) s iz
1fin(3.14) we choose all roots x, to be less thun one in absolute value. which without
loss of generality we can always do when dealing with second order moments,
it then follows that the approximation (3.14) consists of omitting from the exact
expression (3.15) the part invoiving positive powers of those roots. To prove this.
note that (2.2) can be written 0 = 2" ¥7™_ __a,,,(h)=". because gy, 411l = gy (—h).

But E;'E it Gyl = MMz~ 1L?n'_:' us?ﬁg (3.11).

The constants in (3.14) and (3.15) are related in a similar fashion: the m
equations defining the g ,z(h). the so-called Yule-Walker equations. bear to those
in (2.13) to be used fof columns not near the endpoints of the range of j values,
the'same type of relation that M(=) bears 1o M(z)M(z~"): further the m boundary
conditions provided by rows 1.2.-++.m of (2.1). constitute an “end effect” that
is neglected as part of the approximating process.

As an illustration, when g= 1. @, = 1, and &, = a. we have that p=
af/(1 + «*).and x, of application (a) becomes x, = —z. Then we can write (3.1)as

2T +2-2)

¥ l=x )
(3‘16] ""U = ..._1 -1tf I - ;:T': (xl| 4 XI-JL jg i
: 1
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ProposiTion A.l. Let L = (g;) be a T x T symmetric and positive definite

For the first order autoregression y, + &y, = &, the covariance sequence is matrix. A necessary and sufficient condition that Z=* = (wy,) be diagonal of type r

o xlh) = (—a)'/(1 = a?), so that

: (- L X 2.
(3-17) W= 1—¢2 =1_xfx: ' Jg

term containing x| is neglected, and the

g sl g 1 the
Hence in this case it 1 verified that aTva-2i)/(f — %373 as approximately

wend effect” consists in }aking (L— X
equal to one in the coefficient of x; .

f the wy; in
i Jiterature. Several authors gave forms o iy
e h;:{t;:‘:;::nl Shaman (1968), (1969) provideq sc_veral zlnltematwes.
ﬂ'u:vnt:ich is (3.1). For all values of p that make the matrix _:_nvcrublg Lc_:v:scs;-f
;incgyo and Powers (1969) approached the problem through the determinatio:
a

the characteristic roots and vectors of £, and found that

2 I (sin(ike/(T + Dlsin Gkn/T+ D] and j.
(4.1) Wq:ml-l 1+ pcos[ﬂkf{T+ 1))

For |p| = 4 Kershaw (1969) found that

1 U= 1/2p)Ur- A= 1/20) jzi
4.2) L U~ 1/(2p))

ind i f
where U,(t) is a Chebyshev polynomial of the second kind in t. The method 0

i imilar to the one in our § 2.
prooll:_g: uusi:dclas;o: fg.mssl:::]nan (1971) found expressions for the componcnstss
of the inverse matrix, based on the ‘association v_vith a moving avlcra}ge]p:g::icj
His answer is in terms of p, and p, in our nom;n::;, _ang ;}]w level of (alg!
ity is somewhat comparable to that involved In (3.0).

mmng computing algulﬁthms (for general m), see thg papers by_ T::':ncl;
(1964), (1967). In the mathematical literature there exists interest in IV b
infinite Toeplitz matrices; see for example the work by Calderdn, Spitzer

Widom (1959).

Appendix A. On a necessary and sufficient condition for a eom.xiame matrix
to have an inverse of diagonal type. We now state and prove in detail a result that
appears to have originated with Guitman (1955) and Ukita (1955). The condi-
tions were used by Greenberg and Sarhan (1959), who call them sufficient con-
ditions.

A matrix (g;) is said to be “diagonal of type r” if a i 0 whenever
Ji = jl = r. From § 1 it follows that a stochastic process which is finitely correlated
of order m, gives rise to covariance matrices which are diagonal of type r =
m+ 1
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is that there exist constants by, such that for 1 = 1,2, ... . T—r + 1,
(A1) Oy + IE"'rl"'-x-t-i.r' Al bl.r—lcl'i'r—-l.l' =0, = diree T

Proof. For the necessity of the condition. suppose that y = (y,.-«-. ¥7)
is a vector of jointly distributed random variables with Ey = 0 and covariance
matrix £ such that £~ is diagonal of type r. There exists an upper triangular
matrix B = (b;) with b; = 1. and a diagonal matrix D = (d;;) with d;; > 0. such
that ©~' = B'DB. It is readily verified that B is “upper triangular of type r"". that is,
by =01l j—i2r Let us introduce the new random vector u = (uy. -+ . uy)’
defined by u = By. Then Eu = 0, Eut’ = BEB' = BB~ 'DB~'B' = D~’. and the
u,'s are uncorrelated. Note that

(A2l =2 bgYert o B Ve i IBURTE D e

Solving u = By for ¥, we note that B™' = (h") is also upper triangular. and
hence

7
(A.3) Vo= E ha,., = e T

Al

Multiplving (A.2) by (A.3) with 7 replaced by . 1" =1+ |.---, T. and twking
expected values we obtain (A1)

Suficiency. We have to show that il (A.l) holds, w,=0Tlor li—j2r
Consider i > j. that is. w;; is below the main diagonal. The (T— 1) x (T=1)
cofactor of ¢, will be evaluated by Lapiace’s expansion using minors. formed by its
last T — r — j columns. For any one of these minors. if its complementary minor
does not include row | of I. then the first r columns of the latter are linearly
dependent. If row 1 of I is included. by using relation (A.1) successively and at
most j — | times the complementary minor can be brought into the equivalent

form
IM;; Mis
(A4) s

where M, , isupper triangular and the first r columns of M., are linearly dependent.
In either case the complementary minor is 0. and hence w,; = 0.

Appendix B. Explicit forms of w; and w;
details of the determination of Cy(s). k=1, 2,
5 = T the boundary conditions are

when m = 2. We consider the
.4.5=T~-1.T. in (3.7). For

0= Wiz T filar + P

0= Py o+ + PiWar = paWgg.
(B.l] i | T | Bl & 2 avar

0= pawroyr+ pyWroar + Wroy 1 + PyWrr,

I = paWroar + pyWro 7 + Worr
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On the inverse of some covariance matrices of toeplitz type, pp. 426- 437

Replacing the w;; by their form (3.7), one is led to the linear system

Cy(T) i [“u au] [a,, ﬂu] B
Cy(T) a3y 822 @33 34 0
) = = 10y 0
Cy(T) o] % a:z:| x-,l: 3 34:|
Cy(T) B ' Loe Gus 1
B [ Au A“]'*l:ﬂ] 4 [Buu]
3 _-"{An xi-rAn u B;u

where u = (0, 1) and the introduction of the A;; and By; is self-explanatory. Here

ay =X + pix? + paxi,

8y, = Xy + 2p,%1 + 3p2x1

a, =%+ X7’ + paxi

Gy = X1+ 200x7 % + 3p2x7

Gy = piXy + X1+ pixi + paxi,

33 = pyX; + 27 + 3p,x] + 4paxi,
Oy = pxi! + X7 2+ poxi + paxT

34 = piX; " + 27+ 3pyxi? + 4pyxi*,

a; = poxi + puxi T+ X+ Py = xi 'az;.
e a5y = (T = 3paxi® + (T = Dpyxi?
+(T=1x7" + Tp, = Tay, — @14,
833 = p3X1 + P1Xi + X1 + Py = Xy
a3 = (T = 3px} + (T = Doy x7
+(T = )x, + Tpy = Tay; — ay,,
gy =pax; i+ pxit + 1 i = Xyly3,
g =(T=Dpxi 2+ (T=Npyxi' + T =Tay — 2p.x7 % + pixi ')
gy = paxi + p1x, + 1 = x1 'ay,

G =(T=2pxi +(T=pyx, + T Tayy — (20:%3 + p1X%1).

By the rules of partitioned invetsion,

ﬁzz = x](A;; - x}TAz:Al_llAu)_l
e
do || —as; ay3 —qa3 4a3
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(B4)

where (g;) = — A, A['A;.. 0. j=3.4.and

(B.5) dy = 833044 — U34843 + XT(03300s + Quafss — 34003 — Q13G35)
+ X17(G3390s = Ga3tiaa)-

Similarly

ST ([Bia Pha g o
B.6) Bio= Ay hpiBan me =h g [0 X7 .
( 12 1182022 dn{[h'n b + Xj 2 M }

where the two 2 x 2 matrices are. respectively. the product of —A A+ times
those in the last line of (B.4).

For column T — 1. the first two and last two equations in (2.1) are those in
(B.1) with T replaced by T — | and 0 interchanged with | in the lefi-hand sides
of the last two lines. All components w,;_,.i= 1.2.---. T. satisly the homo-
geneous difference equation. and hence the vector of constants is like that in (B.2)
with e’ = (1.0) instead of u'. Summarizing. we have

B+ X%_U"L;} [ b+ xiThyy
A | ARETE L X7 | bas = xiThy,

(B.7) CT)=— o . AT - == e ] ¥
dn 1—-'4_.4 — Ny dy | @y + X7 4as

Loy + -"1:"!.\‘\ J L=ty — -\'::T‘Iu_.

Tuking |x,} < 1. one sees that for lurge T a reasonable approximation car be
obtained discarding from the C,(s) obtained ubove. those parts with x37 or x37
as a factor. Hence one can approximate w;;. w; 7 _ . and all w;, in (3.6). by taking
dy 10 be its icading part in (B.5). and omitting in (B.7) the second summand in
the expression for each C(s).

Acknowledaments. Appreciation is expressed to Professor Theodore W.
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Estimation in the first order moving average
model based on sample autocorrelations

by Rall Pedro Mentz, University of Tucuman, Argentina

For the first order moving average we consider a proposal by Walker
(Biomerrika, 1961) to use k sample autocorrelations (1 < k < T, T sample
size), to estimate the first autocorrelation of the model, and hence its basic

" parameter. When & = kr — e as T — oo, the estimator is proved con-
sistent and asymptotically normal and efficient, the latter provided kr
dominates log T and is dominated by Ti. An alternative form of the
estimator facilitates the calculations and the analysis of the role of &,
without changing the asymptotic properties.

1. Introduction. We consider the moving average time series model
(1.1) V=6 + ag, t=---,=1,0,1, ..,

where the ¢, are i.i.d. (independent identically distributed) normal (0, ¢°), 0 <
0* < co. Then (1.1) defines a stationary stochastic process with covariance
sequence ¢, = ¢’(1 + a%), 6, = 0_, = ¢'a, 0, = 0, |j| > 1, and autocorrelation
sequence p = p, = p_, = af(l + a*), p; =0, |j| > 1. We further assume that
|a] < 1, which makes |p| < 4. Only |a| # 1 is important, since for |a*| > 1
the parameters I /a* and ¢?/a*? provide an equivalent parameterization. See, for
example, Anderson (1971), Chapter 7.

To estimate a or p, we consider a sample y,, -+, yr from (1.1). Consistent
estimators of the g; and p; are, respectively, the sample autocovariances c; =
T 7175 ¥, Y0 and the sample autocorrelations r; = ¢;/c,, (r, = r). Since we
are interested in convergence in probability and in distribution, and r — p in
probability as T — co, we shall take |r| < } throughout. In fact r — p a.s. as
T — oo (see, for example, Hannan (1970), Chapter IV), but we do not use this
result here.

The moment estimator obtained by solving for & the equation r = &/(1 + &),
namely & = [1 — (I — 4r%)}])/(2r), is consistent for a but Whittle (1953) proved
it is inefficient compared with the maximum likelihood estimator. Its inefficiency
can be ascribed to that of r as an estimator of p, and Walker (1961) proposed
to improve the asymptotic efficiency by correcting it in terms of ry, - .-, r, for
some k sufficiently large.

Let W(p) be the k X k covariance matrix of the limiting normal distribution

Received April 1976; revised February 1977.
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Of Tl(l' -~ p)‘ Where r= (ru it ra}‘v P = {_P;l st Pi}: e (P- OI -y 0)’| al'_ld
let W(r) be the same with p; replaced by r;. If we partition r = (r, r'’), and

(1.2) W = (Y M),
{ ) (wl‘l w!l)
thenw, =1 — 37 + 4r', w, = (2r(1 — %, 1%, 0, -.-, 0)', and W, has 1 + 274,
2r and r* as components with indices i, j for |i — j| = 0, 1, 2, respectively, and
0 elsewhere.
Walker's estimator of p for model (1.1) is

(13)  p=ThEm()r = r+ DI m()r,, = — Wy Wi
=r—u(1 —r) Ziwhr,, — P Biiwin,,,

where w'/ are the components of the inverse matrix W5!. Note that the m(j)
are random variables, functions of r.

Walker (1961) developed the asymptotic theory for his proposal when k is
treated as fixed. In the following sections we present the corresponding theory
when k = k;, a function of the series length T, such that lim,__ k, = co. It
was conjectured by Walker [(1961), page 353] that such a theory could be
developed, essentially by means of the tools we use below, except that the w*
will be evaluated explicitly.

Proofs will be simplified below; for full details see Mentz (1975). General
comments are collected in Section 5.

2. The components in two rows of W', From Mentz (1976) we have that
@) wI=[CO) +iIGUI + [CU) + iCIEs  hj=1,2,-++,T,
where x = [—1 + (1 — 4r%)4]/(2r), and for rows i = 1, 2,

(2.2) Ci(l) = ay/A + 0,(x*), C(l) = —ay/A + 0,(x*),
Cl2) = —au/A + 0,(x™),  C(2) = ay/A + O,(x™),

while C,(1) = 0,(x*) for all other s and 1, where a, = A1 — &)t ="3)
i, = —{I‘,IZ)[(I i 4"’)* =+ l]v a, = —ri, Ay = 0,A = h; 4 Op{x“)‘ hl =il —
@ty # 0. Note that [x| < I for Irl < 4.

3. Consistency. We now consider the fol[owing.

rIIEORl.-:M L. Let (y} satisfy equation (1.1), where |a| < 1 and the ¢, are i.i.d.
nor :'"“f- Pe =0,8% = %0 < 0" < ) for all 1. Suppose that a set of obser-
"“”f’"“' of {r) at timest = 1,2, . «+, T is available, and that k = k. is a Sfunction
of T (T'=k+ 1) satisfying lim, ., k, = co. Then if p is defined by (1.3),
plim, 6 = o

PROOF. Substituting (2.1) in (1.3) we delete terms having x* as a factor.
I}cu‘cc to p.nwc that Yi4zim(jyr,,, —,. 0, we replace the m(j) by —({2r(1 —
PG + JCD] + F{C(2) + jCy2)])x%. From (2.2) it suffices to prove that
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Niixr—p0as T — co. Now

1) PIZEL > 4 S B Pl > o2 + P{ > 2]

In the second term |x| —, || < 1, and by proper choice of n (independently
of k and T) the term can be made arbitrarily small. The first term tends
to O since r;—,0 for j=2,...,n. A similar argument can be used with

Dt jxirsg.
4, Asylilptutlc normality. We now prove the following.
THEOREM 2. Let the conditions of Theorem 1 hold together with
(4.1) limp_ ks 'logT =0, lim,_, T-%;*=0.
Then as T — co, THp — p) has a limiting normal distribution with parameters 0 and
(1 — a1 + a*)*.
Proor. The proof is done in three parts.

Part 1. (Replacement of r; by c; and simplification.)

(4.2) p—p=Xiam(j—r;—p
= ¢t Thaom(j — 1)(c; — &c;) — T7'¢7"ay,
where we introduced m(—1) = —g,%0, = —p = —af(l + ). Since ¢, — g,

and T*T-'¢,"g, — 0 in probability as T — co, we see that T}(5 — p) has the
same limiting distribution as Tta,™* T%_, m(j — 1)(¢; — &e;y).

From the argument in Section 2 we have that m(j) = my(j) + x*my(j), j = 1,
2, .-+, k — 1, for some 0 < 2 < 2 and functions m, and m,. Hence

4.3)  p—p=o N (Tham(j — 1)(¢; — &)

+ x* Thoomy(j — 1)(e; — &ey) — xmy(—1)(e, — &cr)) s
where my(—1) = m(—1). The first two terms have sums of the same nature,
and it will be shown below that the first term normalized by T* has a limiting
normal distribution, Since the second term has a factor x** — 0 in probability,
this part will be completed if we show that Ti|x|* —, 0. But log T/k, —0
assumed in (4.1) implies this result.

Hence the limiting distribution is unchanged if m(j) is replaced by m(j),

where

(4.4) m(—1) = —af(l +a)*,  m(j) = X[l + j(1 — 4r)}],
R

Part 2. (Substituting parameters for rv in the m,(j).) We now prove that if
p,(j) denotes m,(j) with r replaced by p, then

(4.5) plimg_, TH 3 [m()) — (Nl =0,
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where we used that &c; = 0 for j > 1. Let ¥ = x(p) = —a. Then

m(j) — m(j) = ¥[1 + j(1 = 48] — #[1 + j(1 — 4p")}]
(4.6) =[(1 = 4r) — (1 — 4p")}]j%
+ [+ /1 =4I — %),

so that the rv in (4.5) will be taken to be formed by the corresponding two
terms.

The sum on j of the first term in (4.6) gives a contribution of the form con-
sidered below, that is T% X; %;¢,,,. Since ¥ = (—a)’ is summable (Ja] < 1),
such term converges in distribution to a normal rv with 0 expected value and
finite variance. Further (1 — 4r%)i— (1 — 4p")} in probability as T — oo, SO
that the contribution due to the first term of (4.6) converges stochastically
to 0. :

In the second term we are led to deal with T J}2f (x; — %;)¢;40 OF 8 similar
expression with weights j(x; — %;). Using the same technique as in (3.1), to-
gether with the facts that x —, and T (¢, «++, ¢,) I8 asymptoncal.ly normally
distributed with 0 expectations and finite variances, this expression is shown to
converge to 0 in probability as 7' — co.

Part 3. (The asymptotic distribution.) The conclusion of the preceding argu-
ment is that we have to find the limiting distribution of

@7  @=Tio Sh - e — Ee) = T Bl W

where p(j) = 6,*(—af[l +j0l — @)(1 + @) j=0,1, .- k=1, 3, =14
for j= —1 and 1 otherwise, and we take W, = Lioam(j — Dy —
Ly puht=1 T Fort=T—k+1, - T the sums should range only
up to T — 1, but the simplification means adding a total of k%2 extra terms
which is negligible compared with the existing Tk terms, because kT — 0 as
T — oo, Taken as a stochastic process (W} is stationary, finitely dependcnt of
order k + 1, and finitely correlated of order 1.

We now proceed as in Anderson [(1971), pages 538-539]. Let (N} be a
sequence of integers such that k/N — 0 as T — co, and let M = [T/N]. Then
(4.7) has the same limiting distribution as M~} T, (Z; + ¥;) + TR, where

Zy= N BEF Wiawas Yy =N Dlawern Wig-nneos
j = 1| T Ml

and R = Wy, + -+« + Wy (R=0if NM =T). This random variable has
the same limiting distribution as

(48) Q% = M- EL. ),

which is proved by showing that the other terms converge to 0 in mean square.
Next we have

(4.9) GZ} = NN — K)EW, + (N — k — 1)25W, W,},
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and let us write
(4.10) 0 = (62) B b = €20 Tty
Then & J;2, =0, &3z = 1. To use Liapounov’s central limit theorem
[Loéve (1963), Chapter VI] it suffices to prove that for some & >0,
limy_... T &|z;/*** = 0. We choose § = 2, Then it suffices to prove that

i 4
S L
convergestoOas T — co, Where £Z, = N1 TNt &EW, W, W W,. Proceeding
as in Anderson [(1971), page 539] or Berk [(1974), page 498], we conclude that
we only need to show that those terms with v = ¢, [t —s| <k + 1, |s—g|
k + 1, t < s < q provide contributions that tend to 0 as T — co. There are at
most 4(N — k)(k + 1)? such terms, and the total contribution to (4.11) is bounded
by a constant times 4¢*(N — k)(k + 1P’M-YEZ) 5L, m(j — 1)}'. This com-
pletes the proof because this tends to 0 as T — oo, by (4.1), and means that
T4(p — p) is asymptotically normal with expectation 0 and variance

(4.12) lim;_. €2 = lim,__ (W, + 26W,W,).

It remains to prove that (4.12) equals (1 — a?)/(1 + a?)*. This is done by
direct but rather laborious calculation, and the details are omitted here.

CoRroLLARY 1. Under the conditions of Theorem 2, let & be the moment estimator

with r replaced by p. Then TH& — a) has a limiting normal distribution with par-
ameters 0 and 1 — o’

5. Comments. We here collect several comments about Walker’s proposal
and our findings.

a. The estimator (1.3) can be interpreted as an improvement in the asymp-
totic efficiency of r, a consistent estimator of p, by approximating the maximum
likelihood estimator by means of a linear combination of r, r,, -+, r,, With
random coefficients. Since T!(r — p) tends in distribution to a normal with
variance | — 3p* + 4p' = (1 — @)1 + a?)~* + (4a® + (1 + a?))(1 + a*)~, the
improvement achieved by 5 is the second term, the first term being also the
asymptotic variance of the maximum likelihood estimator of p. In terms of a,
comparing the moment estimator with:the same with r replaced by g, the vari-
ance of the limiting distribution of the former is [cf. Whittle (1933)] (1 + a® +
4ot + o' + )1 — a?)? =1 — a’ + a4 + a)(l + &)}l — a”)~%, where | —
a’ is also the asymptotic variance of the maximum likelihood estimator of a.

Walker’s approach to derive (1.3) is to work with the limiting normal distri-
bution of THr — p) and use maximum likelihood ideas. Since some approxi-
mations are introduced, the final estimator comes closer to approximating the
least-squares estimator, the Jacobian being omitted. These approximations have
no relevance for the asymptotic theory we developed, but may be important in
small samples.
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b. The estimator (1.3) is consistent and asymptotically efficient, proved biased
for small samples and ““a priori” appears as robust to departures from normality
in the distribution of the ¢, for moderate sample sizes.

The conclusions for large samples follow from the studies by Walker (1961)
[see also Anderson, (1971), Section 5.7.2] and the present paper. Small sample
studies by Monte Carlo trials were made by Walker (1961) and more extensively
by McClave (1974). :

In the small-sample studies (T = 100), (1.3) showed considerable efficiency
(i.e., agreement with the large-sample variances), but also rather important
biases. Walker (1961) proposed a correction for bias that has not been studied

empirically in detail. I~

The robustness argument arises because only the limiting normal distribution
of T¥(r — p) enters in the derivation of (1.3), and it is well known that the
same limiting distribution holds for a wide class of distributions of the &.
Unfortunately no empirical results for small samples are available in this con-

nection.

c. If in a practical situation &y, were unknown, it would be estimated from
the data. Then ¢, would be replaced by ¢;* = T=* L5 (o — M(Yerit — »)
where § = T-' 11, Jis see, for example, Anderson (1971), for this and other
types of mean corrections. It is easily proved that our results hold for the
modified version of the estimators, since, for example T* Tk (m(j — 1(e; —
&e;) — m*(j — 1)(e;* — &e;*))—p0as T — oo, where m*(j — 1) is m(j — 1)
with ¢, replaced by ¢;*.

d. Our analysis has been restricted to the first-order moving average model.
Extension of the approach to a model of order ¢ > 1 seems quite feasible. TF‘le
components of the W matrix in (1.2) are known for all g. W,, will be a Toeplitz
matrix with equal elements along its central diagonals, and zeroes elsewhere;
the components of the inverses of such matrices are given as functions of the
roots of the associated polynomial equation in Mentz (1976). W, is positive
definite and can therefore be taken as the covariance matrix of a stationary
moving average process; by the argument in Anderson [(1971), pages 224-225]
half of the roots are larger and half are less than one in absolute value, as was
the case in Section 2.

6. A modification to simplify the cormputatinns. From the argument in the
proof of Theorem 2, it follows that

(6-1) p* = s m()rie
where m,(j) was defined in (4.4), has the same large-sample properties of (1.3).

It discards parts having x* as dominating factor, and hence differs only slightly
from p if k is moderately large.

From a practical point of view (6.1) makes easy the choice of k, guided by
the degree of numerical approximation that is desired. Consider Table 1 where
for r negative the values of m,(j) are those in the table all taken with positive
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signs. Once the numerical value of r is available, the table can be used to see
how many sample autocorrelations r;, 2 < j < k to include in (6.1).

Using data generated in a computer, Walker (1961) studied in detail a set of
T = 100 observations from (1.1) with a = 0.5 (p = 0.4). He estimated r =
0.35005, r, = —0.06174, r, = —0.08007, r, = —0.14116 and r, = —0.15629.
Then his estimates for 1 < k < 5 are compared in Table 2 with 5*. Only r,
up to j = 5 are provided by Walker. From Table 1 for r = 0.35 it is apparent

that a larger k will be called for. However the behavior of 5* scems comparable
to that of p. '

TABLE 1
Values of my(j) for selected values of r
£ .05 15 .25 .35 .45
1 — . 1000000 — . 3000000 — . 5000000 — . T000000 — 5000000
2 0075125 0685482 1961524 4049504 . 7353557
3 —.0005018 —.01397172 —.0692193 —.2140023 —.5682477
4 0000314 0026761 0230114 1072520 4234477
5 — 0000018 —.0004922 —.0073620 — 0519085 —.3075804
6 .0000001 . 0000880 .0022931 .0245097 .2192185
7 0.0000000 — 0000154 - 0007003 —.0113615 —. 1539701
8 0.0000000 . 0000026 .0002106 0051919 . 1068903
9 0.0000000 — 0000004 — 0000626 —.0023457 —.0735060
10 0.0000000 0.0000000 0000184 0010500 0501521
11 0.0000000 0.0000000 — 0000053 — 0004664 —.0339916
12 0.0000000 0.0000000 0000015 0002058 .0229082
13 0.0000000 0.0000000 — 0000004 — 0000903 —.0153631
14 0.0000000 0.0000000 0000001 .0000354 .01025%0
15 0.0000000 0.0000000 0.0000000 —.0000171 — 0068249
TABLE 2
Estimates of p, T = 100, Walker's data
k P P2
2 0.38051 0.39327
3 0.36879 0.36084
4 0,38498 0.39106
5 0.37934 0.37429

To compute (1.3) exactly, Walker (1961) proposed an iterative procedure;
(6.1) is of course much simpler. In fact (2.2) could be written in detail to give
the exact form of (1.3), and a table similar to Table 1 prepared for that case,
but we omit these details here.
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To estimate « in the model y; = u,+an,_,, we consider a proposal by Durbin (Biometrika,
1969). It consists in fitting an autoregression of order & to the data, and deriving from there an
estimate &. The probability limit and the variance of the limiting normal distribution of & are
presented and discussed in detail, when the sample size T— co, but k remains fixed. The
differences between the resulting values and those corresponding to the maximum likelihood
estimator are exponentially decreasing functions of k. Several modifications of the estimator are
discussed and found consistent, but asymptotically inefficient.

1. Introduction

We consider the time series model
Ye=utou g, (1.1)

where 0 < |a| < 1, and the , are independent, identically distributed, normal
random variables with 6, = 0, §u} = ¢ (0 < 6* < ), for all +. The auto-
covariance sequence of the process is given by

0o =a*(1+e?), o, =c¢’2=0_,, 6;=0, [jl>1, (1.2)

and the autocorrelation sequence has
pr=ca(l+a®) P =p_,, p;=0, izt . (3

*This study is a part of the author’s Ph.D. dissertation in the Department of Statistics,
Stanford University. Appreciation is expressed to Professor T. W. Anderson for generous
guidance and help while directing this work, Work at Stanford was supported by a Research
Contract with the Office of Naval Research (Contract NOOOI4-75-C-0442, NR-042-034 T, W,
Anderson, Project Dircetor).
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On the basis of a sample y; , ..., yr, the autocovariances and autocorrelations
can be estimated consistently but inefficiently (asymptotically and in‘campanson
with the maximum likelihood estimators) by the sample autocovariances

17
¢ == Z YiVis s (1.4
T=

and sample autocorrelations

(1.5)

.PJ = f}fCu,

respectively.
This is the first-order case of the moving average model of order ¢, defined

similarly by
Vo = UpF0gtlymy+ oon F 0l g (1.6)

The importance of moving average models for time series analysis stems from
several facts. Among them we note the following:

(a) In a variety of fields of application, the formulation of reasonable
statistical models leads to moving average schemes, or more complicated
versions of them. For several examples see Nicholls, Pagan and Terrell (1975).
One may ascribe part of the potentiality of the moving average model in these
situations to its structure, which postulates linear combinations of current and
past error terms to explain the random part of the data.

(b) The autocovariance sequence has zero values for lag lengths exceeding
g. This may be a reasonable hypothesis on which to model some empirical
phenomena.

(c) The spectral density function is a real-valued trigonometric polynomial.
As such it can approximate the spectral density function of a wide class of
stochastic processes or time series. In fact, every second-order stationary
stochastic process with a spectral density is a (possibly two-sided, and infinite)
moving average of uncorrelated random variables. Hence, finite moving
averages like (1.6) approximate most time series occurring in practice.

(d) Due to the relation between moving average and autoregressive models,
which we consider in some detail below, the moving average model may on
some occasions provide a competing framework with similar properties to that
of the autoregressive model and less parameters to be studied statistically. This
is important because the linear dependence of a time series on its own past
values provides another empirically attractive model.

(e) The moving average model is a simple case of a mixed model, auto-
regressive with moving average residuals. Mixed models are very flexible tools

to study time series empirically, and provide general approximation to many
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stochastic processes, since they have rational spectral densities. However, their
statistical analysis has proved very hard, due mainly to the presence of the mov-
ing average part of the model.

These reasons and others have witnessed in recent years the appearance of a
wealth of work in solving statistical problems in moving average models (e.g.
estimation of parameters), and in modelling empirical time series with members
of the family (1.6). See for example, Anderson (1971a, 1975), Hannan (1969),
Mentz (1975), Mentz and Antelo (1976), and Walker (1961), for reviews of
estimation procedures.

Durbin (1959) proposed to estimate the moving average parameters by a
rather simple procedure, that has attracted considerable attention in the
literature. However, due to the difficulties encountered in the treatment of the
mathematical aspects, little is known to date about the statistical properties of
the estimator even for the simpler case of (1.1). For this case McClave (1973,
1974), and Nelson (1974) investigated Durbin’s proposal by Monte Carlo
trials; McClave (1973) proposed several modifications to reduce the small-
sample biases, which made the estimated variances depart considerably from
the desired values.

In this work we present a formalization of Durbin’s and some related proposals
for ¢ = 1, under which explicit asymptotic results are proved. In our presenta-
tion mathematical details are kept at a minimum; for missing details see Mentz

(1975).

2. The approximating-autoregression approach to estimation

Model (1.1) is equivalent to the finite autoregression of order m (m = 1),

m

Z (_“)jyr—..' = Upms (€X))

/=0
with autocorrelated residuals: &uf, = 0, Su? = o*(1+a*™*?), Sugu’, ., =
(=1)e?e™* if |s| = m+1, and otherwise equal to 0. Further, since |z] < 1,
(1.1) is also equivalent (in mean square) to the infinite autoregression,

Y (—a)fy-y =y .2
=0
Durbin (1959) proposed to approximate (2.1) and (2.2) by
k
Y Bi-1 = o 2.3)
J=0

where B, = 1, the v, are taken to be uncorrelated with 0 expectations and
finite common variance, and & is to be large enough to make the approximation
useful for the purpose of estimation.
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PyBlieavionwes  Raikd Badne Monie

Bstonhd be pointed out, thal the idea of approzimating an artitrary siztionary
e sentes by a linite autoregression has been used with considerable success in
e sevies analysis, for example In problems of forecasting znd of estimation
of the speotral density function, For the lutter see, for example, Akaiks (1563),
Berk (19740), and Parzen (1969),

Let by, ..., by be the (ordinary) least squares estimators of g, . ..., f, in (2.3),
based on sample values yy, ..., vy, where 7" > k. Then Durbin (1955) argued
that either one of the estimators,

k-1 &

k-1 k
= (3 005 0), &= ~(Z bhe
=0 i=0

’1 ‘t.

o

24)

\i=0 j1

approximates the maximum likelihood estimator (or more properly the least
squares estimator) of &,

The procedure was developed by Durbin for g = I along the same lines: In
the first step a kth order autoregression is fitted, ¢ < k& < 7 (which means thata
k x k linear system has to be solved) and in the second step z set of g linear
equations that generalize () 0,6,.,)8r = —) b7 is to be solved explicitly.

The introduction of & as a constant to be specified in each case is of course
a complication, since further k will in general depend on the unknown z. This,
however, can be handled empirically, and in view of posterior developments by
oti}er writers it can be interpreted as the price paid to obtain a closed-form
cstfmator of « related to maximum likelihood ideas. Incidentally, the moment
estimator of wis (2r)™* (1—(1—4rf)?): it is also a closed-form estimator, it is
consistent but asymptotically inefficient compared with the maximum likelihood
estimator,

An?ther attractive feature of Durbin’s proposal [and that of Walker (1961),
conceived along similar lines and based on i sample autocorrelations] is that
apparently the dependence of the properties of the estimators on the normality
of the error terms is small. This robustness argument is based on the fact that
only some limiting normal distributions enter in the justification of (2.4), and
they are valid for a wide range of distributions of the error terms. Unfortunately
not only the statistical theory that is available (including the results presented
below) rests on the assumption of normality, but so do the results based on
Monte Carlo trials published so far.

'I‘h_e asymptotic theory we present here consists in letting 7 — co while &
fanams .ﬁxed; sce, for example, Walker (1961, pp. 352-353). We derive the
probability limits and the variances of the limiting normal distributions of
(2.4) and of some variants discussed below. An alternative approach is to let
k =.k(TJ, a function of T, such that k(T) ~ oo as T - oo, Under this hypo-
tl?es:ls one expects to prove, for example, that 74(8,—a), has a limiting normal
distribution with variance 1 —«?, which is that corresponding to the maximum
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likelihood estimator of «. See, for example, Hannan (1970, p. 375). Note
however that some of our results are functions of k and as such facilitate the
study of its role in the estimation problem. The present author, Mentz (1975),
was able to treat satisfactorily Walker's (1961) estimator of p, for model (1.1)
using the approach of k = k(T) —» o as T — co.

3. Results for Durbin's original proposal
Under the hypotheses of sections 1 and 2 it can be proved that

(1 _11k)(l +,:2|:+4}_k_:2k(1 —{I“]

¥ =plimé; = 2 2 .
% = P = A I ) (I 42 ) =2k + D™ (1— )

= g+a?*(1—a?)

% Ez(l—ﬂlzhl 2}—“(-[—1}(1‘-&2)
(1 _a2k+1)[] +{!R+4)-2U€+ 1]22&- 2(1 —C(I)

= a4+ (1 —a?)[(22% — 1) = k(1 —a?)]+0(k 2a*),
(3.1)

where by definition [0(y)] £ My for all y > 0 and some fixed M > 0. Similar
results hold for &}, but these will be omitted here; note that for k moderately
large, and as T — o, the difference between the behaviour of & and 2%
is very small. Further, as T—co, T!(@r—2f) has a limiting normal
distribution with parameters 0, and

vE = (1—a?){1—a?[1 - 827 + 14a* — Bk (1 —a?)]}

+(1—a%)?Ba2* +0(=), 3.2)
where
P 3 . k*16%3 = 164*—6)
B = 1| k*5«* +3)+k {6—83‘)+—~1_a:—
20 92 1317 e
+k74z (1-2x -l-:f =12 3(52° +« ;}-Z..x ) G.3)
(I=x%)* (1—a)

We observe that the differences between (3.1) and (3.2) and 2 and 1—2?,
respectively, are exponentially declining functions of . For example, the factor
of « in the first line of (3.1) is presented in table 1. The factor approaches I
when & — 0 for given k, while it approaches 2k [(2k+3) as x — L.
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Table 1
Factors of « in (3.1), for selected values of « and k.

k 0.1 0.3 0.5 0.7 0.9
1 0.99009900 091743119  0.80000000  0.67114093  0.55248618
3 099999705  0.99819235  0.97347960  0.88987126  0.75932069
5 099999999  0.99997559  0.99729158  0.96309708  0.85290284
10 1.00000000  0.99999999  0.99999468  0.99801290  0.94549381

30 1.00000000  1.00000000  1.00000000  0.99999999  0.99824687
60  1.00000000  1.00000000  1.00000000  1.00000000  0.99999340
100 1.00000000  1.00000000  1.00000000  1.00000000  0.9999999%

One practical implication for finite T is that for |«| close to 1, k should be
set at a considerably high value, and for some range of k values observe if
the estimates remain stable. This was done by McClave in his Monte Carlo
studies, but apparently not by Nelson.

In the Monte Carlo studies by McClave and Nelson it was apparent that for
T = 100 the agreement between the variances over replications and 7~ *(1 —a?)
was quite good for some values of o, while the agreement between the average
over replications and « was quite poor for |«| close to 1. In view of (3.1) and
table 1 it can be argued that not only should k be taken as large for these values
of &, but T be chosen large enough to make the large sample approximations
work well. This, however, was not considered by these authors.

In view of the structure of (3.1) and (3.2), it is clear that

lim o¢f = lim plim &; = «, 3.4)
k—sm k=+m T+

lim v§ = 1—a?, 3.5
ks

“_«hich then provide a way to interpret formally the claim of approximate con-
sistency and asymptotic efficiency in Durbin’s (1959) original paper, and the
statements in Hannan (1970, pp. 374-375) and Anderson (1971a, pp. 228-232).

4. Some modified versions of the estimators

There have been several attempts to modify the procedures described in
section 2 to simplify the calculations or to correct for the small-sample biases.

The first step in Durbin’s proposal can be approximated by the solution of
the so-called Yule-Walker equations,

|'r(1 ¢ ¢y v Gy || By cl—l
el sl fal @1
l_':l-l C-2 Ck=3 -+ € By "kJ
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see Durbin (1959, p. 312) and note that (4.1) could also be written in terms of
the sample autocorrelations. Since the population autocovariances are 0 for
[Jl > 1, Anderson (1971b) suggested replacing ¢, by 0 for |j| > I in the left-
hand side of (4.1), so that the k x k matrix has only three non-vanishing central
diagonals; then the components of its inverse matrix can be written explicitly as

" (l_x}k—z,f‘PZ)(x{“'H'l.__x{'fl'l) ) }
BT e =

Wiy

where x; = (2r;)"'(=1+(1—4r})?); see, e.g., Mentz (1976). Using this result
to find the solution of (4.1), and replacing the resulting estimators of the §,
in (2.4), we obtain the estimator of a

e (R E (5 (2] ) 0

It is not difficult to see that plim;_, & = plimy_. & = of in (3.1); further,
it can be shown that as T'— co, T*(@;—aj) has a limiting normal distribution
with parameters 0 and, say 7, and that

6+9a® +Ta* 8

i,g ¥ =7 = (1-a?)+ab : +l_; +ot? = (4.4)

Recently McClave (1973) considered modifications similar to the previous one,
in that some c; are replaced by 0 in both sides of (4.1). He considered replacing
¢, by 0 in two ways: (a) h =2; (b) h=n+l,...,k, for some integer n
(2 £ n < k) to be chosen simultaneously with k. These suggestions could be
studied by means of the techniques used to derive results like (4.4); instead,
and for the sake of simplicity, we consider a procedure defined by (b) for
n = 1, that is, replacing ¢; by 0 if | j| > 1 in both sides of (4.1). Let & be the
corresponding estimator, that is

k—1 k
oy = —(Z Wu“’:ﬂ.l"f{ Zo ("f'n"l)z); (4.5)
=0 i=

then it is not difficult to see that plimp. & = plim;..d; = of in (3.1),
and it can be shown that as 7' = oo, TH(&;—«f) has a limiting normal distribu-
tion with parameters 0 and, say 7{, and that

I4a? +da* ol 4o d+a*(14a%)?
el e e R R B S R
k]ﬂn:.u\,‘ i =20’ (1—-a)+« —————u—-——u_:z)z
(4.6)
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This is the asymptotic variance of the moment estimator of a that we introduc;:: Appendix
“;l secn?; tz’ and (4.6) was given for it by Whittle (1953). In o The proof of (3.2) is considerably laborious and will not be reproduced.
by See Mentz (1975). However, a simplified argument was found to prove (3.5)
s k directly, which was then used to derive (4.4) and (4.6) and could also be used
B = =X, ( Lt xp 22 = (14x])] / X (xf‘+x(“—2J), to analyze similar modifications of Durbin’s proposal. We sketch this argument
iah i=0 here and note that a different argument to justify (3.5) was provided by Durbin

@47
and for large k this is very close to —x,, the moment estimator.

For several values of &, 7, 7 and 1 —a? are compared in table 2.

Table 2

Values of v, # and 1—a* for different a.

o v v 1—a?
0.1 0.990016 1.030916 0.99
0.2 0.961088 1.135488 0.96
0.3 0.923368 1.356351 0.91
0.4 0.923420 1.795849 0.84
0.5 1.118489 2.701388 0.75
0.6 2.028235 4.740849 0.64
0.7 5962541 10094951 0.51
0.8 30.477959 28.613550 0.36

0.9 362.098390 149.482220 0.19

The loss of (asymptotic) efficiency as |«| — 1 is striking and explains the
kind of behavior observed empirically by McClave. Since McClave’s proposals
were considerably effective in reducing the small-sample biases, it results that
the trade-off between bias and variance is very important.

It should be pointed out that for estimation in moving average models, no
reduction of dimensionality is possible ‘a priori’ on the grounds of sufficiency,
since the minimal sufficient statistic has the dimension 7 of the sample size.
What is perhaps interesting is that in omitting from the sufficient statistic
€os €15 .-y €y~ the autocovariances for indices exceeding & (that is, ¢4y, --r»
er—y) have little effect on the variances (asymptotic or small-sample), but
considerable effects on the small-sample biases. If further from ¢, €y, .-+, G
we omit some ¢;’s in the ways indicated by the two proposals considered above
(as well as by those given by McClave) the reverse seems to be true: gains can
be obtained in terms of bias reduction, but with considerable losses in efficiency.
Some justifications about why the modifications would reduce the small-sample
biases are given by McClave (1973).
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(1959, sec. 4).

Direct Proof of (3.5)
Let the normal equations to estimate the f; in (2.3) be
My = —m, (A.1)

where Br = (by, o, b, My = T7' Y lepside-tVim1o mr = T Y i 1¥emos
and y;, = (¥ oo Vimp—y) for t=%+1,...,,7. We have that &y, =0,
Eyy; = X =(5;-)). X is positive definite for any «, and for T > k, M; is
positive definitc with probability 1. Further My = T-Y(T—k)E, &my =
i I(T'_'k)% = ("-71 ’ 0’ L 0)’: P“mr—'m MT = 2, plim!"—-a)mf =4

Since all needed results are homogeneous of degree 0 in g, we take ¢* = 1
without loss of generality.

It follows that plimy...pr = plimy.,(=M5'm;) = —=X7'q = p*, whose
components are ff = (—o)(1—a®**2"2)(1-a®*%)7, j=1,2,..., k. The
explicit form of the components of ™" is

21 2k-2j+2
- )1l —a
) )il

{l_az)(l__au{»z) ' =5hH (Az)

y-i1&

6l =(—a

see, for example, Shaman (1969). Using the f}* and of = —(Z8;f5 . )(EF;*) ™!
it is easy to derive (3.1). For details see Mentz (1975).

To study the limiting distribution of TH&,r—af) we first derive that of
T*(B,—p*). This random vector and —T*EZ™'(my+M$*) have the same
limiting distribution. In effect

_T}(M;Imr_z—lq)
—THE I+ (M= DI~ g+ (my— )] - X'},
(A3)

TY(Br—B*)

I

where we can use that (I+4) ™' = I=A4(I+4)™'4? provided I+4 is non-
singular. For A = (M;—=E)X', I+A4 = MZ™" is non-singular with prob-
bility 1. We deduce that plimy._, . (My—Z)=0, plimy_, o 4 =0, plimy_, . (I+A)~*
= I, and that T4 has asymptotically normal components [see e.g. Anderson
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(1971a, sec. 8.4.2)]. Hence plimy.,, TH(I+4) 'A% = 0, and (A.3) has the same

limiting distribution as

—THE I~ (My—D)E g+ (mr—)]-27"g)
= —THE V[(my—q)~ (M —2)E g~ (My— D)X~ (mr—)]}-
(A4)

Since T*(M,— X) has asymptotically normal components, and plimya (mr—1q)
= 0, (A.4) has the same limiting distribution as

T [(mp— )+ (Mp—D)B*] = —T*E 7'+ MeB?). (A5

Next: &(mr+Mpp*) = 0, and mp+Mrp* has components

T k =i
s ¥ =T x, i=1..k (A6
T :-k2+1 hgaﬁhy' ,1}7,- ; s=k;1-£ 2

where x, = Y¥=o Bi¥sVss 14 By using (1) it is easily shown that the x, are
finitely dependent of order k+1, and hence that the limiting distribution of
T*(mp+Myp*) is normal with parameters 0, and

F = lim T6(my+Mp*)(me+Mp*), (A7

T=x

while that of T*(B,— B*) is normal with parameters 0 and X~ 'FZ ~1, See, for
example, Anderson (1971a, theorem 7.7.5).
Using ‘~’ to mean ‘asymptotically (as & — o) equivalent to’, we have that

k k ] —g2kt2-2h
Z BiYe-n = E (—“Jh—-w Is,_,‘—(-a)a,ﬁ;,_,]
h=0 h=0

1—a

x L]
tho (—2)"[e-p—(—)gs=p-1]
=~ f-'r_(_ﬁ)kﬂﬁx—m.u"an

so that (A.6) is approximately 77'Y 1, .y, & for k large, and the com-
ponents of F are approximated by

T
lim 770 Y EQh-di-s) = 01y (A-8)

T—+m

Hence T(f,—p*) converges in distribution as 7 - oo to a normal with
parameters given approximately by 0 and X~*. Further
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. _ l*azl |
o' ~ (—ay IT__u";T: isi
Batop? ~ —(l—a2)H (=o)L, (A9)

Using these results we have that

k
y ek oot

a s
=1 Opf op}
(1—22)4_ 1 k i

| I (=) i1—a?)

o 1-a? 5|5

YV o~

b (—a}”»‘(—a)f‘*(l—a“)]

J=it1

= (1‘22)3 i (hzi_azuz l_“u)

o j=1 I."‘Giz

S
(1;} 3

= 1-a® (A.10)

~

Proofs of (4.4) and (4.6)

Let C; have components ¢;;—y if |i—j| < 1 and otherwise equal to 0, and
¢r =64, ..., ). Then i = — Cr'er— B* in probability, and plimp_. &7 =af.
By the argument used above T*(fr—p*) and —T*Z7'(e;+Crp*) have the
same limiting distribution. Here ¢+ Crp* has components ¢, + 3¢, + e,
e+ (B +BE e +HBYee, i =2,..., k=1, and e+ _ ey +Bico.

The covariance matrix of the limiting normal distribution of T*(f,—p*) is
approximated for large k by Z™'AZ™!, where 4 = limp. , T6(cr+ Crf*) X
(cr-+Crp*)". Using that

r ]
lim T&{c[cj—dc,c_,)=4rrj cos(vi)cos(vj)
=

T-+m

2 '

¥ 1+o*+2xcosy a, Al
2n
[see, for example, Anderson (1971a)], the result (4.4) can be easily evaluated.
We omit those details here.

The proof of (4.6) follows the same lines, because ¢, = (¢,,0,...,0)' = ¢
in probability, and &;+C,B* has components (ff ., + ¥, e, +fifco, i =1,2,
..., k, which are similar to those in the preceding case.
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The generalized variance of a stationary autoregressive process, pp. 584- 588

The generalized variance of a stationary
autoregressive process

T. W. Anderson and Ratil P. Mentz
Stanford University and University of Tucuman, Argentina
Communicated by the Editors

For a stationary autoregressive process of order p and disturbance variance ¢*
it is shown that the determinant of the covariance of T (> p) consecutive random
variables of the process is (a’}rr[,",_l (1 — wpe)?, where wy ..., w, are the
roots of the associated polynomial equation.

1. The generalized variance

An autoregressive process { y;} of order p with mean 0 is defined by
N+ Pt F By =ty t=., =10 1., (L.1)

where the u, are independent random variables with du, =.0, éu® = o*
0 < o < . The stochastic process is stationary and y, is independent of
Uyy ) Uyeo e if and only if the B, are such that the associated polynomial
equation -

ba) = 3 B =0, (12
j=0

where B, = 1, has roots w, ,..., @, less than | in absolute value. The purpose
of this paper is to show that the generalized variance of the process is a power
of the variance of , times [T; ;.1 (I — wyw;)™

The covariance sequence of the process is composed of o, = &y yp., = o_;,
§ =0, 1,.... Consider a sequence ¥, ,..,yr for T > p constituting a vector
¥r = (¥1 - ¥r)"- The covariance matrix of this vector is

Eyryr = (Ur-I) = Er =0Qr. (1.3)

Received March 22, 1977.

AMS(MOS) subject classification numbers: 60G15 and 62HO0S5.
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The determinant | E; | = (6% | Q; | is the generalized variance of yr .
In the Gaussian case the joint density of y, and u,.; ,..., #r (T' 2= p) is

K750 a0V VU U PSR SN | v

Gy P |7 26 [}'n Q. Ypf‘_;l“:],- (1.4)
where here y, and u,,; ..., 4y denote the variables of integration. Since the
Jacobian of the transformation from y,, , #, 4 sy Uy 10 ¥r is 1, the constant of
the density of yy is the same as of (1.4) and hence | GI=10G'LT=p
(Sce Walker [9] and Siddiqui [8].) Since | Qr | = | Q, . for T = p, we call
| Q, | the normalized generalized variance of the process.

For T = p substitution for %, from (L), t =p +1,., T, into (1.4) to
obtain the density of y; yields the quadratic form v+ Q:7lyr , showing that
every clement of Q7' is a second-degree polynomial in By s---» B, except possibly
elements of Q;. However, since the density of y, ,..., yris identical to the density
of ¥ 1.y 31 , the elements of Q" must be second-degree polynomials in B, ,..., 8.
The components of Q;! are therefore polynomials in the roots @, ..., w, of
degree at most 2p. Hence, the determinant | Q3| is a polynomial in ey ..., w,
of degree at most (2p)".

Lemma 1. If
oy ol s
AL ey
C=()={n h* - b | (1.5)
ok G
then
|C| =[] — k) (1.6)
i<i
and

Ci = (—1)=? (1'[ ;;,.) [T (s — k), (1.7)

ik i<i
inkei

where C,;. denotes the cofactor of ¢, in C.

Proof. Cisa Vandermonde matrix, and | C | and C-! are given, for example,
by Hamming [6, Sects. 8.2 and 10.3]. A direct proof of (1.7) using (1.6) is as
follows. To form C;; delete row | and column kof | C |; in the cofactor, factor /;
out of the ith column (i # k) to obtain 2 Vandermonde determinant of order
p—1. Q.E.D.

LemMMA 2. The determinant of order p,

1 [Ties(a; — a)(b; — b))
) l l _ Lhiclay — a0 — %) 18
gl e ) R ) o
Proof. Thisis Cauchy’s determinant; see, for example, Bellman [2, Sect. 11.6,
Exercise 1]. A direct proof is as follows. To convert into 0 each element in the
first column, except for that in the first row, we subtract from each row an
appropriate multiple of the first row. The i, jth element is thus converted into

1 1 a+b_a—ab—b 1 ==
ai+b; a +ba+b o +ba+ba+b’ b=t ()

The first factor on the right-hand side is common to the ith row and the second
to the jth column. Hence,

l a;— a4 % bj'—‘bl)
= ey
a4 b (Ez a; + b jug a, + by e

and the result follows. Q.E.D.

(1.10)

THEOREM. For By ,..., B, such that the roots of (1.2) are less than 1 in absolute
value for T = p
5]
| 27| = (@ [ (1 —wm)™ (L.11)

ij=1

Proof. We first consider the case where w, ..., w, are different and different
from 0. If h; = w7, then in (1.5) | C | # 0. Anderson [1] in (24) of Sect. 5.3
gives an expression for the elements of X, in terms of @y ..., w0, . (See also
Problem 27 of Chap. 5.) Then

d .t
Q.1 =SBt vy, (112)

where

[V]= ‘ 1 -—1w,-w,| & l wt :'i_(:—mj) ‘ = H?i: t-'-',-l w! +l(_wj)

1 Tl — i) w; — wy)

I, ™ 1'[}’_,_,{“-‘;"‘ —w)

&\ [ii(e; — wy)* wi'e] Il — )
- (H w‘) ]'[:,_1(1 —ww) ] SO0 wiw;) i

i=1

17
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Further,
ﬁuch_{ﬂawﬁﬂmw—mwjg
|G I, — k)"
[y 1 1 (1.14)

B B R W R

and (1.11) follows for the roots different and nonzero. The determinant (Mol
wm,), which holds for all w; such that | =; | < 1,

is the polynomial [T}, (1 — Ay

j = ‘,...,P.

2. Discussion

I. Grenander and Szegé [5] in effect showed that limy_. | Qr ,f=
P (] — ;) by use of an integral of | b(w)~* (p- 78) and that | Qy | for

Hr J=1 { i ;} ) g

: did not relate these results

T = p is equal to this limit (p. 71). However, they t
to the generalized variance of the autoregressive process. Also, Walker [9] noted
that | Q| = | Q, ! = 1/] Q;'lfor T = p. (See also Finch [4].)

2. If the process is Gaussian, the normalizing constant in the normal

density of yy is (2m)~7/* times

| By |12 == (o?) T 121 (o 000,12, (2.1)

iJ=1

- a1 3TN
3. If one or more of the roots approaches 1 in absolute value, ' E% 152 0
and | Z; | — oo, These facts agree with the nonexistence of‘a nontrivial stationary
process satisfying (1.1) if one or more roots are equal to | in absolute value.

4. A moving average model of order ¢ is defined by

Xp =0 oty 0 T 22)

& 3 i . I |
where the v, are independent random variables with &%, = 0, o =75
0 < 7* < . The associated polynomial equation

21 bzt e by =0 (2.3)
has roots 2, ,..., z, . Durbin [3] conjectured that if 72Ny is the covariance matrix
of %, ,..., x; generated by (2.2), and if all roots of (1.2) are less than 1 in absolute
value, then

Jim |N7 | = 1Qul, | (24)

118

for some n sufficiently large compared with p = g when a; = B,, 7 = I,...., p.
Finch [4] showed that

Jim | N7 | = lim | Qr| 29)

by use of some results of Grenander and Szego [5] and gave explicitly the
limiting value of the generalized variance for an autoregressive moving average
process. Walker [9] used more algebraic methods to show (2.4) for n = p = g¢.
As an example, these results for p — ¢ = Lare Q) = 1/(1 —B*) and | N; =
(1 — o)1 — &) — 1/(1 — a,®) as T — o0. Durbin [3] considered the case
P = g = 2 in detail.

For further discussion, see the recent paper by Shaman [7].
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facil interpretacién. Esto puede resultar importante para la ela-
boracién de indicadores en un esquema de partes componentes,
o para cotejar las estimaciones con las proporcionadas por otros
métodos,

En este trabajo analizaremos los modelos de regresién desde
Modelos de regresién el dltimo punto de vista sefialado y trataremos de establecer

e ° tacionales relaciones y diferencias entre varias alternativas. El objetivo es
para estimaciones estacl descubrir cuéles son equivalentes y fijar criterios prcticos para

Ratil Pedro Mentz y Victor Jorge Elias decidir sobre la adopcién de alguna de ellas.

Dada una serie cronol6gica observada {y;: t=1,2,..., T} con
datos mensuales, una propuesta para estimar los componentes
de tendencia y estacionalidad simultineamente, se expresa me-

Introduccién diante un modelo de regresién lineal multiple como

(1) Y:=ﬂe+“1t+---+ﬂmtm+ﬂlbn+ BaDa ...+

El enfoque de regresién para tratar la estacionalidad es fre- 4 B Da e+ mst=1,8506T
cuente en el anélisis econométrico, cuando el principal objetivo
es estimar los pardmetros de relaciones econémicas en base a donde el polinomio en t de grado m (m > 1) representa a la
datos mensuales, trimestrales, etc. En tal caso el tratamiento de tendencia, @o,0,...,0m,P1,P2,--.,P12 son los m+ 13 paré-
Jas estimaciones estacionales estd generalmente condicionado por metros desconocidos de interés, {u,} es un conjunto de variables
el deseo de lograr “buenas” estimaciones de los principales pard- aleatorias que para todos los valores de sus subindices satisfacen
metros, los de ]a relacién econémica. E(u) =0, E(v%)=0?, E(uy,) =0 cuando tss. D, para
Cuando se quiere utilizar el enfoque de regresién para estima- s=1,2,...,12, es una variable cualitativa (“dummy” en
ciones de tendencia? y estacionalidad que sirvan para multiples inglés) que toma el valor 1 cuando el periodo t corresponde al
usos y que no estén vinculados por un modelo particular, surgen mes s, y 0 cuando no corresponde. Se toma a m como conocido.

a menudo requerimientos distintos. Por ejemplo, se desea con-
seguir estimaciones distinguibles de los componentes estaciona-
les y de la tendencia, o que los distintos componentes sean de

Por razones de simplicidad, tomaremos a T= 12N, notando
que desde el punto de vista computacional o desde el tebrico,
el caso general s6lo hace un poco més compleja la escritura de
algunas férmulas,

® Los autores son profesores de Estadistica y de Econometria, res-

pectivamente, en la Facultad de Ciencias Econdmicas, Universidad Na- ) La EXPTESién (1) se interpreta como el deseo de ajustar a
cional de Tucumdn, Repiblica Argentina, los datos 13 polinomios en t de grado m, todos paralelos, uno
La versitn en inglés del presente trabajo aparecerd en el niimero 113 que es el promedio y tiene como constante a ao y los restantes,

de la revista Estadistica del Instituto Interamericano de Estadistica.

5 uno para cada subconjunto de N datos correspondientes al mes
I Nuestro conceplo de tendencia incluye a todos los movimientos sua- njunto de N SR

ves de la serie; en algunos casos puede ser de interés separar de este s, tienen constantes ap+ f,, s=1,2,...,12
componente los “movimientos ciclicos”, pero no consideraremos tal po- Notamos que éste es un caso de “estacioralidad constante”,
sibilidad,

caracterizado porque los B, no dependen del periodo t.
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En el modelo (1) se verifica que.
(2) 1"'=D11+D2:+D1:,1, t=1,2,...,T,

de manera que la matriz de regresores no tiene rango completo
m -}- 13, sino rango m +4-12.

Nuestro propésito es analizar y comparar varias propuestas
para resolver este problema. Una posibilidad que no conside-
ramos es resolver el sistema de ecuaciones mormales obtenidas
al intentar la estimacién de (1) por minimos cuadrados, utili-
zando alguna definicién de matriz in ersa generalizada.

1. La soluciéon como en el analisis de la varianza

Jorgenson (1964) propuso una solucién paralela a la que se
adopta habitualmente en el andlisis de la varianza, esto es, im-
poner a (1) la restriccién adicional

_ 12
(3) ?‘,l f.=0.
En tales condiciones (1) puede escribirse como

(4) y:“Au+A1t+...+Amtm+B1D°n+...+
+B11Du1‘.l.,l+ uolx t=1,2,...,T,

donde D°, toma el valor 1 cuando el perfodo t corresponde
al mes s, —1 cuando corresponde al mes 12 (diciembre) y 0
en los diez casos restantes.

Los sumandos B,D°;: se interpretan como desvios con res-
pecto a la tendencia, y Jorgenson (pég. 694) hace mnotar que
bajo la hipétesis (3) “las sumas anuales de los datos sin ajus-
tar y ajustados por estacionalidad son iguales”.
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2. Omision de la constante

Para resolver la estimacién de (1), se propone a veces elimi-
nar la constante, y en consecuencia escribir el modelo como

(5) ¥ '=‘A-\t +...4+ A.‘,,lm-i-B'an-]-. ..+B.nDu,t+Vt.
te=1.92,...,T.

Ver por ejemplo Johnston (1972).

Este modelo puede interpretarse como proponiendo doce re-
gresiones simultdneas donde para el mes s la ecuacién tiene
los regresores t, t2,...,t™ y la constante B°,. No es posible
estimar a la constante de la tendencia polinomial promedio, o
interpretamos que se la toma en principio como arbitrariaments
igual a cero. Una posibilidad seria declarar su valor A% =y,
el primer valor observado; o bien

12
A% (1/12) 3 B*..

Cualquiera de estas hipétesis reemplazaria entonces a la (3)
para poder estimar a los 13+ m parimetros de (1).

3. Omisién de un mes

En lugar de (5) a veces se estiman los parimetros de
(6) ye=A""0+A*1t+...+ A" t"+ B Dut...+
+B**uDyet+we, t=1,2,..,T,
donde por conveniencia hemos omitido el mes doce. Por
ejemplo se prefiere esta solucién con respecto a (5) cuando se
desea utilizar un programa de computacién que exige el uso

de una constante, Ver por ejemplo, Rao and Miller (1971),
Seccién 4.7.
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A '~
s : : - A A
4. Comparacion de las tres alternativas -1 .l
En esta seccién comparamos los modelos (4), (5) y (6). : h 0 i. A
'] m
4.1. Relaciones algebraicas 0 il A a\ |
P
Consideremos primeramente los modelos (4) ¥ (5). Para el B, By
caso en que los respectivos parémetros se estiman por minimos ) £
cuadrados Goldberger [(1964), Capitulo 5] propuso un método
’ﬁ“ Jﬁn

para comparar los estimadores resultantes de las ecuaciones

imeras 12 filas de la matriz de regresores pard s
_ En términos de componentes (9) asegura que las estimacio-

normales. Las pr
(4), cuando éstos se ordenan colocando a la constante entre t% vien e b -
iz gl s de los coeficientes de t, t,...t™ por minimos cuadrados
! son iguales en (4) y (5), mientras que las restantes estima-
: ciones estén relacionadas por
1 1. 101 1 0 oo O
g B, i1 01 0 By =2 + Bi,
' g B :1 0 0 0 :
{7) (g!l)w . . : . . - - ° (10)
° E . . - ) :\ Ly ;
g .. =il 0 0 .. 1 s e
ook, 8 S e o

12 128 ... 12“{1 = = ey = |
esto iltimo pues la suma de los B, satisface (3).

mientras que para (5) la correspondiente matriz es (Q ! 1).
Resulta entonces que 1ol Sumando las ecuaciones en (10) se despeja Ao, de manera que
(8} "!" gu:lz Ao 5 (1/12) (AB.I + e + ‘ﬁ.lﬁ) H
{glhn Jl:.::]=‘g -!u) " (11) = B.I*R‘J:ﬂ(l/lz) (HB’V"B.S"---—B.):)
Q.
y A A A 3
By =B —Ay=(1/12) (-B°*; —B*
SR e
+ 11B°;, — B®2) . 3 Wk
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Esto demucstra que

1 1 > e 1

H =1 =1 @ =1

L1 =) G
(12) J'=(1/12) " d

e ol e

La primera igualdad en (11) expresa que si para recuperar
la constante de la tendencia polinémica promedio en (5) utili-
zamos el promedio de los coeficientes de las variables estacio-
nales, como se sugirié en la seccién 2, estableceremos la equiva-
lencia con €l modelo (4), en cuanto al componente tendencial.
La equivalencia ser4 total si ademés ajustamos las componentes
estacionales de acuerdo con (14).

Otra manera de expresar la relacién de las partes tendencia-
les, es que (4), que reconoce la restriccién (3), es equivalente
a (5) con la estimacién

A% = (1/12) 3 B;.
5=
En vez de derivar la relacién entre los estimadores por mf-
nimos cuadrados, una alternativa interesante (y equivalente) es
tratar de relacionar los respectivos pardmetros.
Comenzamos observando que (2) es valida y que

(13) D% =Dsu~Duy,

para todos los valores de s y de t. Reemplazando en (4) obte-
nemos
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yo=A4Ao (D11+---+Dm,t} + At 4. ARt 4

+ B1 (D1t =Dyz) + ...+ By (Dygye — Diaye) 4+ u®,
(14)

=At+. ..+ Aut™ 4+ (Bi+ Ag) Dy +...4 (B + Ao)
Dll,t + (Ao-'Bg—- vee —'Bu) Du,;-{-u.g.

Al igualar este modelo resultante con (5), se leen las relaciones
(10) entre los respectivos pardmetros. Reciprocamente, como

Dm,g = (1/12) (1-D%;—... —D'u,‘) , Tesulta que
Dy =D + Dyg=D'n + (1/12) (L= D'y — ... =D, ;
(15)

reemplazando en (5) e igualando a (4), se leen las relaciones
(11) entre los respectivos parimetros.

Nétese que encontrar la relacién (15) equivale a invertir la
matriz ] y reciprocamente, encontrar la relacién (13) equivale
a invertir la matriz J.

Un subproducto interesante de este andlisis es que la matriz

de regresores correspondientes a las potencias de t, no parti-
cipa en el anilisis, de manera que los resultados finales son vé-
lidos para cualquier conjunto de m regresores linealmente in-
dependientes, y linealmente independientes de la constante y las
variables estacionales incluidas. Claramente este resultado es vé-
lido para las comparaciones entre cualquier par de las propues-
tas que analizamos en esta seccién.

Para comparar (5) y (8) procedemos de la misma manera.
Sustituyendo (2) en (6) obtenemos

(18) y; “A"; t+. . .+&". tm + (B.'1 + A..n) Du + . +
(B**11 4+ A®°yy) Dygye + A% Doy + w,

que es de la forma (5). Por el contrario, si despejamos Dys
en (2) y la sustituimos en (5), obtenemos

(17) Y:“B'B+A.1t+---+A.utm+ (B.l—'B.u) Dy
+...4 (B*1y = B%12) Dug 4w,
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4.2. Propiedades estadisticas

Ique es de la forma (6). En términos matriciales hemos obtenido

i I R I R e
1 010..0 10 0..0-1
LR RS . 01 8., =1
(B oL s - = e
e 0 8 0 0 .olsl

Las relaciones entre las estimaciones por minimos cuadrados
en (5) y (6) son por lo tanto las siguientes donde repetimos
una parte de (10) y otra de (11) para facilitar la comparacidn:

A -~ A A -~
B‘1'=A.'0+B .l =A0+B],

(19)
By~ A" - B* —ho+ B
ﬁ.u=a“o =‘=t‘\o+ﬁu,
y ﬁ"o=§.1z =Ko+ﬁuv
ﬁ"l =ﬁ'1 " ﬁ.m - ﬁl _ﬁﬂv
(%)

Boe, =By, - ﬁ'u =By, - Ba )

En (20) se interpreta que al incorporar la constante A®° en
(8), sblo se pueden estimar las diferencias entre los efectos es-
tacionales y el del mes omitido, que sirve entonces de base; se
ve que la relacién subsiste cuando se incorpora la constante y se

impone la relacién (3). Interpretaciones similares valen pa-
ma (19).
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Del anélisis de las propuestas de las secciones 1,2 y 3 resulta
que los pardmetros de los modelos (4), (5) y (6) estén rela-
cionados unfvocamente por expresiones lineales como (10), (11),
(19) o (20).

Como los tres modelos tienen rango completo e igual a m 4 12,
los estimadores por minimos cuadrados en cada caso son tnicos
y mejores lineales insesgados de los respectivos pardmetros, por
el Teorema de Gauss y Ma'kov. Como los parimetros estin
ademés relacionados linealmente en la forma sedalada en el
pérrafo precedente, utilizando cualquier formulacién para el
coémputo, los estimadores de cualquier conjunto de parimetros
que se obtenga mediante las relaciones derivadas a tal efecto,
siguen teniendo las propiedades mencionadas (of. Scheffé (1959),
phg. 14, Teorema 2),

Desde el punto de vista de predecir valores de y, las relacio-
nes del tipo (14), (16) o (17) muestran que los tres modelos,
una vez estimados sus parimetros por minimos cuidrados, pro-
porcionarén idénticos predictores.

Finalmente, si suponemos que los errores aleatorios tienen
distribuciones normales, los estimadores por minimos cuadrados
son los de méxima verosimilitud y son tnicos, mejores insesgados
en general. Como los estimadores son de méxima verosimilitud,
la propiedad es extensible a los distintos conjuntos de pardme-
tros, no importa con cudl se computen las estimaciones, pues los
estimadores son invariantes a transformaciones lineales no-singu-
lares (entre otras) de los pardmetros.

Los procedimientos inferenciales, estimaciones de intervalo y
tests de hipbtesis, para el caso normal estin detallados en Jor-
genson (1964).
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4.3. Conclusién

Resulta entonces de lo expuesto, que la eleccién de cuél de
los tres modelos se utilizard para la estimacién, es estadistica-
mente imelevante. El modelo (4) tiene la ventaja de dar una
estimacién completa de la tendencia sin necesidad de nuevas ela-
boraciones, y de que los coeficientes estacionales resultan com-
parables de inmediato con los obtenidos por métodos como el
de “diferencias de promedio mévil”, cuando en este Gltimo la
suma de los componentes estacionales se hace igual a cero.
Resulta entonces recomendable el uso de este modelo.

Nétese por ejemplo que en (6), al omitir uno de los meses,

*s no es la constante de la tendencia. No es aconsejable
tampoco utilizar a los B°, del modelo (5) como componentes
estacionales, pues 3%, B®, =124, que en general 10 serd
igual a cero y en tal caso determinard que las sumas anuales
de los datos corregidos por estacionalidad sean diferentes.

w4, Observacion

Una situacién paralela a la que analizamos en las secciones
precedentes, ocurre en el andlisis de la varianza. Notamos que
el modelo (1) es, desde este punto de vista, un modelo de
“andlisis de la covarianza”,

Un enfoque clésico del problema del anilisis de la varianza
es mediante una formulacién del tipo de (1) con la restriccién
(3; ésta es, por ejemplo Ja alternativa més utilizada en el Li-
bro de Scheffé (1959). Sin embargo cuando se quiere explotar
a estrecha relacién entre Jos modelos lineales del anélisis de la
varianza con los de regresién (que son habitualmente de rango
completo) se ha utilizado a menudo la formulacién (5) (por
ejemplo en Rao (1965), secciones 4d y siguientes) o la formu-
lacién (8) (por ejemplo en Mendenhall [1868]).

Graybill ([1961], seccién 11.2.3) demuestra expresamente que
todo modelo lineal puede reparametrizarse de manera que el
resultante tenga rango completo, y que para cualquier reparame-
trizacién los estimadores insesgados de las distintas combinacio-
nes lineales de los pardmetros, son idénticos. Desde este punto
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de vista nuestro resultado consiste en haber encontrado la re-
lacién explicita entre varias reparametrizaciones de rango com-
pleto del modelo (1).

5. Estimacion en dos etapas

Los procedimientos de las secciones 1, 2 y 3 serdn considera-
dos en esta seccién como operando en una etapa, frente a alter-
nativas en dos etapas como la que describimos a continuacién.

5.1. Minimos cuadrados en dos etapas

Para estimar los 13 + m parmetros de (1) se puede pensar
€n regresar

(21) }';—A’o-l-A';t-}*...-l-A'nt‘-{—e‘ T—I,E]._',T’

y después ajustar a los residuos de la estimacién por minimos
cuadrados las constantes estacionales:

(22)

y‘—i’o-—-?\’lt-— S —K',,t“—B’lD;‘-}-...+B,3Du"+e" ¥
t=1,9,.,T

En (22) los regresores son ortogonales (:2l DD =Ndy,) y
en consecuencia cada B’, se estima por minimos cuadrados co-
mo si se plantearan doce regresiones,

(23)  ye—Ap—Ant—... —Aptm—B.D, + ¢,
s=1,2,...,,12,
basada cada una en los datos correspondientes al mes s, Resulta

entonces. que

A 1 A A A
(24) B’.——Em (y;—A’ —-A'1t- e —A’-t“) >
N
s=1,2,....,12,
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5.2

el promedio aritmético simple de los residuos para el mes, co-
rrespondientes a los N afios respectivos.

Como en (4) las variables D*;, no son ortogonales con respecto
a todos los restantes regresores, (24) diferird en general de B,
estimado en (4) por minimos cuadrados. Obsérvese sin em-
bargo que 2%,.; B/, =0 cuando A7 0, pues la suma de (24)
para todos los t, t=1,2,..., T, es entonces Ja ecuacién normal
correspondiente a derivar con respecto a A’ la funcién de cri-

P
terio 3 (ye—Ab—Aht- ... =A% tm)2 y aquélla es igual a
=1

cero como consecuencia del método de estimacién utilizado.

Bajo esta propuesta el planteo de (1) como un verdadero
problema de regresién para tendencia y estacionalidad simulté-
neamente es en alguna medida sélo aparente. Sin embargo
Jorgenson (op. cit, pégs. 697-698) demostré que si la remocién
de la tendencia en la primera etapa es total y se efectia por
un “filtro” o procedimiento lineal (matricial), el respectivo pro-
cedimiento en dos etapas, similar al que describimos preceden-
temente, es equivalente a la solucién de la secciébn 1, y por lo
tanto a las otras dos propuestas en una etapa,

En conclusién: si el modelo (1) fuese el verdadero, si se
deseara utilizar una formulacién simultdnea para tendencia y
estacionalidad, y se juzgaran relevantes las propiedades esta-
disticas de los estimadores detalladas en la seccién 4.2, el mé-
todo en una etapa de la seccién 1 (o sus equivalentes) seria
poeferible a la propuesta en dos etapas de esta seccién.

El método de diferencias del promedio mévil

La formulacién en dos etapas que hemos presentado en Ia
seccién precedente puede utilizarse para clarificar y reinterpre-
tar ¢l método tradicional de “diferencias del promedio mévil”.
En este esquema se parte de una propuesta general del tipo
(25) yi=Ti+ 1 Du+...+ FrDize + 20, t= I Es

donde T, es la tendencia de la serie, no necesariamente parametri-
zada como en (1). Se propone estimar a T, por suavizado de
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la serie observada mediante promedios méviles (que es tam-
bién un procedimiento no-paramétrico), habitualmente “centra-
do de doce meses”:

5
20 Ti= (/20 (a2 3 YY)y t=T.8,....T-6,

y luego a Jos B, por una férmula equivalente a (24),
@) P -1, s=12,.., 12
1N_12[l) YI. L) 2 Rk L ] b}

donde se omiten de las sumas el primer valor para los meses
correspondientes a los perfodos t=1,2,...,6 y el tltimo para.
t—T-5,T—4,...,T (en caso que el periodo considerado
conste de afios enteros, éstos son los primeros y ultimos seis
meses, respectivamente),

En primer lugar, la propiedad (3) no se cumple en general
para los f’,, por lo que habitualmente se propone reajustarlos
previamente para que la satisfagan.

El método de estimacién de la tendencia (26) ha demostrado
empiricamente ser bastante apropiado y se espera que la al-
ternativa (21) conduzca a valores de m comparativamente ele-
vados. Por ejemplo Johnston [(1872), seccién 6.2] encontrd
que m = 6 fue necesario en un caso concreto. Para un anilisis
critico del uso de promedios méviles en este contexto ver Dur-
bin (1963).

Con relacién al resultado de Jorgenson ya mencionado, puede
interpretarse a este método como una aproximacién a los reque-
rimientos de que el “filtrado” de la tendencia sea total y pro-

ducido por una tranformacién lineal.

5.3. Los modelos de regresion y el método de diferencias
del promedio mévil en la practica

La formulacién de la seccién 52 puede tomarse como um
esfuerzo pedagégico para relacionar el método de diferencias del
promedio mévil, muchas veces presentado sin justificacién esta-
distica alguna, con el modelo de regresién lineal multiple,
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Sin embargo esta explicacién deja sin aclarar la popularidad
de aquel método, frente a los procedimientos aparentemente
cxactos de las secciones 1,2 y 3. La clave esté en el tratamien-
to empirico de m, el grado del polinomio utilizado en (1) %
Desde el punto de vista préctico m no es un dato adicional del
problema, sino un parémetro destinado a estimarse en base a
Tos mismos datos disponibles. Si consideramos un grupo de se-
Ties cronolégicas a las que debe ajustarse el modelo (1), debe
resolverse la eleccién del grado m en cada caso y una mala
«leccién pucde conducir a errores de especificacién importantes.

Una posibilidad es aplicar procedimientos como el descripto
en Anderson [(1971), seccién 3.2.2] para decidir sobre el valor
de m, que gocen por su parte de buenas propiedades estadisti-
«as. Sin embargo, si consideramos en conjunto al procedimiento
consistente en decidir el valor de m y luego estimar los 12 + m
parkmetros de (4), no es inmediato que los estimadores resul-
tantes tengan las propiedades estadisticas de la seccién 4.2,

Una alternativa prictica es entonces aproximar no-paramétri-
camente a la tendencia y confiar que para muchas de las series
observadas el procedimiento resultante tenga propiedades por
To menos tan buenas como el procedimiento paramétrico combi-
nado aludido en el pérrafo anterior, atn cuando las series res-
pondan efectivamente a modelos como (1), con m desconocido.

Este razonamiento puede contribuir a aclarar en alguna me-
dida el aparente éxito logrado por métodos como el de diferen-
cias del promedio mévil y otras variantes y refinamientos suyos,
muchos de evidente extraccién empirica y que carecen de una
justificacién estadistica explicita aceptable. Ademés el argumen-
1o contribuye a anticipar que no es imperioso que en la practica
estos métodos de extraccién empirica sean superados netamente
por los basados en el modelo de regresién lineal miltiple.

! Consideramos poco importante la restriccién impuesta por la forma
vaulinomial, siempre que m quede libre,
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Analysis of lead-lag relations
by cross-spectral methods

Ralil Pedro Mentz
University of Tucuman, Argentina

1. Introduction

The joint spectral analysis of pairs of time series has been de-
veloped with considerable detzZ1 in the literature; see, for exam-
Hannan (1970), Jenkins anc Watrs (1968), or Koopmans (1974) .For

A5 : :

two jointly (weakly) stationary stochastic processes xﬁ and Yeo

two functions of interest in the frequency domain are the cuhere;:ce
e

y (M)=y__(}), ‘that measures the degree of correlation between
riidom cﬁpanen:s of the processes associated with frequency A,
the phase ¢ ()= -¢ (1), thzat measures by how much the randory com
ponents of the two prx’ctesses cerresponding to frequency J\’ are 1in
the average out of phase, that is, one is leading or lagging the
other.

1f two processes are closelv related in all respects, then Y"X{n
js near 1 at all frequencies, since vy is the square of a corr lat
ijon coefficient. If nome of the two processes leads or lags the
other, then ¢xy(l) is close to O at all frequencies.

and

In economic applications it is often the case that not all compo-
nents of the series are in phase or out of phase in the same manner.
One has to expect, for example, that the low-frequency components of
some pairs of series (e.g. those associated with the cyclical move-
ments) may tend to have a different lag structure than the seasonal
components, or the purely randem ("irregular') components. One advan
tage of the empirical joint spectral approach is that it allows for
a refinement of the analysis on agreement with this idea, since 1t
tends to maintain the sources of variation of the series identified
with different portions of the frequency range.

In applying the spectral methods care has to be given to the pre-
liminary elimination of departures from stationarity. The underlyl?s
probabilistic theory has the standing assumption that the series in
a pair are jointly (weakly) stationary. It is typically the case
that many economic series preseat trends whose presence affects the
stationary assumption, and hence have to be removed at a preliminary
stage. This operation, that is called in general a filtering operat-
ion, can be done in several wavs, not all of which affect the spec-—
tral analysis in the same way. An important objective of the present
work is to explore several alternative techniques often considered
in the literature. Failure to remove an important trend component,
f?r example, produces biases ir the estimation of spectral quanti-
ties, if the standard procedures are used; one such phenomenon is
called "leakeage", and means that the presence of a nonstationary
fomponent concentrated in a certain frequency range (e.g. in the low
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frequencies) affects (i.e. b. ses) the estimates at other frecuen-
cies. For strong trend comp: ients such as those present in Argenti-
ne monetary series, leakeage tends to be very important.

2. The empirical study

Qur main purpose in this paper is to present some empirical evi-
dence concerned with the use of joint spectral methods to study the
lead-lag structure of money and prices. The approach is to consider
pairs of monthly series in Argentina for the period 1960-1973, and
to see how far the spectral methods allow us to progress in the ana-
lysis. A related investigation for money and income, with quarterly
data, has been developed by Elias (1979) alongeconometric lines that
resort to regression equations.

The series we used are currency (C,), demand deposits (D.), total
amount of money (definitions M1, and M2.), wholesale price index
(PW.), and consumer price index (PC.); 168 monthly observations,
1960-1973, for each series.

Some series have a seasonal,and most have a stromg trend compo-
nent, which means that they have to be filtered out. Three techni-
ques were attempted to pre-process the series for the spectral analy
sis: (a) Differencing. The form log y. - log y._1; was found to
control changes in variance through time, to contrel quite satisfacto
rily the trend and seasonal components, and to exhibit a smooth cy-
clical component; (b) Residuals from a regression. Following Hsiao
(1977) [see Granger (1969), Sims (1972)] the joint spectral analy-
sis of“ Gt and ﬁt vas performed, where in our context Ve= M2, -
(n + G)MZp-q +...+ BM2e), Ge=PWe - (Bp + EpM2p +...46, M2, p),
and also of residuals defined with the roles of M2 an! PW inter-
changed; (c) The X-11 seasonal and trend filter (See Shiskin,
Young and Musgrave (1967)). This widely used procedure provides se-
ries of which the seasonal, trend, or trend and seasonal components
are eliminated. To agree with standard economic practice the procedu
res were applied to each original series (y ), their logarithms (Iog
Y¢), and their logarithmic rates of change (y} = log y, - log i ol

For each pair of series arising from a common filtering operatios,
we estimate ?xv(l) and ﬁxv(lj, and plot them together with a con-
fidence band for the phase, that provides a way to evaluate approxi-
mately the validity of the hypothesis of 0 phase,

Some very brief comments about our findings are: (i) The coheren-
ce diagrams are in general easy to interpret in terms of the tradi-
tional components (trend-cycle, seasonal, and irregular) and their
corresponding frequency ranges; (ii) The results of the filtering c-
perations are in general to produce considerably low coherences at
most frequencies; (iii) As a consequence of (1i), the confidence
band on the phase tends to be very wide and to include very often
the O value; (iv) These remarks are particularly true for the X-11
procedure, which seems to be due to two facts: The procedure is
quite complicated and adds difficulty to the interpretation of the
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TABLE 1. Estimated Coherence and Phase Between Money (M2) and Pri-
ces (PW) in Argentina, using differenced series: log yp - log ¥¢-12

1960-1973 1960-1969 1968-1973
T=156, m=48 7-108, m=30 =60, m=18
Henis (Cozgzzzce) Months (COEZ:::ce) Honths (CO:::::ceJ
36 ESI?% 60 (é:fg) - B .('g:gi}
48 2332) 30 (é'.cl.g) 18 Egigg}
7 Eé:g} 0 (3t§§; 2 Eé:gg)

i . i otal
Note: T is the available number of observations; m is the t

number of frequencies at which estimation takes place.

and the estimation of the low frequency component
which is contrary to what 18
(v) Better results are
ch amounts to same-month

phase estimates,
ineludes trend and cycle together,
being looked for in our type of analﬁsis;_
rovided by the differencing approach, whl ¥
Eompariscn;. It was found that a rather strong out-of-phase :::Enct
ment at low frequencies was accompanied by coherences that w 4o
too small. See Table 1 for the period 1960-1973; (vi) Further, i
exploratory analysis of several differences led to a se?aratigzt e
two periods, for which the out-of-phase movements_are impor h'r'
there is a reversal of the direction from one period to the Otlef;e—
(vii) Much less clear is the picture of what occurs at seas9p§) i
quencies, for which no systematic scheme was discovered; (vll%d i
sults of the same type as those reported in Table 1 were provided {
the analysis of residuals v  and {_ (see ahnve);’however th?dxn_
terestiné movements at low frequencies were accompan?ed by consider
ably lower coherences; this was also found out by Hsiao (1977) in

his analysis.
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Summarv. Empirical results in the joint spectral analvsis of mo-
ney and price series are analyzed, in the context of monthly series
of Argentina, 1960-1973. The effects of three filters are studied:
Differencing, taking residuals from a regression, and the X-11 sea-
sonal program.

Résumé. L'auteur analyse les r@sultats empiriques de l'analvse
spectrale conjointe de la monnaie et des prix dans le contexte des
séries mensuelles de 1'Argentine dés 1960 jusqu'a 1973. On &tudie
les effets de trois filtres: par des différences, au moyen des ré-
sidus d'une regression et avec le programme stationnaire X-11.
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On the structure of the likelihood function of

autoregressive and moving average models

by T. W. Anderson and Ralil P. Mentz
Stanford University and University of Tucuman, Argentina

Abstract. In finite order normal moving average models the maximum likelihood
estimates always exist. For finite order normal autoregressive models sufficient conditions
for the existence of maximum likelihood estimates is given. Some cases not satisfying the

conditions are studied.

Keywords. autoregressive model; moving average; maximum likelihood; existence of
maximum.

1. introduction

This is a study of the likelihood function under normality of autoregressive and
moving average models with finite numbers of parameters. For the moving
average model it is shown that for all numerical sequences that are not identically
() the maximum likelihood estimates of the parameters exist, and the estimates
have some desired properties analogous to those often required for the
parameters.

For the autoregressive model the situation is more complicated. The approach
sists in analysing the behaviour of the likelihood function near points in the
eter space for which the roots of the associated polynomial equation are
juzl 16 1 in absolute value. A critical question is whether the observed series
atisfies  homogeneous difference equation with certain properties. We find a
wisnt candition for the existence of maximum likelihood estimates. We study
: cases where this condition is not satisfied. An example of such a case is a
squence satisfying a linear relation a + br; the likelihood function does
JE & mazimum.
sults for the autorepressive model can be used in several ways: (a) to list
we winds of data sets that can lead to difficulties in the estimation of the

parameters: (hyto design numerical examples to analyse in detail the performance
of eamnputational algorithme to compute the maximum likelihood estimates; and
o) o eheck dita sets 1o be used for estimation when they come from examples
pencrated artificially or arise from empirical measurements subjected to roun-

2. The moving average model
The Gavassian moving average process {x,} of order ¢ can be written
G = b oty g b bty (2.1)

Hesesieh supprrted by the U5 Office of Maval Research under Contract Number NOO014-75-C-
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where the x, are observable, the «, are unobservable independent normal random
variables, u, =0, 8u? = ¢, and Buu, = 0, 1 # 5, and the ; are parameters. Then
(2.1)fort=...,—1,0,1,...defines a stationary stochastic process for all choices
of a,=(ay,...,a,) and 0< o’<o,

The associated polynomial equation

a,(0)= ¥ ap®' =0, (2.2)
i=0

where ag= 1, hasroots v, j =1, .. ., g, and the covariance sequence of the process
has components

q-1
0= 8xxs=0" L =0, 5=0,1,...,q,
i=0
=0, s>q 2.3)

The o, satisfy the inversion formula

a; =I e™ f(A) da, (2.4)

-

where f(A)=(0*/2m)la (e®)f=(”/2m) [T}y le* —u,[* is the spectral density

function of the process.
If xq, ..., xr is a sample from (2.1), the likelihood function is

1 2
Llag, o)) =2m) 2 exp [-Ex}i‘rl-!"r]

1 B}
=@2m) ") TP exp {—.Px;?r‘xr}, (2.5)

where xr=(x1, ..., x7), 2r = Sxpxr= o> Pr. It is often convenient to maximise
(2.5) in two steps, first with respect to o at

f%m;‘m 2.6)

and then, substituting back in (2.5), with respect to a, in

1
nley) s ==t} @mn
L |Pr|(x7P7 x7)
the “concentrated likelihood function” is a constant times the square root of (2.7).
We want to show that for x #0, the maximum likelihood estimates of a; and
o exist, that of atis positive and finite, and that of e, can be taken so that the
roots of (2.2) with a’s replaced by their maximum likelihood estimates satisfy

ll<l,  j=1,....q. 2.8)

Condition (2.8) need not be imposed on the a; to make (2.1) stationary.
However, we show below in Proposition 2 that there may exist equivalent
parameterisations of the model, depending on the choice of some of the v; to be
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smaller or greater than 1 in absolute value; see also Anderson (1971), section
7.5.2. Hence, for the sake of definiteness we choose the defining set of a;'s in (2.1)
to be such that (2.8) is satisfied, and we shall prove that the maximum likelihood
estimates can be required to have this peroperty. Note that |v;|<1,/=1,..., g, is
the ‘invertibility condition' that allows (2.1) to be represented as an infinite
autoregression.

ProrosiTiON 1. Zris positive definite for any a,, S0 T=1.

ProOF. For any T and g consider the matrix

e SRR I R 1 R

G & o dz @ ave @D
A=|: e B - (2.9)
0 U w00 R wmn e ]

of order Tx (T +q) and of rank T, Then %1 = o AA’, which is positive definite
for ¢*>0. Q.E.D.

ProposITION 2. For each set of values ay, ..., aq a>>0 there exists a set
af, ...l a**>0suchthat Liay, 0°) = Lia}, ™) and the roots of (2.2) with a;
replaced by ;' are less than or equal to 1 in absolute value.

PRrOOF, If the a,'s are such that (2.8) holds, take a = a;, "> = ", Otherwise,
suppose that |v/>1,j=1,...,m |y|<1,j=n+1,..., q. Define aj by

q n q
£ atorr=fi (s=2) 11 w-un (2.10)
r=0 =1 Ui/ s=n=1
where af =1, and
= -
‘=92(H |u,-|2) . (2.11)
=1

Since the roots for which |v;|>1 are either real or occur in conjugate pairs, the
coefficients in (2.10) are real. The spectral density for a ¥, o*? is identical to f(A) in

(2.4), and hence defines the same covariance matrix and likelihood
function, Q.E.D.

PROPOSITION 3. The set of o, for which (2.8) holds is compact.
PROOF. Thc set of vy,..., v, for which (2.8) holds is compact. The p-tuple
@1,. .., &, Is a continuous mapping of vy, ..., v, as

a:={=1y ¥  ogyreco,;  s=100,0 (2.12)

UEL Bt

Since the image of a compact set under a continuous mapping is compact, the
proposition follows, Q.E.D.
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PROPOSITION 4. For x #0 the function (2.5) is maximized by a set of real
@1y .00y g 0 >0 such that (2.8) holds.

Proor. For any set of real a;’s,

lim Lia, o) = Jim L(a, a’)=0, (2.13)
so that the maximum with respect to o has to occur for 0< o> <o, The set of ;s
for which (2.8) is satisfied is compact (proposition 3), nonempty since it contains 0,
and n is continuous on that set. It follows that n attains its maximum value on that
set. In fact, the maxlmum value is larger than or equal to n(0) = (Z,T:l x:) T We
then estimate o according to (2.6).

Suppose there exists a maximum of (2.5) ataset a,, & >0 for which (2.8) does
not hold. Then by proposition 2 there is another set of a,, & 2> 0 for which (2.8)
holds and such that the corresponding value of (2.5) is the maximum. Q.E.D.

Some comments follow.

1. The present argument is not valid for estimates obtained by minimising the
exponent in (2.5), as has been noted repeatedly in the literature; there the
compensating effect of the Jacobian determinant is missing. Also, the present
argument will in general not extend to approximations of the exact maximum
likelihood procedure.

2. We shall show that |Pr|> as |¢;|>c. Each component of Pr is a
polynomial in @1, ..., a, and | Pr| is also a polynomial in ay, . .. , &,. Since Pr is
positive definite, |Pr|>0. The coefficient of the highest degree in e; must
therefore be positive. Since |Pr|>0 for a; negative and arbitrarily large in
absolute value, that term must be of even degree; hence |Pr|- @ as a; > —o.

3. In the moving average model the components of Zr are given by (2.3);
however, the determinant || and the components of £7' are not known in
convenient closed form for general g. This contrasts with the autoregressive model
to be considered below, for which [£r| and £7' are known in detail, but the
components of ¥+ are not known in a convenient closed form for the general case.
Comment 2 above is an example of how to operate with |21 of the moving
average model for general g =1.

4. The argument in this section holds for allsamplessizes T = 1. For exampie if
q=1, T=1, let x#0 be observed. Then Pr=|Pr|= aru-—1+cn+ “+aj, a
scalar, (2.6) becomes o = x>/(1+aj +++ -raz) andnia,)=x" * aconstant, The
maximum likelihood estimates can then be taken to be any set of a;'s for which
(2.8) holds, and for this set estimate " by the expression given above.

In a practical situation the condition T > g will be adopted.

3. The autoregressive model
. Introduction

The autoregressive process of order p satisfies

Vet Biyie1 et o+ BoVi—p = lin (3.1)
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where the y, are observable, the «, are unobservable independent normal random (¢) |Q,| =|@xl; (d) the components of Q;" are given by

variables with i, =0, $u? = o, uu, =0, t # 5, and the B;'s are parameters. For
t=...,—1,0,1,...(3.1) defines a stochastic process that is stationary with y,
independent of w1, 42, . . . if and only if the B;'s are such that the roots of the
associated polynomial equation

pri=|

i-1
@=L Bhr-i= L Bburn  i<i; 37)

(e) the components of Q7" are given by

p . i minf{i+p,T) i
by(w)=3 Bw’ =0 (3.2) qr= Bs-Bs-i+qp  I<j=p,
=0 s=max(/p+1)
(where Bo= 1) are less than 1 in absolute value. > LR Bobis  1<hi>E,

Letting B, = (B1,. .., B,), we define B, ={B,: by(w)=0 has roots [wi] < 1y s=maxt/p+1)
j=1,...,ph By={Bp:by(w)=0 has roots lw|=1, j=1,...,p}, and B, = =0, i+p<j<T,isT-p. (3.8)
{B,: by(w)=0has roots |w;|=1,/=1,..., p}.

Under stationarity of (3.1) (t_hat is, By € B,), the Broczes; has a strr:clgl{ po?;;l_"f PROOF. Resultsin (b) through (e) were given by Siddiqui (1958), who assumed,
spectral density function f(1) = (¢*/2m)lby(™)|"" = (0" /2 M[],-. le” =wil'} T > 2p. However, (3.6) holds for T > p, and the fact that (c), (d) and (e) hold more
Snd tlhe inversion formula (2.4) holds for the covariance sequence o, = yiYresn § = generally follows from Anderson and Mentz (1977), Walker (1961),etc. Q.E.D.

AL 5 LyRmees

If y1, ..., yr is a sample from {y} satisfying (3.1) and if B, € B,, the likelihood ProvosiTioN 7. For B,€B,,

function is [ !
2 -T2 =t 1 | 1Q;I|= H {1'W|W'i). (3.9}
L(B,, o) =2m) " E+| " exp [—Ey'rzr )'T} i
i PROOF. See Anderson and Mentz (1977).
=2m) ") Qx| exp { —52yr Q7Y } 3.3) o "
3 20 4 ProposITION 8. For B,€B,, as B,~ B,€B;, Q;' -0 if and only if B, € B;.
={y iy L = £ = 2 1mi i %
:;};ELZ{; ;;3 ;’l' -+»y7)', Er = Eyryr=0"Qr. Then (3.3) can be maximized with ProoF. Letx=(x;,..., ;) #0and ]eitx, be the nonzero component of x with
E highest index. Then ¥/_, xz"~" =x, [[;-, (z —a/), say. By the inversion formula
1 2.4),
o’ ==y5Q7'y, (3.4) ! : iy [
o ; 1 e
¥Qx= 1 x| o —qdh
and with respect to 8, by maximising a multiple of the square of the concentrated sh=1 T e 55 ﬁreﬂlrrll
likelihood function, namely, A
2 ; 2 ¥ 2
|e7'| ikt 5
n(Bp)=——=——r. 3.5) 1r X € 2 I1 (e a,)
" Qryr) ‘ :_l_j' e dA =li‘il~j = dr. (3.10)
P g P i
| N N I Ty
3.2. Properties of the Covariance Matrix and the Likelihood Function ' =0 i

PROPOSITION 5. The sets B, are closed and bounded, that is, compact. As B, By w,>v, say, for which |=1, r=1,...,p. Then the mleg{al

approaches © because at most s—1 (1<s=<p) of »,...,», agree with

PROOF. See propesition 3. Note B, is the closure of B, Glias s ety < .

The fact that x'Q,x - for every x#0 implies that @, =0 is proved in

PROPOSITION 6. For 8, B, and T>p (a) Q, and Q" are positive definite for Anderson and Taylor (1979).
r=1,...,T;(b) Conversely, suppose that @, = 0. Then each componentin (3.7) approaches 0.

g A In particular, g =1~-82 - 0. Thus 8} = i w} - 1. Since |w;| <1, this implies
i - [ = ;
yiQ7'yr=y,Q;'y,+ X ( Y Bivi :') ; (3.6) thas gl 1 sl BRI

f=p+1 \f=0
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ProrosITION 9, For any Bp such that the roots of b,(w)=0 are drﬁerem from 1
in absolute value and o> >0 there exists a B, and 6° >0 such that 8, € B, and the
likelihood funcnon based on observations y, . . . , yrhas the same value for (B, )
as for (B,, &°).

PrROOF. See proposition 2.

3.3. Existence of Maximum Likelihood Estimates

The question of existence of the maximum likelihood estimate is emphasized by
the following result.

ProrosiTION 10. Let p and yr #0 be given (T >p). If there exists a vector
B € Bi; for which

)’f+ﬁl}’:—l+"‘+,6k)",_k=0, !=k+1,...,7; (3.11)
for some k, 1 =k <p, then
inf Q7 yr=0. (3.12)
BpcB,

Proor. For any B € By, 1 =k =p, we have
T
yrQ7lyr =yiQi'ye+ T (itBuyrte - +Buy-s)’ (3.13)
f=k+1

by proposition 6. As B, approaches any vector in Bj, QI' approaches the 0
matrix by proposition 8, and hence y,Q%'y. approaches 0 for every yi. The
second term in (3.13) approaches 0 by (3.11). Q.E.D.

We consider in this section vectors of observations yr for which no equation of
the form (3.11) is satisfied exactly outside the sets B, where @ and Qr are
positive definite.

ConpimioN L. yr#0 and y,, . . ., yr do not satisfy (3.11) with B #0 for any
k=1,2,...,pand By in BinB;.

Note that Bj, n B, contains those vectors 8. for which b, (w) = 0 has at least one
root with absolute value equal to 1.

ProrosiTion 11. If yr 5arrsﬁe.i condition I for given p<T, then there exist

mamnum likelihood estimates of * and B, corresponding to (3.1) with B,€ Byand
O<eg’<wm,

PrROOF', By hypothesis y 7Q7'yr>0for B, € B,. By proposition 7 |Q; '| > O as
B,~ B, in B;n B, It follows that n(B,)->0 as B,~ B, in B;n B, Thus n is
continuous onB , Which is nonempty (0 € B,) and compact (pmposmon 5). Hence
n is bounded on B, and attains its maximum value there. Further, since n (Bp)—=>0
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as B, = B, in B n B, the maximum value is atwned in B,. In fact, the maximum
value of n is larger than or equal to #(0) = (% Y >0,

The maximum of (3.3) is attained for 0< o < 0, because lim 2. L(B,, ¢°) =
lim,2.o L(B,, ) =0 for B, € B,,. Further, for B, in B;n B,

lim_ L(B,o7)=0, (3.14)
By~fpc®0
because the exponential function dominates (¢?)~™2, and the quadratic form in

(3.3) is positive in B,.

By proposition 9 it follows that if a maximum occurs at 8,, o 2> 0 for which one
or more roots of (3.2) are greater than 1 in absolute value, there is another set of
Bo o> 0for which B, belongs to B, and the value of the likelihood function is the
same. Q.E.D.

3.4. The Case Where the Observations Do Not Satisfy Condition 1.

ConpiTion II. yr#0and yy, ..., yrsatisfy (3.11) for some k=1, ...,p and
By in BE.

Comparing with condition I, we see that in condition IT we consider data sets yr
that satisfy exactly equations as those in (3.11) for parameter values for which all
roots of b (w) = 0 are equal to 1 in absolute value. For a given yr we take k to be
the smallest integer for which condition II is met.

Under condition II infg ¢ 5, y+Q7 yr =0, and hence the maximum likelihood
estimate of B, may not exist. To see the difficulties we face in trying to make a
general statement, we consider the following example.

Forp=2lety,=a+bt, t=1,...,T, for some constants a and b # 0. Then y,
satisfies condition II for k =2 and roots v; = v, = 1. We have

-1=( 1-1  Bi1-B2) L+ wiw "(Wl'*‘wz})

2 "\g(1-B) 1-83 )=“"“"‘"”(-(w,+w,} i weWa

(3.15)
For roots w; = w,;=x, 0<|x|<1, we have
T
yrQ7'yr=y1Q7'y2+ L (o= (Wit walyea+ WiW2yi-a)
I
=(1-x)[(1+x)2xb*+0(1-1)), (3.16)
where O(1 —x) indicates a term that divided by 1—x is bounded as x - 1. Since
|@7'|=(1-x%,
44 _\4-T
S I L) (3.17)

[A+x)2xb*+0(1-20]"

Asx - v =1, n(B;)approaches (2b>)*>0if T = 4, itapproaches 0if T <4, and it
diverges to 0 if T >4. Hence, if T > 4 the likelihood function attains no maximum
for B2€B,. i
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PrOPOSITION 12. For Bf € BY let vy, ..., vk be the roots of T o BT =0,
and let I, h, m; be the multiplicities of the roots equal to 1, —1, and e (0<6/<m),
j=1....m, respectively. Let w;=xv), | = 1,...,k and Qy defined by the w
where |x|<1. Then, as x=1,

|0&'|=(1—x)"f(x), (3.18)

where K = P+ h*+2 Sy m}, and f is such that 0<lim,.; fx)=M <.

Proor. |Q7']isa polynun;ial in Wy, ..., W Of degree‘zilc’, which implies itisa
polynomial in x of degree 2k* when w; = xv;. From (3.9) 1; is seen tha‘t in this case
x =1 is a root of the polynomial. The 3]:lrol:luct [,,(1-x vi¥;) over iy such that
vi=y=1is(1 —x3)=q - +x)". Similarly, the product over i, J such that
y=p==11s (1 —x)"( +x)"_:. The product over h,j such that (vh, ¥) =
(", e'%), (e-m" e—-x‘ﬂ.). {eid" ¢ %), or (e—:e.‘ %) is

(1= x? £2%)™i(1 —x? ¢ 2%) ™41~ x)"4(1+x)°™, (3.19)

= i il A,
The other factors of |Q | are 1 +x2 1+x% *® and 1 - x* ™', These factors

are all bounded by 2 and bounded away from 0. Q.E.D.

PROPOSITION 13. Let yr satisfy condition II for given k, 1<k =<p, p< T, and
B} e Bf. Then if T > K, where K was defined in Proposition 12,

sup n(B,)=10.
ByeBy
PROOF. Let »1,..., be the roots associated with i, so that [yl=1,
j=1,..., k. To prove (3.20) it suffices to exhibit a sequence of roots wi, ..., Wp
(or the associated sequence of B, in B,) such that as they approach v1, . .-, ¥pr
respectively, n(8,) approaches co. We can restrict attention to B € By, since
B.= (Bl 0') can be used as the argument of n(B,) as B, approaches (BF',0). As
in proposition 12, let w;=xv;, j=1,...,k where 0<|x|<1, and let Bx be
determined by w1, . . . , wi. Then (3.18) holds and y Q7 yr is a polynomial in x
with a zero of x = 1. This implies that y7Q7'yr =(1—x)f(x), for some multi-
plicity 7=1. Hence, if T>K,as x»1,n>. Q.E.D.

(3.20)

It can be shown that if we consider asetof roots »; =. . . = ¥ = 1 with associat.ed
parameter vector 8%, and another set wy=--=wy =x, for 0<|x|<1, with
associated parameter vector By, then x =1 is a simple root of yLQIlyk when the
quadratic form is evaluated at the w;, yrQ7' yr = (1-x)f(x) with f(x) such that
0<lim,.; flx)=M<co, and n(B,)=(1 —x)*"Tf(x) as B —»B¥. This result
generalizes that considered at the beginning of this section.

3.5. Comments

1. The present argument is in general not valid for approximations to the exact
maximum likelihood procedure, including the suggestion to minimise the
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exponent y Q7' yr in (3.3) with respect to the B, By other direct procedures it can
be shown that the estimates of the B; in (3.1) coming from the (sample) Yule-
Walker equations defined by

4 “
I}El a-Bi=¢, i=1,2,...,p, (3.21)

where ¢;=ci=T"" Z,T__: Yi+i¥o i=0,1,...,p, belong to B, for yr#0. See
Anderson (1971a) and Pagano (1973).

2. A basic difficulty in the analysis of the likelihood function (3.3) is that X7 is
not positive definite unless all roots of (3.2) are less than 1 in absolute value. This
contrasts with the situation for the moving average model (proposition 1).

3. Q; ispositive definite if and only if no root of (3.2) has absolute value equal
to 1. In effect, if B, € B,, let x # 0; then

p 1 - el‘lls-—h}
i - pi
A

2
P

Y, xper
-1

: zd)

Z ﬁjguip-ﬂ

i=0

_LJ‘"
Toml,

Sl (3.22)

This is a proof of part (a) of proposition 6. Conversely, if Q," is positive definite,
the fact that the roots of (3.2) are all less than 1 in absolute value follows from
propositions 9 and 7.

4. According to our results, an algorithm should consider (3.3) and maximise it
for o> 0 and B, € B,. This is important, since the likelihood function may have
different forms depending upon the nature of the roots of (3.2), that is, their being
smaller or larger than 1 in absolute value. If yr is generated by the model
Yo+ By = uy with [8| <1, 8u? = o?, 0< o’ <o, then

4
L(B, 0% = @n) ™0 NI F exp| ~5 2 (1-81+ T 8y’
: : (3.23)
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However, if yr is generated by y,+B*y.-1=u{, with |8*>1, Bui=0c*", References
0<o** <, then (cf. Anderson (1971), section 5.2) ANDERSON, T. W, (1971) The Statistical Analysis of Time Series. John Wiley, New York.
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o | 2y 3 Ad—2y *® &2 Corrections and Extensions, Advances in Applied Probability 10, 360-372.
A consequence of proposition 9 is that L(8* ", e*'B* ) =L.(B", & ), for the PAGANO, M. (1973) When is an Autoregressive Scheme Stationary? Communications in Statistics, 1,

same data set yr, which can be checked directly. . §33-544, . : F :

5. Even under condition I, the existence of maximum likelihood e'sumates Smnﬂgr.em. M. (1958) On ﬂ:ﬂil:!\l:r:l(‘):lfa?;e :; uf:;nspie Cnvaz.nll;;es_h:;;nx in a Stationary
satisfying the desired conditions does not imply that they are ugique- Ul'llcl_“'?“"'ss WALKER, mﬁm ]_:aj::-slmple F{gﬁmation of Pa:a:;c:rs ?;)r Moving-Average Models.
for B, in B, and 0< o* <o requires further study of the likelihood f}mctlon: Biomenika 48, 343-357.

6. At the beginning of section 3.3 we argued that if the observations satisfy
Vet BrYi-1+*  +BiYi-k =0,r=k+1,..., T forsomek, léic.S,r{. and for some
vector in BY, then infg s, y7Q7 yr = 0. An interesting question IS wheth‘er the
converse is true. It can be shown that (3.12) implies that (3.11) holds for B;'s such
that at least one root of the associated polynomial equation has absolute value
equal to 1.

By direct argumentations the cases p = 1and p = 2
for parametersetsin B} (p =1, 2); it remains tosee i
orders.

7. One application of our analysis is in the exploratory fitting of autoregres-
sions to time series data. For given T and once p is chosen, the analysis shows the
kind of difficulties that can arise. ! "

For example, if p = 2 we find that the sequences a + bt, (a+bt)(—1),a Tvb(:})
and a cos (¢t — b), that correspond to roots (1, 1), (=1, —1), (1,-1) anC? (e 1€ )
respectively, imply that the maximum likelihood estimates donotexist if T is large
enough.

For observed sequences that are ‘close’ to those associated with roo_ts of
absolute value equal to 1, it seems safe to conjecture that even if mathematically
the likelihood function admits a maximizing set with the required conditions, the
numerical procedures to find the values of the estimates may be quite unstable.

8. The question discussed in the last part of the previous comment is conncc?ed
with the fact that our mathematical analysis should also be viewed in connection
with the computational algorithms needed to perform the calculations.

There seems to be little evidence in this respect and it would be useful to know
how ‘close’ an observed sequence has to be to one satisfying exactly Condition II,
to produce computational complications for a given algorithm.

Also it would be useful to relate this behavior to that observed using ‘a priori’
more stable approximations to the likelihood function, like those for which the
covariance matrix is always positive definite.

can further be shown to_hold
f this result extends to higher

Notes

! The argument 1o prove Lemma 2 of Deistler, Dunsmuir, and Hannan (1978) could be used here.
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Ratil Pedro Mentz and Nora M. Jarma de Cortés
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INTRODUCCION. El1 principal propdsito de este trabajo es informar los resulta
dos de una encuesta a centros estadisticos latinoamericanos realizada en 198L

" Los antecedentes de la encuesta son los siguientes. E1 COLPRIE (Comitd
Latinoamericano para Promover Relaciones Internacionales en Estadistica) de-
£inid en 1978 como uno de sus temas de interés, el apoyo a la difusidn en los
drganos apropiados de las investigaciones y los trabajos estadisticos reali-
zados en la regidn. Un documento preparado a tal efecto fué presentado al
Instituto Interamericano de Estadistica (TASI), fué considerado por un grupo
de trabajo reunido en Washington en abril de 1979, y las principales recomen
daciones incorporadas en un documento presentado al Comité Ejecutivo del IASI
en cetiembre de 1979. En el curso de estos trabajos y como elemento de apoyo
informativo, el COLPRIE iniecid un relevamiento del potencial latinoamericanc
para producir y publicar trabajos estadisticos, el que condujo a una encues—
ta preliminar llevada a cabo entre 1979 y 1980 (Mentz y Jarma, 1980). Para
esta encuesta por correo se interrogaron a 27 centros, de los que se obtuvie
ron 14 respuestas. Se enfatizaron los aspectos del potencial humano, habin-
dose logrado formar tablas con datos del personal superior clasificado por
nivel del grado o titulo universitario, irea de especializacién, dedicacion,
categoria docente, y otros conceptos.

La existencia de la 43a. Sesidn Bienal del Instituto Internacional de
Estadistica (ISI) en Buenos Aires a fines de 1981 y los interesantes resulta
dos de la mencionada encuesta preliminar, determinaron que a partir de 1930
se decidiera realizar dos trabajos paralelos: (1) Formalizar y ampliar la co
bertura de la encuesta; (2) Complementarla con un trabajo de cuantificneidn
de las publicaciones de estadisticos latinoamericanos, realizado en basw ala
revista Current Index in Statistics.

En este informe se resumirin los principales aspectos de estos dos tra-
bajos: los de la encuesta en las secciones ! v 2 y los del otro en las sec-—
ciones 3 y 4. Los detalles completos aparecerdn en (Mentz y Jarma, 1981) ¥
(Mentz y Lopez, 1981).
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1. Objetivos y procedimientos de la encuesta
1.1. Objetivos de la encuesta

El objetivo principal de la encuesta es detectar a los centros (grupos
humanos institucionalizados) de nivel superior existentes en los diversos pai
ses latinoamericanos, que realizan investigaciones y trabajos estadisticos,
los publican, editan libros y revistas, etc., y describirles en términos de
sus recursos humanos y de su produccidn.

El inter@s estd sobre todo en centros que son grandes o que tienen una
produccidn importante. Se trata de definir el tamafo por 1a cantidad y cali-
dad de los recursos humanos y de los productos finales alcanzados. El tema
de los presupuestos y los elementos fisicos y de equipo disponibles no ha si
do considerado en la encuesta,

Una idea central subyacente es que en ahos recientes se ha producido en
América Latina una creciente institucionalizacién de las actividades estadis
ticas, sobre todo en el campo ncadémico. El progreso ha sido mds sefialado en
algunos paises. Han surgido en universidades y en otros lugares, grupos alta
rnente especializados, con un interesante caudal de recursos y a menudo bien
orientados académicamente, que ofrecen a sus respectivos paises y también en
el plano regional, la posibilidad de servir de base para un desarrollo impor
tante de la disciplina y la profesidn estadistica en el presente o el futuro
inmediato.

La encuesta no estd disefiada para verificar con sentido histérico la im
portancia relativa del momento que vive la estadistica en la regifn. Sin em-
bargo, al aportar una descripcidn cuantitativa de los mejores esfuerzos que
se estdn realizando en un momento actual (el afo 19B1), se aspira a que los
resultados actiien como complemento de otras informaciones para iluminar la
verdadera‘situacidn, sus caracteristicas actuales, sus perspectivas y los
puntos claves a utilizar o mejorar.

No se enfatiza en la encuesta el tema de la ensenanza, ni se trataelde
las estadisticas oficiales. Debe advertirse que paralelamente con este traba

io, otras personas preparan informes especificos sobre la ensefanza de la es
tadistica, las estadisticas oficiales y la profesion de estadistico, todos
referidos a América Latina. Ellos serdn presentados en forma conjunta en una
sesidn sobre "Desarrollos Recientes en el Campo Estadistico en Ad€rica Llati-
na', en la reunidn del ISI de 1981.

1.2. Procedimientos de la encuesta

La encuesta estuvo basada en un formulario que aparece en el Apéndice L
71 cuestionario comprende una serie de preguntas referidas al centro y otro
conjunto referido a sus integrantes. Las preguntas l-4 tratan de describir
institucionalmente al centro segin su nombre, domicilio, direccidn postal,
Jdependencia y director. Las prepuntas 5 y 6 procuran caracterizar sus activi
dades, si bien el tratamiento en la pregunta 5 es sdlo de resumen: los datos
coneretos sobre actividades surpen de otras preguntas posteriores. Las pre-
guntas 7-10 se refieren a la produccién del centro: informes, publicaciones,
rasis, actividades editoriales diversas y revistas editadas. La nregunta 11
¢ sobre datos detallados de los integrantes del centro: titule, drea del ti
tulo, actividades, dedicacibn, categoria y drea de interés.

La encuesta fué enviada a un total de 106 centros. Con relacidn a los
27 centros de la encuesta preliminar de 1979-80, se incorperaron todas las
instituciones invitadas al SELESES (Seminario Latinoamericano sobre la Ense-
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flanza de la Estadistica, Santiago de Chile, diciembre de 1978), y otras. De-
be advertirse que muchasde las instituciones incluidas entre las 106 no son
grandes, ni estables, ni estdn dedicadas al trabajo o a la investigacidn es-

tadistica en ninguna de sus formas tipicas.

La encuesta fué despachada inicialmente en cardcter de "encuesta piloto”
a 6 centros en el mes de octubre de 1980. Ellos la llenaron y como no surgie
ron comentarios desfavorables, el mismo cuestionario se envié a la ndmina
completa en el mes de febrero de 1981. Posteriormente se reiterd el envio
del cuestionario y el pedido de datos a los centros que no habian respondido,

lo que se hizo en el mes de mayo de 1981.

Para algunos centros disponemos entonces de informacién de uno o mids de
los siguientes tipos: (a) Encuesta preliminar 1979-80; (b) Comentarios y co-
rrecciones a la encuesta preliminar 1979-80; (¢) Encuesta piloto de 1980;
(d) Encuesta definitiva de 198l. Los errores y respuestas incompletas fueron
tratados mediante el intercambio de correspondencia, habiendo completado la

recepcidn de datos en el mes de julio de 1981.

Desde un punto de vista estricto, existen por lo expuesto algunas dife-
rencias temporales en los datos disponibles. Sin embargo, a los fines de es-
te trabajo el efecto de esta complicacifn es menor. Debe advertirse que no
existid ninguna posibilidad de visitar a los centros encuestados, lo que ha-

bria facilitado el perfeccionamiento del trabajo.

En resumen, disponemos de informacidn total o parcial sobre 29 centros

latinoamericanos. Ellos pertenecen a Argentina (6),

(3), Chile (4), Guatemala (1), México (3) y Venezuela (1). La ndmina de res-

pondentes constituye el Apéndice 2.

2. Principales resultados de la encuesta

Como se anticipd en la Seceién 1.1 , el principal objetivo de la encues
ta es describir los recursos humanos y la produccifn de los centros estadis-
ticos respondentes. Los cuadros I, IT, III y IV contienen la informacidn ba-

sica disponible sobre estos-dos temas.

El Cuadro I exhibe al personal de investigacidn y docencia de cada cen-
tro, clasificado por titulo. Son 549 personas en total, entre las cuales hay
146 doctores y 178 masters. De los primeros 90 obtuvieron sus titulos en Es-

Brasil (11), Colombia

tados Unidos, Europa o lugares similares, y de los sepundos 30. NGtese que

para un centro no tememos datos sobre su personal.

Ademds de la informacién sobre los titulos de las personas, disponemos
de datos sobre las dreas de sus titulos,las actividades que realizan, el ti
po de docencia que ejercen, la dedicacién vy las dreas de interés, Por razo-
nes de espacio no presentaremos en detalle tablas completas con estos datos.

El Cuadro Il ilustra un aspecto importante: al clasificar a las 549 perso-

nas por titulo y Area del titulo, se encuentra que hay 240 graduados en es-
tadistica y 111 en las dreas de matemitica, computacién e investigacion ope-

rativa.

Hay también resultados interesantes para los otros atributos: (1) De las
549 personas hay 266 con dedicacifn exclusiva, 213 con dedicacidon no exclusi

va y 70 que no tienen especificada su dedicacidn; (2) De las 549 personas

hay 86 con categoria de profesor titular o equivalente, 215 con otras catego
rias de profesor, 104 auxiliares y 144 que no tienen especificada su catego-
ria; (3) Las 19 dreas de interés (ver Apéndice 1) fueron indicadas para per-
sonas ocupadas en los centros; sobre este tema formularemos algln comentario

en la Seccidn 4.

El Cuadro II1 muestra los productos principales de los centros respon-
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CUADRO 1

Encuesta a Centros Estadisticos Latinoamericanos

Personal de Investigacidén y Docencia de los Centros, Clasificado

por Titulo
Paises Centros Total (1) (2) 3) W) ) &) (7)
Argentina U.N.Buenos Aires 14 1 1 - - 12 - -
U.N.Cordoba 18 1 1 1 - 13 2 -
U.N.Comahue 10 - - 1 7 2 -
U.N.Rosario Fird - 3 - b4 4 1
U.N.Tucumin 18 4 1 1 1 9 2 -
INTA,Castelar 9 1 - 1 1 6 - -
Brasil’ U.Brasilia 33 9 1 - 19 [ - -
USP,Estadistica 41 12 2 - 1T 10 -
USP,Medicina 9 - 6 - 2 - - 1
USP,Agric.L.Mueiroz 11 - 9 - 2 - - -
USP,Matem.Sao Carlos 5 2 = - 3 - - -
U.E.Campinas 26 4 2 2 X7 1 - -
U.Fed.Pernambuco 29 - 1 - 12 16 - -
U.Fed.Rio Janeiro (a) 25 9 5 1 7 3 - -
U.Fed. Sao Carlos 14 3 1 - 3 7 - -
U.Fed.R.G.do Sul 23 - 5 3 7 8 - -
EMBRAPA, Brasilia (a) 27 4 12 1 10 - - -
Colombia U.Andes,Ingenieria 12 5 - 2 3 2 -
C.C.Reg.Pchlacion 12 = 5 4 2 - - 1
Instituto SER 27 4 1 3 3 14 2 -
Chile U.Austral de Chile 7 - - 1 3 3 - -
U.Tecn.F.Sta.Maria 15 2 - 2 8 3 - -
CELADE (b) nd nd nd nd nd nd nd nd
CIENES 11 3 - 3 1 4 - -
Guatemala Inst.Nutricidn 5 2 - - 2 1 - -
México U.N.Autdnoma, ITIMAS 13 7 - - 2 4 - -
Chapingo,Est.y Cal. (a) 24 10 - - 14 - - -
Sec.Agric.,INIA 26 1 - 1 6 18 - -
Venezuela U.de los Andes (a) 13 6 = 4 2 1 - -
Total 549 9n 56 30 148 210 12 3

(1) Doctor, centros de Estados Unidos, Europa, etc.; (2) Docter, centros La-
t inoamericanos u otros; (3) Master, centros de Estades Unidos, Furopa, etc.;
{4) Master, centros Latinoamericanos u otros; (5) Profesional y pregrado;
(6) Estudiante no graduado; (7) No especifica el titulo.

(a) Datos de la encuesta preliminar 1979-80.

(b) No dispusimos de datos sobre su personal.
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CUADRO II

Encuesta a Centros Estadisticos Latinoamericanos
Personal de Investigacién y Docencia Clasificado por Titulo y Area del Titulo

Area del Titulo Total (1) (2) (3) (&) (5) (6) ()

Estadistica 240 45 20 12 81 o7l - 1

Matemdtica, Computacidn o

Investigacidn Operativa 111 I3 9 L R - 1

Otras Areas 137 16 10 11 8 80 12 -

No Especifican Area 61 14 17 e S | 2 - 1
549 90 S6 30 148 210 12 3

Total

Los encabezamientos (1)-(7) figuran en el Cuadro I.

dentes en 1977, 1978 y 1979. NGtese que para 3 centros, que son importantes
por la cantidad y calidad de los recursos humanos con que cuentan, no tene-
mos datos sobre sus publicaciones. A pesar dc¢ ello, los totales del Cuac_lro
IIT muestran una intensa actividad en el trienio. Hay 183 trabajos publica-
dos en revistas dentro de los respectivos paises, 63 en revistas‘fuera df
los paises y 22 libros. El tema de las publicaciones del rnejr._:r nivel sera
tratado en detalle en las secciones 3y 4. Los informes técnicos suman ?65
en el trienio. Hay ademds 17 tesis doctorales y 90 tesis de master_rea%xza—
das por alumnos regulares de los centros. Finalmente, hay 148 publicaciones
de otros tipos: notas para cursos V seminarios, ete.
En gemeral, los cuadros 1 ¥ 11 proporcionan dos ideas centrales; (1)
Los recursos humanos de nivel superior agrupados en los centros respondentes
son muy importantes, y también lo es la produccidn estadistica lograda por
ellos en el trienio 1977-79; (2) Existen diferencias considerables entre los

centros respondentes en cuanto a su tamafio y a su producclon.
bles lograr un buen ordena-

Resulta diffcil con los resultados disponi -
miento de los centros respondentes en términos de la cantidad ¥ de la cf?ll-
dad de sus recursos humanos, de su produceidn y de otros elementos Eor_xsulerg
dos en la encuesta. Ademds tal intento nos alejaria del propdsito basico dl‘z
nuestro trabajo. Sin embargo, para destacar el esfuerzo institucional reali-
zado en algunos casos y enfatizar el potencial desarrollado hasta e!.‘presen—
te, en el Cuadro IV presentamos con sentido exploratorio uha coleccidn de
nueve indicadores.

Los siete primeros indicadores se refieren al personal. d
(1) es el total de personas, reproducido del Cuadro I, y vemos que oscila en
tre 5 y 72 personas, con un promedio de casi 20 personas para los 28 centros
que tienen datos. Los indicadores (2) y (3) registran la cantidad de perso-
nas con titulo de postgrado, doctorado o master, cualquiera sea su origen.
El primero se refiere al total de personas en tales condiciones, oscila en-
tre 1 y 31, con un promedio de 11,6 personas para los 28 centros con datos;
el segundo se refiere al total dle personas con titulo de postgrado en esta-
distica, matemitica, computacidn o investigacin operativa: el indicador va-
ria entre 0 y 30 personas, con un promedio de 8,5 para los 26 centros con da

tos.

El indicador

Los indicadores (4), (5) y (6) totalizan las personas con titulos de
postgrado (doctor o master) recibidos de instituciones de Estados Unidos, Eu
ropa, ete.. Ll primero muestra ¢l total ce estos casos, varia entre 0 y 12,
con un promedio de 4 7 para los 28 centros respondentes con datos. El indica
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CUADRO IIT

Encuesta a Centros Estadisticos Latinoamericanos

Publicaciones y Trabajos Realizados en 1977, 1978 v 1979

Paises Centros CIY G20 L3y e Y (R) ()
Argentina U.N.Buenos Aires =
U.N.Cordoba -
U.N.Comahue -

1 wn
L |
—_
[ =}
| |
LI |
—
L |

U.N.Rosario 18 2z - 9 8 - -
U.N.Tucumin 4 5 1 17 = = A
INTA,Castelar 2 40 - - 3
Brasil U.Brasilia 9 i - - - 18 -
USP,Estadistica 32 7 3 1 2 18 1
USP,Medicina 32 6 2 - 5 8 -
USP,Agric.L.Queiroz 50 3 8 - - 26 46
USP,Matem.Sao Carlos 1 3 - - - 4 11
U.E.Campinas 8 21 - 4 2 10 -
U.Fed.Pernambuco = - - - - 4 -
U.Fed.Rio Janeiro (a) nd nd nd nd nd nd nd
U.Fed.Sao Carlos - - - - - - -
U.Fed.R.G.do Sul - b - - - - -
EMBRAPA, Brasilia (a) nd nd nd nd nd nd nd
Colombia  U.Andes,Ingenieria = - - - - - 28
C.C.Reg.Poblacidn - - 5 17 - - -
Instituto SER - - - 34 - - B
Chile U.Austral de Chile - = = - - - -
U.Tecn,F.Sta.Maria - = = - - = 3
CELADE 8 - 2 43 - - 19
CIENES 1 3 1 50 - - 17
Guatemala Inst.Nutricidn - - - - - - -
México U.N.Auténoma, LIMAS 5 3 1 19 - 2 -
Chapingo,Est.y Cal. (a) nd nd nd nd nd nd nd
Sec.Agric.,INIA 15 - = - - - -
Venezuela U.de los Andes - - - 21 - - -

Total 183 63 22, 265 17 90 148

(1) Publicaciones y comunicaciones en revistas nacionales, incluyendo las e-
ditadas por el propio centro, o contribuciones en librosj (2) Publicaciones
en revistas extranjeras o internacionales, o contribuciones en libres; (3)

Libros, individuales o conjuntos; (4) Informes o memorias técnicas; (5) Te-
sis doctorales realizadas por alumnos regulares del centro; (b) Tesis de mas
ter realizadas por alumnos regulares del centro; (7) Otras. =

(a) No dispusimos de datos sobre sus publicaciones en el periodo.
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CUADRO IV
Fncuesta a Centros Estadisticos Latinoamericanos

Algunos Indicadores del Personal y la Produccion de los Centros

(1) (2) (3) @) (5) (6) (7) (8) (9)

Paises Centros
Argentina  U.N.Buenos Aires G e | I LR e :
U.N.C&rdoba 18 3 =N g - 2
U.N.Comahue ) R | I o= = 2 E 5
U.N.Rosario o T T O :
U.N.Tucumin 7 Y Y SRR e 2 :
INTA, Castelar C TR TR S e L
ili 6 14 3 18
B il U.Brasilia 33 29 29 9 9
s USP,Estadistica 41 31 30 12 11 10 28 ; fg
USP,Medicina 9 & i 13 o
USP, Agric.L.Queiroz 10 11 = L
USP,Matem.Sao Carlos L HRAESIE LRSS T 4 i
U.E.Campinas 36 2% 95 & (6 3n2s 4
U.Fed.Pernambuco 20 13 15" it 1; ; -
U.Fed.Rio Janeiro (a) 2k o A clp G o8 l2 n- =
U.Fed.Sao Carlos Tk T 3 s e :2 T Al
U.Fed.R.G.do Sul 23 15 9 3.2 2 i
EMBRAPA, Brasilia (a) 27 27 nd 5 nd nd nd n
Colombia U.Andes, Ingenieria 190 2 7 2 =% : :
C.C.Reg.Poblacidn 12: 41wk S == SN B
Instituto SER 27 11 3 v 2 - 10
Chile U.Austral de Chile 7 4 4 1 1 1 7 : :
U.Teen.F.Sta.Maria 150 9% i 4 = el
CELADE nd nd nd nd nd nd nd - =
CIENES 11 I 6 [ 5 4 11 3 =
Cuatemala Inst.Nutricidn A I U S R
i i o 12 3
México U.N.Autdnoma, IIMAS I3 % 8 T @6 6
Chapingo,Est.y Cal (a) 24 24 nd 10 nd nd nd nd nd
Sec.Agric., INIA 26 8 s 2 2 2 24 = =
Venezuela U.de los Andes (a) 15 12 % 18 4 nd - -
Total 549 324 221 120 77 57 266 63 107

(1) Total del personal, S )
rer; (3) Id, en estadistica, matemdcica, computacidn e investig

(4) Titulos de postgrado en Estados Unidos, Furopa, etc.; (5) 1Id, en ass
stica, matemitica, computacidn e i.o.; (6) Id, en estadistica; (7) Dedi-
cac exclusiva al centro; (8) Publicaciones extranjeras, ver CuadraI}I;

(9) Tesis de doctor y master, ver Cuadrelll.

ver Cuadro I; (2) Titulos de postgrado: dostor y mas
acidn operatl

va;

fa) Datos de la encuesta preliminar 1979-80. nd=no disponible.

cador (5) se limita a los titulos en estadistica, matemdtica, computacion e

investipgacifn operativa: oscila entre 0 y 11, con un promedio de 3 personas
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para los 26 centros con datos. El indicador (6) se limita a las personas con
titulos en estadistica: varia entre 0 y 10 y representa un promedio de 2,2
personas para 26 centros.

ELl indicador (7) registrala cantidad de personas que tienen dedicaciGn
exclusiva al centro respondente: oscila entre 0 y 28 personas, con un prome-
dio de 10,6 para 25 centros.

Los indicadores (8) y (9) son sobre publicaciones. El primero reproduce
los datos sobre publicaciones en revistas extranjeras del Cuadro IIIyel se-
gundo es el total de tesis de doctor y master realizadas por los alumnos re-
gulares del centro, ambos indicadores referidos a los afos 1977, 1978 y 1979.

Si consideramos como grandes centros de nivel superior en América Lati-
na, dentro de los respondentes, a aquellos que tienen las mayores dotaciones
de personal en estadistica y sus dreas conexas, con formacidn superior y de-
dicacién exclusiva, y que ademds exhiben cantidades importantes de productos
del mejor nivel en el lapso considerado, podemos concluir que un primer gru-
po deberia incluir, en el orden arbitrario utilizado en los cuadres I, III y

IV, a los siguientes centros: Universidad de Brasilia, Universidad de San
Pablo (Estadistica), Universidad de Campinas, Universidad Federal de Rio de
Janeiro, Universidad Autdnoma de México (IIMAS), Centro de Estadistica y C3l
culo de Chapingo y la Universidad de los Andes, Mérida. Son siete centros,
los cuatro primeros de Brasil, los dos siguientes de México y el Gltimo de
Venezuela. Es de lamentar que la informacidn referente a la Universidad Fede
ral de Rio de Janeiro, al Centro de Chapingo y a la Universidad de los Andes,
Mérida, est@ incompleta en nuestro trabajo.

Después de este primer grupo existen otros centros con buena calidad de
recursos humanos y buena produccién de nivel superior, que se distinguen de
aquellos por su menor tamafio en t@€rminos de las cantidades de perscnas quelos
integran. Existen ademds otros centros interesantes e importantes pero que no
poseen recursos humanos con formacidn superior en el extranjero, o queno han
informado sobre produccidn del mejor nivel a que hacemos referencia. Final-
mente existen centros muy pequefos, algunos de los cuales no son propiamente
centros especificos de investigacidn o trabajo en estadistica, por lo menos
a los niveles que hemos enfatizado en nuestro andlisis.

Para EMBRAPA de Brasilia y el CELADE de Chile, disponemos de insuficien
te informacidn para intentar un andlisis detallado, si bien se conoce que son
centros importantes por su tamafio y su produccidn.

Antes de dejar este analisis, debe enfatizarse que es solamente una pri
mera aproximacidn al problema, basada exclusivamente en los datos provenien-
tes de la encuesta. Para un anilisis a fondo faltaria especificar con mis
precisidn algunos aspectos cualitativos de mucha significacidn. Debe recor-
darse que esta es una encuesta por correo ¥ que no hemos tenido opertunidad
de visitar a los centros de interés. En realidad, los autores sdlo conocen a
una minoria de los centros respondentes, En trabajos de este tipo se ha en-
contrado frecuentemente que el contacto o las visitas personales son un com-
plemento indispensable para perfeccionar el anilisis.

La encuesta cubrid otros temas interesantes que comentamos en forma a-
breviada a continuacidn: (1) De los 29 centros respondentes lo son pablicos

(de ellos 11 son nacionales, 5 provinciales o locales), 8 son privados y
5 no especificaron su dependencia; (2) De los respondentes 14 otorgan titu-
los de grade o profesionales, 12 otorgan titulos de postgrado y 6 otorgan
certificados de postgrado; (3) 10 centros publican informes periddicos de su
labor, 15 no los publican y 4 no responden a la pregunta respectiva; (4) La
participacién de miembros del centro en actividades editoriales en estadisti
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ca y sus dreas conexas en el trienio 1977-79 muestran las siguientes cifras:
5 personas fueron editores o editores asociados de revistas estadistxcaf. f&
se desempeiaron como drbitros y 22 como revisores de tra?ajos de estadistica
y sus Areas conexas, todo en el lapso considerado;’(S! Flnalmenfe, en los

centros respondentes se editan 3 revistas en estadistica y sus areas conexas.

3. Publicaciones de estadisticos latinoamericanos:

objetivos y procedimientos .
El propdsito de este trabajo es cuantificar las publicacianeg rea}1za—
das por estadisticos latinoamericanos en el lapso 1975-1979, con énfasis en
icaci el mejor nivel. ]
- P;Eiégaqéggeiad"American Statistical Association" (ASA) y el "Institute
of Mathematical Statistics” (IMS) publican la revista CEr?ent Index to Sta-
tisties (CIS) de periodicidad anual, que contiene una Ecmlna de los trabaqof
de estadistica y sus dreas conexas en el mundo. El‘volumen 5 de 1979 c?n§1:_
ne aproximadamente 6.700 articulos, extraidos de mas‘de 600 fuen;estorE§}:
les, principalmente revistas, actas de cnngresgs y £1brcs. De ca ? lra 0,]5e
se da la cita bibliogrdfica completa: autor, ano, titulo y fuente; u:gt'tu‘
1o clasifica por las palabras claves que (generalmente) aparecen en el L1
lo.

En el momento de encarar este trabajo habian aparecido }os ?olumenesr:_
al 5, afios 1975 al 1979, que cubren aproximadamente las publicaciones apa
cidas en esos mismos afios. 2 : -
El procedimiento seguido consistid en formar una‘llsta de nom:r;s deuﬁ_
tadisticos latinoamericanos y buscar en los cinco voliimenes del CIS las p
blicaciones incluidas bajo esos nombres. i
Las listas utilizadas contienen un total general qe 2186 nombr;:é s:f:-
consta en el Cuadro V., Las listas se originaron como sigue: (1) CIENES,

tro Interamericano de Ensefanza de Estadistica, Santiago, Chile: "Egresados
CUADRD V
Lista con Nombres de Estadisticos Latinoamericanos,
con Clasificacién por Paises
Pais A @ (3) &) (5 () (1) (8 (9 Total
Argentina T e U O R TR zgg
Brasil 59 52 3 52 8 4 4 5 = i
Bolivia 76 26 - 1 1 - - - - 23
Chile 195 5 33 32 42 8 1 2 - 5
Colomhia 92 44 51 27 6 7 - 1 =
- 5
Cuatemala = = 5 = = = - =
México 55 54 63 4l 6 5 2 9 79 3;;
Paraguay 3% 23 - 1 1 - < = + 2
Peril g3 32 = 1l 3 = - - = 13
Venezuela 56 26 13 24 3 4 18 4 - . 148
Uruguay 44 19 L = 1 = = =4 = 64
Total 828 352 549 1211 74 41 28 24 79 2186

(1) CIENES; (2) TIASI; (3) Encucsta; (4) ASA; (5) SELENES; (6) COLPRIE; (7)
Bernoulli; (8) ISI; (9) Otras.
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por Cursos, Paises e Indicacidn del Afio Cursado”, 1962-1976; (2) IASI, Insti
tuto Interamericano de Estadistica: "Latin Americans Receiving some Statisti
cal Training in the United States", 1942-1964; (3) ENCUESTA: "Encuesta a Cen
tros Estadisticos Latinoamericanos', ver secciones 1 y 2 de este informe; (4)
ASA: "Directory of Statisticians", 1978; (5) SELENES, Seminario Latinoameri-
cano sobre Ensefianza de Estadistica", Santiago, Chile: "Informe Final", 1978;
(6) COLPRIE, Comit& Latinoamericano para Promover Relaciones Internacionales
en Estadistica: lista de envios del "Boletin Informativd',1979; (7) BERNOULLI,
Regional Latinoamericana de la Sociedad Bernoulli para la Estadistica Matemd
tica y la Probabilidad: "Boletin Informativo N°1", 1980; (8) ISI, Imstitutoe

Internacional de Estadistica: "List of Honorary and Ordinary Members by Coun
tries", 1979; (9) Otras fuentes diversas.

Las listas presentan alguna superposicidn, pues hay personas que apare-
cen en mis de una de ellas. Un cdlculo del total de personas, sin repeticio-
nes, es 1813,

Algunos de los problemas generales que pueden originarse con este tipo
de disefio del trabajo son los siguientes: (a) Definicidn de "Latisoamericand'.
La nacionalidad de las personas en general no estuvo disponible. No conoce-
mos la de origen ni la del momento de formar la lista o la actual. Tampoco
dispusimos del domicilio, pasado o actual. Desde estos puntos de vista la in
formacidn estd menos definida por pais que para el total; (b) Tratamiento de
autores conjuntos. Un caso es el de un autor latincamericano v otro que no
lo es: se optd por incluir todos los trabajos en los que interviene un autor
de nuestra nomina.

Existen ademds algunos problemas que pueden conducir a que el total de
trabajos detectados sea menor de lo que podria considerarse la produccidn de
los estadisticos latinoamericanos. Algunos de los mids importantes son los si
guientes: (a) La ndmina de personas es incompleta. No disponemos de censos
de los estadisticos latinoamericanos existentes en los afios 1975 a 1979. Por
otra parte, nuestras listas tienden a concentrarse en estadisticos profesio-
nales por estudio, formacidn o lugar de trabajo, v tienden a excluir a los
especialistas en dreas sustantivas: agronomos, bidlogos, economistas, inge-
nieros, socidlogos, etec. lgualmente tienden a excluir a los matemdticos, ex
pertos en computacidn, etc.; (b) La ndmina de revistas y otras fuentes trata
das por el CIS, en general excluye muchas de las revistas de los paises lati
noamericanos en las que sus estadisticos pueden publicar sus trabajos. De al
guna manera puede decirse que el CIS se concentra en fuentes internacionales
y de diversos paises, que pueden ser de mayor interés para la disciplina v
sus especialistas; (c¢) La lista de trabajos se refiere en general a los arti
culos, libros y similares publicados en forma definitiva. Excluve por lo tan
to los informes t@cnicos, las monografias, las tesis y otros trabajos termi-
nados, pero no publicados; (d) Omisiones de trabajos por errores de ejecu-
cion.

Un problema que puede actuar en el sentido contraric a los mencionados
precedentemente, es que hemos incluido tante articulos como libros, comenta-
rios a articulos o libros, y toda otra referencia que aparecid en el C1S: no
realizamos ningiin ajuste por la naturaleza del trabajo. Otro problema es que
algunos autores, si bien latinoamericanos por su origen, estaban en el momen
to de escribir sus trabajos fuera del continente, o viven permanentemente
fuera de €1, Sin embargo, un andlisis cualitativo de la informacidn nos indi
ca que ambos problemas no tienen una magnitud suficiente come para invalidar
la significacidn de los hallazgos que comentamos a continuaciln.
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4. Principales resultados del trabajo sobre publicaciones

CUADRO VI

Trabajos de Estadisticos Latinoamericanos Listados en los Voli-
menes 1 a 5 del "Current Index to Statistics, Afios 1975 a 1979

Clasificacidn por Pais y Afio de Publicacidn

Encuesta a centros estadisticos latinoamericanos, pp. 378- 389

Afio de Publicacidn

CUADRO VII

Trabajos de Estadisticos Latinoamericanos Listados en los Voli-
menes 1 a 5 del "Current Index to Statisties". Afios 1975 a 1979

Clasificacifn por Afio de Publicacidn y Tema (AMS 1979)

S 1975 1976 1977 1978 1979 Total
Argentina 7 5 4 4 6 26
Brasil 8 8 7 4 = 27
Chile 1 i 2 - 1 4
Colombia 1 = 3 2 - 6
México 4 2 2 - 2 10
Uruguay - 1 2 1 - 4
Venezuela 1 - 2 3 1 7
Total 22 16 22 14 10 84

Un resultado bdsico del estudio estd en el Cuadro VI. Un total de 84
trabajos fué encontrado en el lapso 1975-1979. La distribucién por paises
muestra mayores cantidades en Brasil (27), Argentina (26) y México (10), ¥
cantidades menores en Venezuela, Colombia, Chile y Uruguay.

Existen diferencias entre los totales de los afios considerados, con un
mAximo de 22 trabajos en 1975 y 1977 y un minimo de 10 en 1979. No es fAcil
explicar esta cantidad baja en 1979. ;

El Cuadro VII presenta una clasificacidn por temas, utilizando el esque
ma de la American Mathematical Society (AMS) de 1979. La asignacidn de temas
fud hecha en base al titulo del trabajo, lo que podria dar lugar a algunos
cambios si se conociera el contenido de la publicacidn. Hay 59 trabajos de
estadistica, 24 de probabilidades y 1 de computacidn. Las dreas estadisticas
mayoritarias son inferencia en procesos estocdsticos (10), aplicaciones (10),
inferencia paramétrica (9) y regresién y correlacidn (9). Las dreas principa
les en probabilidades son teoremas limites (6) y procesos estocdsticos (6).

En general el interés de los estadisticos latincamericanos aparece como
repartido entre los principales temas. Omisiones importantes son teoria del
muestreo v encuestas por muestreo (62D) y estadistica en la ingenieria (62N).
Se podria conjeturar que estas omisiones se deben a que la mayoria de los
que publican estdn asociados con instituciones de tipo académico, mientras
gque los temas faltantes son especificos de los sectores gubernamentales y de
las empresas, respectivamente,

Otra informacidn disponible es la fuente, es decir la revista o el edi-
tor del libro donde aparecid la publicacién. Los 84 trabajos aparecieron en
un total de 43 fuentes distintas. De ellas 4 son total o parcialmente en es-
pafiol, 2 en alemdn, | en francds, 1 en italiano y el resto en inglés. De las
fuentes internacionales hay 14 trabajos en The Annals of Statistics y The An-
nals of Probability, 5 en Estadistica y 5 en publicaciones del Instituto In-
ternacional de Estadistica (ISI).

Con respecto a la revista Estadistica del TASI, una revisidn de los vold
menes publicados entre 1975 y 1979 mostrd 7 trabajos publicados por estadis—
ticos latinoamericanos que no figuran en el CIS. Ellos corresponden a esta-
d%sticns de Brasil (2), Chile (1), Colombia (1), México (1), Repiiblica Domi-
nicana (1) vy Uruguay (1). Respetando el enfoque seguido en este estudio, los
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Tema Afio de Publicacidn Foral
Codigo Nombre 1975 1976 1977 1978 1979
62 ESTADISTICA - 1 1 ! = 2
62A TFundamentos 1 3 - o - 4
62B Suficiencia = = = - = =
62C Teoria de la decisidn - 1 2 = - 3
62D Teoria del muestreo, encuestas
por muestreo = = = - = =
62E Teoria de las distribuciones - - - - - -
62F Inferencia paramétrica 4 - 3 1 9
62G Inferencia no paramétrica - 1 - - - 1
62H Andlisis multivariado 1 - 1 - 1 3
62J Regresidn y correlacidn 4 1 - 3 1 9
62K Disenos experimentales 1 - 1 3 - 5
62L Meétodos secuenciales ¥ - 1 1 - 3
624 Inferencia en procesos estocds-
ticos 3 1 3 1 2 10
62N Estadistica en la ingenieria - - - - - -
62P Aplicaciones 3 - 7 - - 10
620 Tablas estadisticas - - - - - -
Total ESTADISTICA 18 8 19 5 5 59
60 FROBABILIDAD - - - - - =
60A Fundamentos de la teoria de la
probabilidad - 1 = = - 1
60B Teoria de la probabilidad en
estructuras algebraicas y to-
polbgicas - 1 k= 2 1 4
60C Probabilidad combinatoria - 1 = - = 1
60D Probabilidad geométrica; geo-
metria estocdstica; conjuntos
aleatorios - 1 = 1 1 3
60E Teoria de las distribuciones 1 - = = — 1
60F Teoremas limites 2 2 1 = 1 6
60C Procesos estocdsticos 1 1 1 1 2 6
60H Andlisis estocdstico - - = - = =
60J Procesos de Markov = = = 1 = 1
60K Procesos especiales = =~ 1 = = 1
Total PROBABILIDAD 4 1 | 5 5 24
63] Simulacidn (computacidn) - 1 - - - 1
Total General 22 16 22 14 10 84
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trabajos no fueron agregados a los 84 extraidos del CIS.

Es indudable que existe una asociacifn fuerte entre la publicacidn en
revistas norteamericanas o editadas en Norteamérica, y el hecho de que mu-
chos de los estadisticos latinoamericanos que publicaron hayan estudiado en
este pais.

Otra clasificacidn intentada fué por pais y fuente (ademds de por afio).
No encontramos observaciones de interés en los datos resultantes,

Al analizar las publicaciones de las distintas personas, encontramos

Encuesta a centros estadisticos latinoamericanos, pp. 378- 389

pal act:i.vidaf es la ensefianza de grado; de ellos sdlo ocasionalmente quedd
alguno incluido entre nuestros respondentes. En realidad, nuestro tratamien-
to dt? la propia ensefianza de postgrado es incompleto, pues nos limitamos a‘
considerar las tesis publicadas como trabajo del centro: hay centros que no
las exigen dentro de los programas de master, por ejemplo.

OEro aspecto que no se tuvo en cuenta en forma directa es la actividad
en el drea de las estadisticas oficiales de los paises y en el campo interna
cional. Se advierte que posiblemente la mayor fuente de ocupacién para los

que varias personas publicaron mis de un trabajo: una publicd 7, dos publica
ron 5, cinco publicaron 4 (dos de ellas como coautores), cinco publicaron3y
2 cada uno. Un total de 61 personas distintas, que tomamos como

i 5
estadisticos profesionales es precisamente este sector gubernamental.

3 publicaron i i

esfaaisnicos latinoamericanos, aparecen como autores o coautores de uno o Publicaciones de Estadisticos Latinoamericanos

mas trabajos en la ndmina que formamos. Esto representa en el orden del 3% informacisd :

del total de personas incluidas en nuestra indagacién, lo que aparentemente o La info clon obtenida en este trabajo puede evaluarse con un sentido
mas o menos optimista. Si se compara el total de 84 (8 91 si agregamos los

ante de la experiencia tenida en estudios de este tipo. Pa-

se alejaria bast tu ;
profesidn de economista como un

ra los Estados Unidos se estimd que "para la de la revista Estadistica) trabajos publicados en 5 afios en 43 fuentes dis-

todo, la produccién de articulos es probablemente uno por persond cada 20 tintas, con los 6.7?0 trabajos provenientes de mds de 600 fuentes que figu-
o gty xran en el CIS del fno.lg?B sclfmenl:e, queda en descubierto el modesto desa-
rrollo de la estadistica en América Latina, en comparacidn con otras partes

del mundo.

'Sin errlbarg.o, una visidn mds optimista debe sefialar lo siguiente: (1) La
cantidad y calidad de los trabajos publicados equivale a casi una revista pe

5. Resumen y conclusiones
Encuesta a Centros Latinoamericanos

La encuesta de 1981 condujo a un total de 29 respuestas sobre 106 cues-
tionarios enviados por correo, Sin embargo, es posible aseverar que la mayo-
ria de los principales centros académicos superiores de América Latina que
operan al nivel de postgrado y que se dedican en forma intensiva al trabajo
o a la investigacién en temas estadisticos, estd entre los responfente.‘_a'.

Para justificar esta aseveracién tenemos en cuenta la relacidn existen-
te entre la encuesta y el trabajo presentado en las secciones 3 y 4 de este
informe. En efecto, mientras las publicaciones de estadisticos latinoameri-
canos incluidas en el CIS suman 46 para los afios 1977, 1978 y 1979 (y 52
cuando agregamos 6 de Estadistica que no estdn en el CIS hasta 1979), los
centros respondentes informan un total de 63 publicaciones en revistas ex-
tranjeras de esos afios (Cuadro 111). Es decir que los centros respondentes
publicaron en revistas que se presuponen del mejor nivel, un total superior
al consignado en el CIS del periodo correspondiente.

Fxisten diferencias importantes entre las definiciones que dan lugar a
estas dos cifras, algunas de las cuales fueron exploradas en la Seccidn 3. A
ellas debe agregarse que desde el punto de vista de un centro, las revistas
de otro pais latinoamericano son extranjeras. Debe notarse que ninguna de las
dos colecciones de trabajos es un subconjunto de la otra, aunque existe una
considerable superposicion.

Algunos de los principales indicadores que pueden construirse con los
datos disponibles sobre el personal y la produccién de los centros responden
res, constituyenel Cuadro IV. Es importante destacar que los centros que in-
formaron 're su dotacion de personal tienen un total 2= 549 personas dedi-
cadas a docencia e investigacidn, de los cuales 324 tienen titulos de post-
grado. Una cifra interesante es que los centros respondentes tienen un total
de 45 doctorados en estadistica que recibieron sus titulos en centros de Es-
tzdos Unidos, Europa, ete.

Un aspecto que debe enfatizarse es que la encuesta no estuve ligada al
tern de 'a ensenanza de la estadistica, sobre todo al de la ensefanza de gra
do. Es conneido que en varios paises existen centros importantes cuya princi
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riddica de buen nivel, que podria imputarse a America Latina como si todos
estos esfuerzos hubieran estado consolidados; (2) Es posible conjeturar que
si esta indagacidn se hubiera realizado en el pasado, digamos hace 10 afos
los resultados hubieran sido significativamente menores. i
Con respecto al primer comentario, no debe interpretdrselo como una pro
?uesta para que tal revista se intente, por lo menos no necesariamente. Es o
indudable -que una de las razones para la existencia de los trabajos detecta-
dos es la presencia de fuentes prestigiosas que motivan a los estadisticos
para Eubhcar en ellas. Sin embargo, la existencia de estos trabajos del ni-
vel mas elevado deja en claro la existencia de una infraestructura estadisti
ca, soi?re todo en los sectores académicos, que sirve de base para otras pu-‘
blicaciones de interés menos general, y que puede explorarse para posibles
desarrollos futuros. Esta aseveracion estd confirmada por los datos sobre
produccidn de los centros que respondieron a la encuesta, Cuadro TII.

Conclusiones

Una persona interesada en conocer el desarrollo de la disciplina y la
profesidn estadistica en América Latina podria vilidamente preguntarse: (1)
Se registra un progreso significativo a través del tiempo, por ejemplo en
los filtimos 20 o 30 afios?; (2) En el momento actual, estd la estadistica su-
ficientemente desarrollada en los distintos paises y en la regifn como un to
do, en comparacidn con otras disciplinas de inter®s para la sociedad, o de a
cuerdo con el nivel politico, econdmico y social alcanzade? >

Los trabajos empiricos que hemos preseatado no ofrecen respuestas direc
tas a estos interrogantes: son aportes para que en conjunto con otras fuen-
tes de informacidn, se tienda a dar respuestas bien justificadas. Un primer
signo de su valor serfi si consiguen generar motivacidn suficiente para que
aquellas y otras preguntas similares se analicen exhaustivamente.

Ademd3s los trabajos han logrado reunir un conjunto interesante de datos
estadisticos. A pesar de sus limitaciones, es indudable que la encuesta ha
mostrado con claridad que en el sector académico de varios paises latinoame-
ricanos existe un proceso (que tiene distintos estados de avance segin los
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paises), que ha logrado un destacable grado de institucionalizacidn. Existen
centros estadisticos bien dotados de personal con formacidn superior, dedica
dos a la produccidn de estudios e investigaciones del mejor nivel. i

Parece indudable que la cantidad y calidad de los recursos existentes
en los centros estadisticos latinoamericanos, hasta donde nos permiten infe-
rir los resultados de esta sencilla encuesta, abren una perspectiva auspicio
sa para el desarrollo integral de la estadistica en los paises de la regidn.

Igual tipo de conclusién surge al considerar la informacidn del trabajo
sobre publicaciones de los estadisticos latinoamericanos.

Con respecto a las tendencias en el tiempo, a pesar de la falta de in-
formacidn detallada, se observa en la América Latina actual una cierta efer-
vecencia en el campo estadistico, liderada por los sectores académicos. Los
resultados de estos trabajos contribuyen a confirmar esta idea. Lo que segu-
ramente falta es continuar vigorizando este esfuerzo, dentro de cada pais
v en los planos regional e internacional, tratando de extenderlo a sectores
de aplicacidn que han resultado claves en otras partes del mundo: las apli-
caciones de estadistica en los sectores gubernamentales, cientificos dedica-

dos a areas sustantivas, y de las empresas.
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Summary. A total of 29 Latin American centers provided detailed information abo
ut their teaching and research personnel as of 1981, and about their output (pu-
blications and other) for 1977, 1978 and 1979. These centers represent a good co
verage of large, academic, statistical centers devoted to research and gradua-
te-level activities in the region. A parallel investigation is reported inwhich
the Current Index in Statistics volumes for 1975-1979 were searched for publi
cations made by Latin Americans. Information from these sources show a reasonalle
agreement. It is argued that the quantity and quality of the human resources and
of their statistical production,together with the interesting degree of institu
ticnalization that has been achieved, canserve asa basis for a strong develop—
ment of statistics in Latin American in the near future.

Hésume. Un total de 29 centres en Amérique du Sud ont donné une information detai-
ITée 5ur leur personnel d'enseignement et d'investigation en 198], et aussi sur leur
production en 1977, 1978, et 1979, Ces centres ci, représentent une couverture des
centres statistiques du genre académique de grand volume, et travaillent sur 1 'in
vestigation et les activit@s auniveaudu doctorat dans toute cette région. Para—~
ll2lement, les volumes 1975-1979 revue "Current Index Statistics', ont &té exa-
mings pour extraire les publications faites par les sud américains. L'informa-
Ltion qui vient de ces sources nous montre un raisonnable degré de fermet. On sou-—
tient que la '.;uqnt‘il:ﬁ de resources humaines et leur production statistique avec
le depré tres intéressant d'institutionalisation atteint, ils peuvent servir
d: base a un dévellopement statistique en Am@rique du Sud dans un futur pro-
chain.
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Agendi:cu I: Encuesta a Centros Estadisticos Latinoamericanos
Cuestionario Utilizado en la Encuesta

ENCUESTA A CENTROS LSTADISTICOS LATINUAMERICANUU

Auspiciada por el COLPRIE, Comité Latincamericano para Pro-
mover Ralaciones Internacionales en Estadistica

- 1980 -

1. Nembre Completo y Sigla (Abreviatura) del Centro ...cveseeserssssosnssasasanans

3. Nombre de la Institucidn de la que depende: .

3.1 T Gobierno Nacional o Federal 3.3 T Institucidn o Empresa
3.2 |J Gobierno Provincial o Local 3.4 ] Otros
(marcar todas las casillas que correspondan)
4. Nombre del Director aCtudl.cscsesssssasassnssnssenssnscsssncscasossnssnsnsasns e

5. Objetivos dentro del campo de la Estadistica y sus Areas Conexas

Nota: En Estadistica y sus Areas Conexas incluimos los siguientes temas: Esta-
distica Teérica y Aplicada, Probabilidades, Bioestadistica, Fconometria,
Demografia, Investigacidn Operativa, Computacidn en Estadistica y temas
similares. Y

{1 Enseiianza a nivel de Grado o Profesional: Estadistice, Licenciado

L] Ensefianza a nivel de Postgrado: Master, Doctor

. Trabajo en el Area de las Estadisticas Gubernamentales

10 Consultoria, Apoyo a la Investigacidn Aplicada,Trabajos para Empresas
Otros (especificar)

[ERV RV AV
[ R P

ular Titulos o Certificados en Estadistica y sus Areas

6. Otorga en forma reg
Conexas?

6.1 Elwi 6.2 Timo

.3 [ITitulos de Graso o Nivel Profesional: Estadistice, Licenciado
4 T1Titulos de Postgrado: Master, Doctor

.5 [ Certificados de Postprado

6 Otros (especificar)

Nombre de la publicacifm ssssesserssssnasrnaiancnaniecs
Periodicidad ...sensevesssrsananansssans
Desde cuando se publica? cesevsrcrsireniiitiraaaniiinn.

Nota: Se ruega acompaiar un ejemplar del Glrimo informe.
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Desde cuindo st edita en el Centro? gl Fio130a| = .
y i
11. Personal del Centro (ver planilla adjunta) |
Unc de los objetivos de esta encuesta es mostrar el potencial de los Centros i !
Latinoamericanos dedicados a la estadistica y sus dreas conexas, para editar i ]
revistas  estadisticas, publicar articulos tedricos y aplicados, etc. Por f'?. | E \
esta razdn nos serd de suma utilidad conocer la formacidn académica de cada g =
¢ iw = 5 = - i
uno de los integrantes del Centro como asi también sus 3reas de inters en in- | |
vestipgacifn, ete, [ |
1
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Apéndice 2: Encuesta a Centros Estadisticos Latinoamericanos
Nomina de Respondentes y Abreviaturas Usadas en este trabaje

"
u
=
\:
H
H = U.N.Buenos Aires Laboratorio de Estadistica, Departamento de Matemitica,
2 4 Facultad de Ciencias Exactas y Naturales, Universidad
% s de Buenos Aires.
gs u g U.N.CSrdoba Instituto de Estadistica, Facultad de Ciencias Econdmi-
g 2 “ ) cas, Universidad Nacional de Cérdoba.
3 g4 S a U.N.Comahue Departamento de Matematica y Estadistica, Facultad de
sz E o o. ] u Economia y Administracidn, Universidad Nacional del Co-
Ek = e 2 = mahue, Neuquen.
* 3 g W -t - ? - - 3 - - -
E.E: 2 gl d H U.N.Rosario Escuela de Estadistica, Facultad de Ciencias Econdmicas,
ge B PR R 8 2 Universidad Nacional de Rosario.
TE o ETEEsEdEs i = U.N.Tucumian Instituto de Inv.stigaciones Estadisticas, Facultad de
= ao g TEIRTELRE o Ciencias Econdmi.as, Universidad Nacional de Tucumin.
] g g ‘éSTZ’E P28 3ES 29 - INTA, Castelar Departamento de Estadistica, Instituto Nacioral de Tec-
- ] L L8 s B R \E T % nologia Agropecuaria, Castelar.
L i 288, o3TaE2 8828052 g2 U. Brasilia Departamento de Estadistica, Universidad e Brasilia.
S A " gEEe” L Hhamywase datwle qw USP, Estadistica Instituto de Matemdtica y ‘Estadistica, Universidad de
87 % 2 §§0ES G gEmcEiesoEosEgiisd, San Pablo, San Pablo.
Sl o o 8 2820 @ DEESEEaSELIRERETEGE USP, Medicina Departamento de Epidemiologia (Area de Estadistica), Facul
83 = < EEEEE SPOEEIaPRER84REAARS tad de Salud P{iblica, Universidad de San Pablo, San Pablo.
i3 ] (b 8 =i n wanse ry Cm USP,Agric.L.Queiroz Departamento <« Matematica v Estadistica, Escuela Supe-
o M 2 5 mmMT T MM O~@ S 3 A8 .? P 3 . . 5
i 35 i H e NN rior de Agricultura Luiz Queiroz, Universidad de San Pa
B oy = g § Sdcn E SSdddadZSdddd4a000n blo, Piracicaba. o )
ol e 2 T 2 USP,Matem.Sao Carlos Instituto de Ciencias Matematicas de San Carloes, Univer
I 3 : i idad de San Pablo, San Carlos.
B &= = B - slda »
- "N} - Py - - - . - - 3 =
| =a £ - E U.E.Campinas Instituto de Matemitica, Estadistica y Ciencias de la
= -3 a2 ‘E - - - -
o e N Computacion, Unwersxéad_‘ﬂstatal de Ear_npmus._ 1
g 3 9§ E U.Fed.Pernambuco Departamento de Estadistica e Informatica, Universidad
E Ea & 5 i . . Federal de Pernambyco, Recife. g
& -E.E 2 5 z U.Fed.Rio Janeiro Instituto de Matematica, Universidad Federal de Rio de
8 e = Janeiro.
= -4 ] - - - - T -
B oag ] U.Fed. Sao Carlos Departamento de Computacién y Estadistica, Universidad
- o
4 sd 2o z Federal de San Carlos. L
§ %E‘ 33 g u 9 U.Fed.R.G. do Sul Departamento de Es{addlsglcg. Igstétugolde ll;latemaf\ica. U=
1 R - g 8 niversidad Federal de Rlo Grande do Sul, Porto Alegre.
é 3?; E :3 @ 'E Py EMBRAPA, Brasilia Empresa Brasileira de_PeEqmsa Agropecuaria, Sgaslha.
. et 2 23 § 4 i Eelsz U.Andes, Ingenieria Departamento de Ingenieria Industrial, Universidad de
S Sed 2gR oo B & 5553 los Andes, Bogotad. . o L
g3 @5 4% e 3 e C.C.Reg. Poblacién Corporacion Centro Regional de Poblacitn. Bogotd.
S8E E G400 £ 5 L Instituto SER Instituto SER de Investigacidn, Bogotd. -
SSE 8 Gsdc 8 29 ZETE U.Austral de Chile Escuela de [stadistica, Universidad Austral de Chile,
bE T IR £35% Valdivia. Gl s iy
Loz 25245 3 284 §u3% U.Tecn.F.Sta.Maria Departamento de Matemitica, Facultad de Ciencias, Uni-
BER Y —dne oooan 1434 3 versidad Técnica Federico Santa Maria, Valparaiso.
288 4 FEEE -E === EEEE‘E‘E E CELADE Centro Latinoamericano de Demografia, Naciones Unidas,
il = sEuhhd 5 Santiago. i 2 o
Ev= 5§ 3 = *:-;':-;‘E £ é CIENES Centro Interamericano de Ensefianza de Estadistica, OEA,
Ee asags ° Santiago.
b E - . - 4 & 2P
=3 F EE‘E‘E:g o = '-§ e 55‘3 2 Inst.Nutricidn Divisign de Estadistica, Tustituto de Nutricidn de Cen-
5 S88&8E8 T 2728 g o 88 tro América y Panamd, Guatemala. iy ;
& pow peS B dEnEg ‘EEE J: ”.".'E U.N.Auténoma, ITMAS Instituto de Investipaciones en Matemiatica ;\1!1‘153513 v
B gesaby T wpEEadE . g2 S5 24 en Sistemas, Universidad Nacional AutOnoma de México,
2 BEiZEy 1zBSL 3 823 228 Re México D.F. e & ]
§a82ad o SASGHS § 252 5 68 3 Sa Chapingo, Est. y Cal.Centro de Estadistica y Cdlculo, Colegio de Postgradua-
e i i M B o s il ] i —rd o= * dos Ch'!pingo
e it s e s el et - Bt (e s, Ch . o : )
g R v 8 ..:_‘:_':: ] ..:: g .:j' ?: :: Sec.Agric., INIA Instituto Nacional de Imn.-st1gacmnc,~a‘;\;‘,rwulu.~=, Secre-
§ SSZIZIHZ £ ZSREZE 2 2R3 4 2R 8 28 taria de Agricultura y Ganaderia, México D.F. B,
= o : = : U.de los Andes Facultad de Economia, Universidad de los Andes, Mérida,
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Notes on the estimation of parameters in vector
autoregressive models

T. W. Anderson, Stanford University
Radl P. Mentz, University of Tucuman

1. Introduction

In the current literature there exists interest in studying vector
models for time series that have a linear structure and a finite
number of parameters, In particular, the vector autoregressive '
model is attractive for applications in various areas.

In the present paper we consider the estimation of parameters
in vector autoregressive models. In the estimation by means of the
sample Yule-Walker equations, we prove that under general conditions
the estimators have properties analogous to those satisfied by the
parameters of a stationary process; this is an extension of a result
found useful in the study of scalar time series. In the area of
maximum likelihood estimation, we present some results that are
extensions of those found useful in the study of the siructure of

the likelihood function for the scalar case; see Anderson and Mentz
(1980).

2. The model and its basic properties

let us consider the m-component vector autoregressive process of
order p

Vo ¥ By Vo a ¥ oan ® Bp Ye-p = Yy’ t=L s Didhaon 5 020

where the y, are observable random vectors of finite size = > 1,

the B.i are mxm matrices of parameters, and the u, are
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uncbservable, independent random vectors with Eu ) 0y it tuls =

<] t\l', where & % ie Kronecker's delta function. We assume that
= s :
V is positive definite. This model has m2p parameters in the

B. and im(m+l) parameters in V.
J

Let
- P

B(z) = I B, &Y, e
Jj=0
The process is stationary and Yy t independent of
of the determinantal

where B, = 1.

0 5
U, a0 u_t+2, ... provided all roots :’»l; ses ’Zmp
equation

|B(z)] =0 (2.3)

; : tu
are less than one in absolute value. In this case the process 1

invertible into an infinite moving average

Y = Z A u (2’4)

J=0 % -3’

where A = I. See, for example, Hannan (1970). And¥l (1971)

analyzed alternatxve forms of the condition for stationarity.
1et {E.} denote the covariance sequence of the process,

J
;= Ey Y J=0, £ 1, + 2, ..., (2:5)
J t Tt
where Zh -L' . These satisfy the Yule-Walker equations
5! $' =y
+ =
Ea T By By Wieor PBELT Y
(2.8)
= BELl,; 2 s
B R  * e HBE 0, 1.3,
The spectral density matrix is -
) U T . - iXh
oA 2
f(A) = 5= B(e™) VE(e) =g E e B, (2.7)

where ihe bar denotes complex conjugate, and the second
equality holds provided the series converges. The inversion

formula is then

182

m
£, =/ e ex) an . (2.8)
=Tf

Some special cases may be illustrative. If all B 3 and V
are diagonal, (2.1) represents m scalar autoregressive processes
of order p, with independent probabilistie structures, If
P = 1, we have the first-order vector autoregressive process of

size m,

yi & B i1 = Yy 7 PRI DA [ ISP (2.9)

In this case the Yule-Walker equations give

3 s s
Es = {-B) Zos Z,-B8Z,B =V. (2.10)

The m-component vector autoregressive process of order p can
also be written as an mp—component vec'bor autoregressive prucess of
1
or;der I!, IIn ei‘f.‘ect lettlng Yt (yt,yt 1 e Vt-pﬂ) "
Utz(ut, ,..,,D) r

By B, By ... B, B
-1 0 0 0

B i ol il R 91 (2.11)
LO 0 0 -1 0

the model (2.1) can be written as

* * ¥ - 0
+ B Y = Ut] t=.--,“1’0;l;--- r (2.11)

Yy $-1

and the roots of (2.3) are those of

13* + A I| =0, (2.13)

See Anderson (197la, Section 5.3) for ‘an analysis of this transfor-

mation in the scalar case. General references for the vector
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autoregressive process are Hannan (1970), Kashyap and Rao (1976),
and Quenouille (1968).

With observations Ypreres¥p Ve want to est.inlmte the BJ and
V. Two frequently used procedures are to estimate the Bj by means
of the sample Yule-Walker equations, or to estimate all parameters
by maximum likelihood under the additional assumption of normality.

3. Estimation by means of the sample yule-walker equations

Ve consider estimation of the B.i by the sample analog of (2.6) for

5=1, wuey P; DaEELY,
P
I B C y=-Cy 51, vves Dy (3.1)
j:
where
; g ' 0,1
STl Ty $=s+1 Y¢'t-s’ S sy g (3.2)

We want to prove that the estimators of the BJ in (3.1)
arising from these sample Yule-Walker equations are such that the
corresponding roots of (2.3) are those of a stationary process. The
proof generalizes that in Anderson (1971b). Whittle (1963) used a
similar argument io show that the relation holds in terms of the
parameters of the underlying process defined by (2.1). De Jong
(1976) considered solving recursively systems like (3.1) for

inereasing values of p.

Proposition 1. Let (yl, i yT} be an mxT matriz of real
nunbers, T > mp-ptl and define

C? Cl C_D-l
¢ - c? c? c?_e . (3.3)
C: C: C'
_p—l p-2 0 |
184
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%
If € i nonsingular, then the roots of (2.3) where B

TR -
satisfy (3.1) are less than one in absolute value. ¢ =
Proof, let 8* be as in (2.11), and
£ cy c, e G B
c? R
o I L T (3.4)
.I : 2
Cp-z Cp-} iy
i -
Then (3.1) is identieal to
56 =%, (3.5)

and the roots of (2.3) are identical to the characteristic roois of

kS —
B =-CC l. A characteristic root A and corresponding left-

- *I 1 1
sided characteristic vector u = (ul, Tl up) satisfy
¥l — ¥
LY e . (3.6)
%1 | ' 1 :
Let y, = (yt, Yigr o Yt—p+1)’ t=0,1,...,T+p, where Y ou =
V'P*’E = e TV =0 and Yoy = Vpe2 — YT+p = (0. Normalize
%
u  so
— T+p R e
¥ % TF XX ¥ ok
= = E b!
L=u € u =5 (0 y)(u v)
(3.7

= E ( !
g (0 v q) (o ) i

u=i

where the bars denote complex conjugation. Then multiplication of

(3.6) on the right by e gives

T+p
i A I R % x! X
A == ¥ = - z 2 23
u Cu & (v y) (o v 0 (3.8}
By the Cauchy-Schwarz ineguality, 1X] < 1. Equality occurs only
LA A 1
if oy Vi T R n t=1, vy T¥p; for acme k¥ 0, Iet X
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xR ®1 ¥
be the smallest value of t for which u A #0., But u Ve ®
0, which leads to a contradietion. Q.E.D.
Proposition 2. HWhen m=l, the conclusion of the proposition itself
holds if Vi # 0 for at least one value of 1.

Proof. Iet T be the smallest value of t for which
¥ # 0. Then the matrix with Y441 in the tth row and ith

column is " o . =
¥ 0 e
Va1 Ie =
' ; ey (3.9)
Yiap-1  Yrep-2 Ir .
v Tpg o Trpa
0 YT yT—p+2
0 0 ve Vg i

The submatrix with yTI as its main diagonal is nonsingular and
* 3
hence has full row rank and then C is nonsingular. Q.E.D.

Remark 1. Whittle (1963) assumes that (in distribution terms)
no linear combination of Vi Yt—l""’yt—pﬂ is identical‘.ly 0
in order that (3.1) has a solution. In the sample here this latter

*

assurption is replaced by C being nonsingular. To rule out
[A]| = 1, he assumes no linear combination of Vs Yt-l"“’y't—p*‘l'
Yy p is identically 0. Our proof of Proposition 1 shows that the
condition is unnecessary.

Remark 2. By (3.7) and (3.8), |[A| =1 if and only if

¥ ¥ ¥ Al Loy
u y, =ku YARE The condition is

1 '

] ]
u oy, t (u2 -k ul}Yt-l B (up 0.

I 1
-k 1.|p_1 Jyt-pi'l X uP Yt-p =
(3.10)
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But these are not completely general linear combinations. Hence,
Whittle's comment (p. 134) that there can be linear combinations of
Yir eees Yt—p identically 0 without the root being 1 In

absolute wvalue.

Remark 3. In order to obtain an estimate of V +that iz non-
singular (with probability 1), we would assume T > n{p+l), thus
insuring the condition of Proposition 1.

Whittle's condition on the y, can be replaced by scme
condition on the parameters of the underlying process, as we now
comment.

Let Yy be a stationary stochastic process. Define

L=F =B Y (3.11)
I‘0 I‘l I‘p_l
I
I'1 I‘0 . l'p_2
E
R i : . (3.12)
1 1
| I'p«1 I‘p_2 TO |
I a one-sided moving average representation holds for vy o
@
Vi "o lg 8 g0 Hysl, (3.13)

where the €'s are independent with mean 0 and covariance V,

then

1 1 t
' =¢ ¥y Yiap *r* Yeope!] (3.14)
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Hy H, wss v .. 0 | e L e
2, I 2l IV = 2l Ivel?, (4.3)
I . 0 eer 0 ! " ol f [ % 1
= — : e uhere: Y, =\Ygsiess¥l s B = EYYp
;} U Proof. The joint density of the random variables YyseeesY,
o
Proposition 3. \ nonsingular implies I =
osition 3. ngu unp ' #) - 1 ¥a
(2m) |sz Yoxp(-4 vI, 1\fp} ; (4.4)
Proof. The rows of
oy % and that of upﬂ, vesy Uy 18
.
. 1 _(tpm _Tp T
(3.15) z 2 exp{-3 , L. uvt
ke (2m) [v] exp{~% sepe1 Y “5}' (4.5)
“) 0 Since Yyseevs Y are independent of up+1, vers U and the
. transformation given by (2.1) for t=p+l, ..., T has Jacobian 1,
are linearly independent. Hence, if V is nonsingular, T is (4.2) and (4.3) follow by comparing the joint density with the
nonsingular. Q.E.D. form given by (4.1). Q.E.D.

Proposition 5. For \ positive definite and T > p, the mwm

4. Some properties of the likelihood function submatriz of z;—l i posibione 1,5 Sk given By

Wnen the process defined by (2.1) is Gaussian, the likelihood

5 < *1j e N o P*%“J )

function of the sample can be E}.t‘ten as Ep =L st Bs+j-i = G asv Bs+j—i ’ 12§
S P ' %~ &
L(ByeensBpV) = (21) (2] ™ expld ¥p2, ™ Yg) L (401) (4.6)
! 1 ¥ 1 where BO =1, and by the transpose of (4.6) for 1> §, 1i,j=1,

where Yo = (v, <o ¥g) 5 Ip = EVpYy . ceer P The wa oubmatriz of Iy inpositions 1,j is given

For a recent review and analysis of several proposals to obtain by
the mayimum likelihood estimators, see Anderson (1978) and references E*ij 3 min{i+p,T) BI v1s , p*id S
therein T s=max{ j,p+l) “s-i 5= p '’ S e

i in(i41,T) (4.7)
T +
Proposition 4. For \ positive definite, T >p, and Bj such > I Ll gt s L e
- . . —i < Nl o ?
that the roots of (2.3) have absolute value less than 1, s=max(j,ptl) “s-i S=dy
T =0, itp < i<T,
1 ﬁ_l [} l,:_l 1 Pl S
Y.L NS B B o A e F B )
A A pit-p ) and by the transpose of (4.7) for i > §, 1,id, ..., T.
(4.2
Viy #8y, .+ .. +By. ),
t 174-1 p't-p
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Proof. The proposition follows by an argument similar to that
in Siddiqui (1958), obtained by expanding the sum in ( 4e2).
Siddiqui's argument requires that T > 2p, but (4.6) is independent
of T and the results hold for all T >p. Q.E.D.

AndE1 (1971) studied (4.7) when V = I,

5. Concluding remarks
Vector autoregressive models for time series provide an approach
that is attractive empirically. To illustrate this point let us
consider a simple example. Let X, and 2y be two observable
time series for which we propose the two-component first-order

autoregressive model

Xl [P Bl [Bal_ ™ : (5.1)
%] |Br PBoaf %] [M

which is a case of (2.9) written in terms of components. A
preliminary estimate of B can be obtained from the Yule-Welker

equations. We have that
T T g, e c_(0) e_(0)
e E Y '.'rl i El ¥ s il = xx{o) XZ{O) Fl (5-2J
0 =1ttt t=1|z txt z.2, B Bp

L3 g o2 = e S Y el ) °p(1) )
€ =tk Ya¥e1 = 82 |ox 8,7 =le (2) e 2 |2 (5.3
t7t-1 Ttt-l zX Z2

3

where T"lcxx(j) estimates the covariance of the Xy series at
lag J(e  (J) = ¢ (-)), while Tl (j) estimates the cross

e
Xz
covarisnce between the x, and 2z, series at lag j(cxz(.]') =
czx( -j)). Then (3.1) becomes BC, = —Cl, and B = —Clco -

provided C. is nonsingular. In terms of components,

0

g B ik e, (1)e,,(0)-c  (1)e, (0)

21 §2 D czxfl)czz(D)-czz(l}cZX(o}
_cxxfl)cxzf())wm(ljcﬂ(o} (5.4)
-¢, (1)e(0)+c, (1)e, (0)
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where D = cxx(O)cm(O) - (cxz(O)JZ .

If the series xt and zt are independent, one expects that
cxz(O} and cm(l) are close to 0. If they were in fact equal
to 0, of course

i

4

5 £
- o) il XX, & i ) 12 B%a
1" e [0) T "i 227 " e_T0) I zf
121 t=1
(5.5)
Pia Tty ¥ 90

We note that the éij in (5.4) are in correspondence with the
ordinary least squares estimators that are obtained by considering

separately the two scalar equations

x, =B (5.6)

+ B

s A B -0, B o

and

z, = B L5070

t " BaXpq * B

7 L

while those in (5.5) correspond to considering separately the two

scalar autoregressions

R " By C R 2 B T By g T E (5.8)

This occurs independently of the structure of V = Eutu; -
which is due to the nature of the Yule-Walker estimation procedura:
The relation between x 4 and =z t at different lags enters only
through their measures of correlation, and not through the relation
between the corresponding error terms.

Equations (5.5) show that the estimators are very similer to
those of the ordinary (unweighted) least squares procedure, which
will differ from (5.5) in that all sums will be over the range
2 <t <T. In general, (3.1) is related to the ordinary least

squares procedure in that for the latter the sums in (3.2) range
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over the same set of values, namely that corresponding to Cp» Quenouille, M.H. (1968), The Analysis of Multiple Time-Series,
Ly London: Charles Griffin.
The method of maximum likelihood takes care of the nature of Siddigui, M.M, (1958), "On the Inversion of the Sample Covariance
Matrix in a Stationary Autoregressive Process," Annals o
the dependence among the components of the wu, vector in (2.1), Mathematical Statistics, 29, 343-357. : !

which is made clear by the appearance of V in (4.2); [2-3); (4.6),
Whittle, P. (1963), "On the Fiiting of Multivariate Autoregressions,

kil : and the Approximate Canonicel Faciorization of a Spectral Density
For the scalar first-order autoregression, Hasza (1980) gave a Matrix," Biometrika, 50, 129-134.
close form expression for the maximum likelihood estimators of the

parameters, say B and crﬁ = \Far{ut). The former is to be compared

with (5.5).
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A note on the use of the sample autocorrelogram

Raul Pedro Mentz
Instituto de Investigaciones Estadisticas
Universidad Nacional de Tucuman
Casilla de Correo 209, 4000 Tucuman, Argentina

Summary

Sample autocorrelograms are used frequently in empirical time series analysis, often from
the beginning stages of a modelling procedure. Departure from stationarity may render quite
inappropriate the use of the sample autocorrelogram, under various possible definitions of the
sample quantities. In this paper we study for some of these standard definitions, the departures
that can be expected in the presence of linear trends or of 2 random walk structure of the
underlying process.

Key words: Linear trends; random walk; sample autocorrelogram; stationarity; time series.

1. Introduction

The correlation coefficient in the joint distribution of the random variable
X and Y isdefined by p(X,Y) = E(X-EX)(Y=EY)/[E(X-EX)* (Y —EY)?]H/2.
Its estimator based on a sample (z;,%:), 1 = 1,...,n is usually taken to be

Pearson’s correlation coefficient

E:"=1(Ii i :_f)(yl o iv;) 7 (11)
D@ — 22 T - 97

r:y -

In applying the notion of correlation to the analysis of a time series or

stochastic process {y;:t =...,-1,0,1,...}, the autocorrelation coefficients for
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lags s = £1,42,... are defined by pi(s) = E(y — Et)(Yess — Eyers)/[E(ve —
E)®E(Yits — EYiss)?]/2. Under the assumptions of stationarity or weak sta-
tionarity of the process, £y; = u (a constant) for all ¢, and the variances do not
change with time, so that one is led to define the autocorrelation function at
lag s by p(s) = £(ye — p)(yess — #)/E(yt — p)?, where now p(s) = p(~s). The
graph of p(s) against s is the (theoretical) autocorrelogram of the process.

With a finite record yy,. ..,y the p(s) are usually estimated by the sample
autocorrelation coefficients

23;_1’ (v = T)(Wi4s = 7)
Y w52

ri(s) = s=1,...,T -1, (1.2)

where § = T1 th:l Y1, the mean of all available observations. The graph of
r1(s) (or other variants to be considered below) against s is the sample auto-
correlogram. It is easy to show that Ir1(s)] < 1 for each s. In empirical time
series analysis less than T'— 1 sample autocorrelations are usually computed and
analyzed.

The sums in the numerator and denominator of (1.2) are over different

numbers of terms. Several ideas to account for this fact have been considered

in the literature, among others the following ones.

a) Let both sums range over t =1,...,T — s, that is, define

1"2(8) <r Z?;hll(gf_;— g)(yl+s = ?)
t=1 (yi =¥

g= 1o, (1.3)
A direct application of Schwarz’s inequality shows that Ir1(s)] < 1, and

also |ra(s)| > [ry(s)| holds.
b) Let both sums range over ¢ = 1,...,T by enlarging the sample record by

means of a circular definition: YT+1 =Y1,--+,¥T+s = ¥s. Then

T = =
n(s)=5f=g§,;(;)(_”{§+);‘”), s=1...,T-1  (L4)
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Again we have that |r3(s)| < 1, by Schwarz’s inequality.

c) Correct numerator and denominator of (1.2) as follows:

Tl_—, E?:T(yt —9) (Y145 — )
¥ 23;1(9: -7)?
This sample quantity is not bounded by —1 and 1, as is noted, for example,
by Kendall and Stuart (1966) or Priestley (1981).

r4(s) = s=1,...,T-1. (1L.5)

The definition of the sample autocovariances in the numerator and denom-
inator of (1.5) with divisors T' — s and T, respectively, is not recommended in
the literature, since the desired property of positive definiteness of the sample
autocovariance sequence is lost. See, for example, Parzen (1971, Sec. 3.3.2) or
Priestley (1981, Sec. 5.3.3).

The statistical properties of the sample autocovariances and autocorrela-
tions introduced above, as well as of those to be discussed below, are usually
known through large-sample results. Finite-sample results are known for defi-
nition (1.4). Large-sample results are often derived on the assumption of sta-
tionarity of the y; process, and further that the process is linear. A standard
assumption is that y; = p+ Y e, Yjtt—j, Where the u; are independent, iden-
tically distributed, with zero expected value and finite fourth-order moment,
and ¥ |vj| < co. The class of processes admitting such a representation is
considerably large in view of most applications. Under these assumptions the
asymptotic (normal) distributions of the various definitions of the sample au-
tocovariances are the same, and hence the corresponding asymptotic (normal)

distributions of the sample autocorrelation coefficients defined in terms of them
are the same. See, for example, Anderson (1971, Sec. 8.4.2 and 8.4.5.)

2. Linear Trends

From the preceding discussion we see that the sample autocorrelations

should be used only in those cases where stationarity is clear. The current
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practice differs often from this idea, in that the statistical analysis of a sample
record is done even when stationarity is not inherent in the data. For example, in
trying to choose a time series model for the observations at hand, analysts will at
times process sample records with trends or other departures from stationarity.
The purpose of this note is to warn against the problems that may arise when
using (1.2) or (1.3) with observations of this type.

As an extreme example, consider “data” y, =a+ bt,t =1,...,T, that is,
“data” that correspond exactly to a linear trend. It can then be shown that

rl(s)=T;8 (1—2s;t31), s§=1,...,T—1. (2.1)

652
fg(S)—I—T2_1_2T3+432, B=1,...,T—‘1. (22)

For this particular case it is clear that the use of the circular definition
(1.4) is against intuition.

For T > 50, Figures 1 and 2 contain the graphs of (2.1) and (2.2), Tte-
spectively. These results are contrary to expectation, since one wants to have
r1(s) = ra(s) =1 at all relevant lags. In practice, a series may be generated by
Yt = a + bt + uy, where u; has variance 02 > 0. Then the sample autocorrelo-
gram will have only approximately the shapes in Figure 1 or 2, but clearly the
interpretation of the diagram may induce error.

The linear trend is just the simplest case to analyze as is done above. It
is important since in practical data analysis data sets often have linear trends,
or else are previously transformed so that in the new scale they achieve (near)
linearity in the trend; see, for example, Anscombe (1981, Chapter 10), or Tukey
(1977).

A practical suggestion is to define the sample autocorrelations so that they
are effectively equal to 1 in the presence of a linear trend. Since for lag s we

have available the pairs (¥4, ¥t4s), t =1,...,T — s, it is reasonable to consider
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Figure 1

Graphs of ry(s) for “data” y; = a + bt, for sample sizes T = 50 (lags 0 < s < 49), T' = 100 and
(lags 0 < s < 99). Values are expected to be 1 at all lags. Forsmalll‘uga(sqy, 1<s 53{?),{9:
which the sample autocorrelogram in usually computed, the effect of increasing sample sizes is

important. (- - for T = 200, — for T' = 100, - - - for T = 50).
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1.0 “T.\..__ 5

—1.0 #
0

Figure 2
Graphs of ry(s) computed under the same conditions of Figure 1. One effect of changing the

denominator of the sample autocorrelation has been that for lags 1 < s < 30 the curves are
closer to 1, in particular that for T = 200. (- - for T = 200, — for T = 100, - - - for T' = 50).
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iy (e = 9.) e ~ Vst)
{ =7, ey {17 “'17.+)2]

rs(s) = 7 ¢=1...,T-2. (23)

where J, = (T'—3s)~! E__'l’ Vi, Toyp = (T—8)1 EI_;‘ Ut+s, averages of the first

and last T’ — s observations, respectively. Such a definition has been considered,
for example, by Kendall and Stuart (1966), Jenkins and Watts (1968), Priestley
(1981), and Tintner (1952).

The numerator of (2.3) is related to the sample autocovariances

T—-s
1
o s E(yt_"?s)(yl-l-a _§n+)1 3=0|1,...,T—2. (2.4]

=1

Ciy=

that were studied, for example, by Anderson (1971, Sec. 8.2.1).

Since r;(s) is Pearson’s correlation coefficient for the pairs (y;, Yiga)s b=
L,...,T—s, it is clear that |rs(s)| < 1. Further, rs(s) is the maximum likelihood
estimator of p(s) when y; and y,4, are assumed to have a joint normal density
with p(s) as one of its parameters. However, the sequence formed by the r5(s)
loses the property of positive definiteness; see Jenkins and Watts (1968). In the
case of y; = a + bt, we have that r5(s) =1 for all lags.

Whittle (1978) suggests the alternative definition (in our notation)

L= = =
-'1_"-]: t:?.. (yl " ya)(yl—s == y3+)

rols) = & (25)
’lf E;I;l(yt =
In the case of y; = a + bt, we have that
9T —
rs(s) =1- -S'Tz—_:-, (26)

which appears in Figure 3.
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= [(T_k}(r—u;n(zr-zkﬂ) _(T+1_3)(:-—£}(T2—k+ 1)

+3(T+DT+1-26)T - B)

=."3(—T12L"l[2(r+1-k){2?+z-2k)
—6(T+1— k)T +1-3)+ 3T +1)(T +1-25)]
= -ip—(—ru;")(r’ — 12Tk +4k* — 6ks).

When k = s we are left with

DD (T Al S P

=1

and when k=s5=0, .
BT
- =— A2
E{m W =5 (-1,

that
R (= T2 o1=2Me22 Ty

ol 1 g

When s = 0 we have that

T+s
T2-1]"°

T-k
Y (wm-9r= "Z(T JE){T’ 1- 2Tk + 4K7),

so that
T? —1-2Ts - 257 652

T? —1-2Ts 4442 =I_T"—1—2Ts+4,:'

ra(s) =

which is (2.2)

Proof of Equation (2.6)

T-a
i (T—s)(T-s+1) Pog 4l
2 ﬁT—a[(T_s}ﬂ+b—*“2—}=a+b———-—-—2 =
T-s
Vip= 5 Z{a+bt+bs)—%,[(r_a)(am)+a____(T“’1(§"’+l)}
t=1
=a+bs+bT—3+1.
T—a
:{-:W' Va)ess ~7,4) = b’TZ'(b ety *’f*—*}(Tﬂl;l}fT-s—l).

=1
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Estadistica espanola
nim. 116, 1988, pags. 87 a 106

Estimacién en los modelos autoregresivos y
de promedios méviles

por Ratl Pedro Mentz

El propésito de esta presentacion es seguir la trayectoria de algunas de
las principales ideas aparecidas en la literatura, en el tema de la estimacién
de los parametros de los modelos autorregresivos y de promedios maviles,
enfatizando un enfoque en ¢l dominio del tiempo.

En cada modelo se define la estructura probabilistica y se mencionan
algunas propiedades bdsicas. Luego se consideran sugerencias para estimar
los pardmetros por el método de los momentos o por minimos cuadrados.
Se consideran después los resultados de investigaciones para demostrar las
propiedades asintdticas de estas propuestas y se llega al estudio de métodos
de estimacién por maxima verosimilitud (exacta o aproximada) en el caso
normal.

Se considera brevemente el modelo mixto y algunas propuestas recientes
para implementar la estimacion maximo verosimil en las computadoras. Se
concluye que en los ultimos 65 afos se han producido desarrollos muy
importantes en el drea.

Palabras clave: Autorregresivo, promedios mdviles, estimacion por mini-
mos cuadrados, estimacién por mdxima verosimilitud, propiedades
asintoticas.
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1. Introduccion

El propésito de esta presentacion es seguir la trayectoria de algunas de las principales
ideas aparecidas en la literatura, en el tema de la estimacion de los pardmetros de los
modelos autorregresivos y de promedios méviles, enfatizando un enfoque en el dominio
del tiempo.

Se establece el origen de estos modelos en los trabajos de G. U. Yule (inglés,
1871-1951) y E. Slutzky (ruso, 1880-1948) aparecidos entre 1921 y 1937; ver Wold
(1954). Antes de estos trabajos el enfoque predominante entre los analistas de datos
cronolégicos era la buisqueda de las “periodicidades ocultas”, con herramientas como el
periodograma de Schuster (1898, 1900). En la actualidad decimos que éste es un
enfoque no paramétrico, y su version moderna es el anilisis espectral empirico basado
en estimadores consistentes de la densidad espectral del proceso estocdstico estacionario
subyacente.

Un mérito importante de los trabajos de Yule y Slutzky fué insistir en la formulacion
de modelos estocdsticos o estadisticos para el mecanismo generador de los datos.
Ademas los modelos propuestos fueron definidos inicialmente en el dominio del tiempo,
lo que sin duda contribuyé a su difusién entre los economistas y otros investigadores
sociales.

Incidentalmente, en el momento actual es vélido aseverar que las técnicas del andlisis
de series ‘cronoldgicas en el dominio del tiempo, tipificadas quizds por el enfoque de
Box y Jenkins (1976), y las propias del anilisis en el dominio de la frecuencia.
interpretadas como consecuencia de una transformada de Fourier, deben pertenecer al
acervo de quienes se dedican a las series cronoldgicas, como investigadores metodoldgi-
cos o como analistas de datos. A pesar de esta aseveracion, nuestro enfoque en esta
exposicion estard casi exclusivamente basado en el dominio del tiempo.

2. El modelo autoregresive

2.1. Definicién y Propiedades

Un proceso estocdstico { z, } con indice temporal discreto se dice estacionario si las
distribuciones conjuntas de probabilidad asociadas con un vector (221 pensy) SOR
idénticas a las asociadas con el vector (ipomZigebsZien) obtenido por una traslacion
temporal, y ésto para todo conjunto (tp,ly...,l;) de indices, para todo k y para todo k.
Un proceso estacionario tiene todos sus momentos invariantes a cambios en el tiempo.
Un proceso se dice “estacionario débil™ si sus momentos de primer y segundo orden (es-
peranzas matemadticas, varianzas, covarianzas) son invariantes a cambios en el tiempo.

Un proceso estocdstico estacionario {y,} se dice que es un proceso autorregresivo (@
que corresponde a un modelo autorregresivo) de orden finito p, p = 1, denotado AR(P).
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si tiene esperanza matematica constante (digamos, Ey=u para todo 1), varianza constan-
te, positiva y finita, y si para coeficientes f=1, 8, By.-..B, satisface la ecuacién
estocdstica en diferencias finitas.

520 BOert) = 0ot) + Bi0rtt) +.ot B0 pt) = 4y, 1= .i-10,1,...,  (2.1.1.)
‘lt

con u, independiente de y, ;... Las 1, a su vez forman un proceso estocdstico de
variables aleatorias independientes, Ew, = 0,Euw/= ¢?, 0 < o® < = (1). Las y, son
variables aleatorias observables, mientras que las u, son inobservables; BBy ¥ o’
son los p+2 parimetros del proceso.

El nombre de autorregresion y la propiedad sefialada de que los u, son independientes
de los y, pasados, se vuelven sugestivos frente a la siguiente interpretacion: en la
regresion lineal miltiple entre y, y los regresores estocdsticos Yi-tssVr.p» Que escribimos

Vo= By Oy t) = By Ortt) = o B, Opett) + 1, (2.1.2.)

los “errores™ o “innovaciones” contempordncos son independientes de los regresores
usados y de los pasados, es decir, de y,. 1 Piegians

La ecuacién polinomial asociada,
w"+ﬁ,w’"+...+ﬁ,=0 (2.1.3.)

tiene bajo estas condiciones p raices Wp,...,W, menores que | en valor absoluto. A su vez,
podemos “invertir" Ia expresidn (2.1.1.), es decir, expresar a y, como funcién de los 1,
contemporaneo y pasados mediante sucesivos reemplazos, hasta obtener

h=t+ Ty, (2.1.4.)
j=0

para ciertos coeficientes 7; determinados univocamente por los B; , donde y, = 1. La

representacién (2.1.4.) se dice que es un promedio mévil infinito (que denotamos

MA(==), como se verd en la Seccién 3); (2.1.1.) y (2.1.4.) resultan equivalentes en media

cuadritica (y por lo tanto en probabilidad), en el sentido de que la serie infinita en

(2.1.4.) converge en media cuadrdtica y Lo 7< .

Las autocovarianzas del proceso forman una sucesién, se definen como o, = E(y,-p)
0%4-1) y son tales que o,=¢_, . Multiplicando a (2.1.1.) sucesivamente por y,-g, ¥, .-
¥ tomando esperanzas matemalicas, se obtienen

G+ f10+...+f,0,=0", (2.1.5.)

(1) Si fuera Eu=0, u, seria Ia constante 0 con probabilidad 1 y la relacién lineal (2.1.1) indicaria
Que y, es “deterministico”, lo que queremos descartar. La posibilidad de que el proceso tenga
varianza infinita también es descartada, aunque es posible un andlisis estadistico de este caso: ver,
por ejemplo, Yohai y Maronna (1977).
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0,4 B0,y # e +B,0,,=0, 5=12,... 2.1.6.)

Estas pueden resolverse como una ecuacién lineal en diferencias finitas (no estocdstica),
con condiciones de contorno ¢,=6., y condicion de escala dada por (2.1.5.).

La transformada de Fourier de la sucesion de autocovarianzas da lugar a la aparicion
de la densidad espectral

a ;
fo=2-| &a ep 1, msa<x, @.1.7)
i=
que es tal que vale la formula de inversion
(2.1.8)

o, = I L e L) dh, 5=0,+1,%2, ...

2.2. Origenes
Wold (1954) atribuye a Yule (1927) la introduccion del modelo AR(p) para el andlisis
empirico de las series cronoldgicas. Yule (1927) utilizo el modelo para el andlisis de los

datos de Wolfer sobre las manchas solares.

Wold (1954) propuso que el proceso (2.1.1.) fuera reconocido con el nombre de
*‘proceso de Yule”, designacion que sin embargo no ha tenido aceptacion generalizada

en la literatura.
En el libro de Wold (1954) se aplica el modelo AR(2) para analizar empiricamente

un indice de costo de la vida construido por G. Myrdal, Premio Nobel de Economia.
2.3. Primeras Sugerencias para estimar los parametros

Con un registro finito y;,p,,....yr (que denotamos con la misma_letra que al proceso
tedrico) podemos estimar a y mediante la media muestral

(2.3.1.)

| bl

V= Yis

1
Tr.'

y a los o, mediantc las autocovarianzas muestrales

s E s
e=— X 0pF) 0 F) 5=0,1,...T-1, (2.3.2)

T 1=
de manera que ¢, =¢, .

Antes de continuar, haremos una breve digresion sobre estos estimadores. Las propie-
dades estadisticas de estos y otros estimadores, se analizan en general a través de
resultados asintdticos, cuando T —> e, por lo dificil que resultan los cdlculos para
muestras finitas. Es claro que E(5 ) = 4 y que si i fuese conocida,
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El——F% 0-00,-m)=0, s=0,1,..T-1
T-5 t=00

Cuando y es desconocida, ¢, y ¢, T/(T-s) = (T-s)" Z7 ., (¥ ) (v,.,-¥ ) tienen similares
propiedades asintéticas, para cualquier s fijo. Por ejemplo, son asintéticamente insesga-
dos. Se prefieren los estimadores (2.3.2.) pues matrices de covarianza muestrales forma-
das con ellos tienen la propiedad de ser definidas positivas; esto es importante, entre
otras cosas, pues las correspondientes matrices de pardmetros son también definidas (o
por lo menos semi-definidas) positivas.

El uso de ¥ en los dos factores y-¥ e y, -7 de (2.3.2.) tiene el inconveniente de que si
hubiera cambios en el promedio de la serie observada (posiblemente incompatibles con
el supuesto de estacionariedad, pero bastante frecuentes en la prdctica) la inadecuada
estimacién del momento de primer orden y, complicaria la estimacion de la estructura
de segundo orden: desde hace mucho tiempo se conoce la alternativa de reemplazar a
estos factores por y-y? e y,-7?,, respectivamente, donde y¥ = (T-s)’ 23‘_; W =
(T-5)" ZT3 s €s decir, las medias aritméticas de 10s datos ¥p,...V; € VrsepseessV'ys TES-
pectivamente, Para esta y otras alternativas, consultar, por ejemplo, Anderson (1971),
Capitulo 8. Bajo el supuesto de estacionariedad, todos estos estimadores tienen las

mismas propiedades asintdticas.

Para estimar a los §; en (2.1.1.), un estimador del tipo de los momentos se obtiene al
reemplazar a g, por ¢, en las primeras p ecuaciones de (2.1.6.). El sistema resultante,
escrito aqui en notacion matricial,

9 4 Y | £
e g cn Gl B3 3

2.33)
Cp1 G2 wais 6 ﬁ; Ep

se conoce con el nombre de ecuaciones muestrales de Yule y Walker, en honor a Yule y
G. Walker. Por supuesto que (2.1.6.) son las ecuaciones tedricas de Yule y Walker.

Se sabe que los estimadores de los f; provistos por este método son tales que la
ecuacién polinomial asociada (2.1.3.) con f; reemplazado por su estimacidn, tiene todas
5us raices menores que | en valor absoluto; Pagano (1973), Anderson (1971a).

Estos estimadores estdn estrechamente vinculados a los por minimos cuadrados sim-
Ples que corresponden al modelo (2.1.1.). En efecto, las ecuaciones normales provenien-
tes de minimizar Z,T,,., { )+ B0 1) +o. 4, 1) }? con respecto a g, fj,....8, son

5 0 43, 0r) .48, 0,0 ) =0, (2.3.4)

t=p+l
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5 00m=F £ 6ud e
1 t=p+l

1=p+,
T
~f, T o O Oy 5= (2.3.5)

1= p+,
Este sistema de p+l ecuaciones en p+l incdgnitas es no lineal en los pardmetros,
problema que puede obviarse mediante una aproximacion proveniente del siguiente
razonamiento: la ecuacion (2.3.4.) conduce a la estimacién de g mediante

7} +EJ' Yyt B, Vs
148 +.+8,

: . ok
si T es grande con respecto a p, podemos reemplazar a i por y =— E,T, 1 ¥ Reempla-
zando este valor en el sistema (2.3.5.) llegamos a las ecuaciones

= H (2.3.6.)

T
Z {yr'.F} (y:-g';)=' 1 E 4 {yf-l'-ﬂ (yl'-s'i,)

t=p+l I=p+.

T

By, T 0D 0P =1, (2.3.7)
t=psl

que difieren de las ecuaciones muestrales de Yule y Walker (2.3.3.) en que todas las

sumas van de p+1 a T, en lugar de contener cantidades variables de sumandos como en

(2.3.2.).

El reemplazo de ji por 7, e incluso el del pardmetro desconocido z por uno de sus
estimadores, /I 6 ¥, no afectard (en general) los desarrollos asintéticos ni las correspon-
dientes propiedades, que son las que se analizan en estos casos; en efecto, tanto 7 como
¥ son estimadores consistentes de x y en el andlisis de las distribuciones limites (en
general) es vélido reemplazar a un estimador consistente por otro, o a un parimetro por
uno de sus estimadores consistentes. Esto es particularmente cierto en el caso del
Teorema Central del Limite, que es una herramienta tipica de andlisis asintético en
estos casos.

Los estimadores obtenidos de (2.3.7.) son los que se obtienen de un programa regular
de regresion lineal muiltiple, cuando se calcula la regresién de y, en Veipeeesdip €00 Tp
conjuntos completos de datos. Sin embargo, las propiedades tradicionales del método de
minimos cuadrados, por ejemplo las que provienen del Teorema de Gauss y Marcov,
no son validas en este caso puesto que los regresores no son fijos sino estocdsticos.

Una vez disponibles los estimadores de los B; podemos formar un estimador de ol
usando los *“residuos”; por ejemplo, para (2.3.7.) tendremos

1 T 3
F=—= T [0 D+B 0y P +.4B, 0, N (2.3.8)

T r=p+l
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2.4. El Andlisis de las Propiedades

Un andlisis formal de las propuestas de la seccién precedente implica considerar
explicitamente a y, como un proceso estocdstico estacionario y a (2.1.1.) como una
ecuacién estocdstica en diferencias finitas. Esto fué formulado a partir del trabajo de
Mann y Wald (1943). Ellos comenzaron considerando la posibilidad de estimar a los §;
y ¢® por mdxima verosimilitud cuando el proceso es Gaussiano y ademds se supone que
los valores iniciales y_,,,...,¥, son fijos.

Con este enfoque resulté que las propuestas de la seccidon precedente son asintotica-
mente equivalentes a la del método de mdxima verosimilitud y que los resultados
propios del andlisis de un modelo de regresion lineal miiltiple en variables explicativas
no aleatorias son vélidos en el sentido asintético, cuando T —> e mientras p permane-

ce fijo.

2.5. Estimacion por Maxima Verosimilitud

De lo dicho en la seccion precedente se desprende que cuando T — e« es razonable
usar a (2.3.3.) o (2.3.7.) como equivalentes al método de méxima verosimilitud para
estimar a los f; . Un andlisis detallado de estas propuestas y de sus propiedades aparece
en Anderson (1971), Capitulo 5. Con la aparicién del libro de Box y Jenkins (primera
edicion de 1970, impresién revisada en 1976) se enfatizé la posibilidad prictica de
lograr estimaciones exactas o aproximadas de los pardmetros del modelo (2.1.1.) por el
método de maxima verosimilitud, cuando se supone normalidad del proceso y,

Deben distinguirse dos casos. En uno se considera que el proceso se inicié en Yopur o
tuvo un estado (posiblemente) evolutivo hasta y,, y de alli en adelante y,,...,y; provie-
nen de un proceso estacionario. La distribucion (conjunta) condicional de y,.,...,y; dados
V.pepssVo €5

I ¢
@ray T exp { - =7 }.'.r [ G + By Gyt 44 B, G- P (25.1)

Llamaremos a ésta la funcién de verosimilitud condicional y a los valores que la
.maximizan estimadores por maxima verosimilitud condicionados, pues dependen de los
valores iniciales y.,, ;,-..,Vp -

Las ecuaciones provenientes de minimizar a (2.5.1.) con respecto a g, §,,..., , son
nuevamente no lineales en los pardmetros, como lo eran (2.3.4.) y (2.3.5.). Considera-
mos entonces la simplificacién consistente en estimar previamente a u por ¥, para luego
obtener las ecuaciones normales

E; 0P 0P =B f_:{ 0D O By Z Oy D O 5=l @:52)

Estas son similares a las ecuaciones (2.3.5.), excepto que las sumas van en todos los
casos desde | hasta T. Si al resolver este sistema hacemos y_,,; = ... = y, = ¥ obtendre-

mos soluciones idénticas a las de (2.3.7.).
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2.6.

Reemplazando estos estimadores en (2.5.1.) y maximizando la expresién resultante
con respecto a o, obtendremos el correspondiente estimador

1 4 =
6% = E, [OD+B 0D+t B, 0D 1 (2.5.3)

Un segundo enfoque consiste en suponer que el proceso estocdstico { ¥, } que genera
los datos es Gaussiano, estacionario y estable, de manera que las observaciones |
tienen una densidad normal conjunta dada por

@ay™ |Z [exp{ -iqf -0 27 -}, 2.5.4.

donde Yr= (¥y,..,¥7) es el vector de observaciones, u= E yr = (4,....1)" el vector de
esperanzas matematicas, y E E {}'7—)'.!} (y7-p)’ es la matriz de varianzas y covarianzas,
Por comparacién con el caso anterior, llamamos a (2.5.4.) como funcion de los parime-
tros, la funcién de verosimilitud incondicional y a los valores que la maximizan
estimadores por maxima verosimilitud incondicionados. -

Si bien los elementos g, de la matriz )_: , es decir, las autocovarianzas del proceso que
satisfacen (2.1.5.) y (2.1.6.), no tienen formas explicitas ficiles de escribir en el caso
general, los componentes de ;" fueron dados explicitamente por Siddiqui (1958) en
funcién de los pardmetros o° y §, mientras que |Z | estd dado explicitamente en
Anderson y Mentz (1980) como funcién de las raices w, de (2.1.3.) y de .

La maximizacion de (2.5.4.) (independientemente del tratamiento que se de a y) con-
duce a problemas no lineales, algunos de los cuales serdn considerados en la Seccidn 4.

Desde el punto de vista de las propiedades estadisticas de los estimadores de los
pardmetros u.f;,....8, ¥ &, asintéticamente todos los procedimientos sugeridos en esta
seccién para el método de mdxima verosimilitud tienen las mismas propiedades: los
estimadores son consistentes y se pueden realizar las inferencias como en el caso de
regresores no estocasticos. A su vez, estos resultados asintdticos coinciden con los de los
estimadores considerados en la Seccién 2.3.

El trabajo Anderson y Mentz (1980) contiene un resumen de las propiedades del
modelo AR(p) y un anilisis del problema de existencia de los estimadores correspon-

dientes a la funcidn (2.5.4.).

Ejemplo: El Modelo AR(1)

Para aclarar algunos de los detalles de la presentacién, consideraremos el caso mds
sencillo del modelo AR(1). Para simplificar la escritura consideraremos para la esperan-
za matemdtica que, o bien es conocida, en cuyo caso podemos tomarla como p=0, o si
es desconocida estimarla por ¥ y en todas las expresiones donde corresponde, reempla-
zar a y, por J,-y. Esta es a menudo la manera como se opera en la prictica, por ejemplo
(internamente) en muchos de los programas de computo disponibles.
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El modelo autorregresivo de primer orden, AR(1), postula que
W=-Byotu, =y L0 5 (2.6.1.)

La ecuacién polinomial asociada es w+f=0, de donde se deduce que [f|< 1 es la
condicién para que y, sea estacionario e independiente de u,,;,,,,..., € invertible en y, =
Z;ﬂ{-ﬁ)‘ u,;. Las funciones de autocovarianzas y de autocorrelaciones son,

2

a
=(-f) =(-8), 2.6.2.
J‘ (ﬁ} l = E ) p: (.ﬂ) ( }
respectivamente, y la densidad espectral es
a’ 1
f(2)=— -n< A<~m. (2.6.3.)

T B
2n 1+ +2fcos i

Para derivar la funcién de verosimilitud en el caso normal, consideramos a u;,...,uz
normales independientes, con densidad

(2772 exp [— 5 Y L (2.6.4.)

Suponemos que y=t;-fy, , v 48y, =u,, =2,..,T. En resumen

L o i 0" (31 Tu]l [0
g 1 0 0o o |» 0 0
0 g1 0 0 Vs U 0
oo b g a®wl. e @85

B 6 0nssb b el Ll Lo

De esta transformacion se desprende que y,,...,)'r tienen densidad

2. ] T 2
@2 expl-5— X OB (2.6.6.)
L
condicional en y,. El médximo de (2.6.6.) con respecto a ff conduce a

T
Z Vet
1=/

B ’ (2.6.7.)
7
.Z Yion
t=]
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Poniendo y,=0 construimos el estimador por minimos cuadrados simples,
T !
yr.v.-.,l' E .]"ryﬂ.,f

- t=]

B=- =-— : (2.6.8.)

"
b

W

[
Loy
=t
-

T he
S

El criterio de Yule-Walker conduce a estimar a § por

=1 T
EJ’ y!-".ﬂ-! 22 y] ’:.,'
I= I=
s == ) 269,
k)
X % 2
=1 =1

que utiliza a todas las observaciones disponibles en el denominador.

En el caso en que suponemos a y,...,y'r normal multivariante, puede demostrarse que
la funcion de verosimilitud es

2, 2 3 7, 3 T 2
@2 ™ V1 exp | - T;?' [(1-FY v+ T Oy ) 11, (2.6.10)
=2

Los valores de ff de o que hacen maxima esta expresion fueron escritos en forma
explicita por Hasza (1980).

3. El modelo de promedios moviles

3.1. Definicién y Propiedades

El modelo de promedios méviles de orden g 2 1, denotado MA(g), se define por
Vil = Uy ot @l (3.1.1)

donde los y, son observables y los 1, son como en ¢l modelo AR(p) ya considerado. Los
g+2 pardmetros del modelo son u,a;,...,2, ¥ @ =Eu}(0 < 0 < =). Aqui g es finito.

Para f=...,-1,0,1,... (3.1.1.) define un proceso estacionario débil para cualquier valor
de los @, Si ademds la ecuacion polinomial asociada

oz v a,=0 (3.1.2)
tiene raices z,...,z, menores que 1 en valor absoluto, el proceso es invertible,

ul =5 i 6; (y;-;".u} Ll (3. i .3.)

1=0
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donde d,=1. Las representaciones (3.1.1.) y (3.1.3.) son equivalentes (en media cuadrati-
ca y en probabilidad) y permiten escribir MA(g) = AR(s=), advirtiendo que en (3.1.3.)
6=6(z,....a,), funciones de los «, .

El proceso tiene autocovarianzas

-1 5]
0= A AR 50, 1,%2,..., =¢, (3.1.4)
=0
=0, Is|>q.
La densidad espectral es
a’ q Sl
fD==—=1% ", w<isnm, (3.1.5)
2n oo :

y es tal que vale la formula de inversion (2.1.7.).

3.2. Origenes

3.3.

Yule (1921, 1926) y Slutzky (1927, 1937) consideraron esquemas de este tipo. Slutzky
(1937) consideré combinaciones lineales de términos puramente aleatorios (nuestros u,)
como fuentes de procesos ciclicos.

Wold (1954) propuso que el proceso (3.1.1.) fuera reconocido con el nombre de
*proceso de Slutzky", designacion que sin embargo no ha tenido aceptacion generaliza-
da en la literatura. :

En el libro de Wold (1954) se aplican los modelos MA(l), MA(2) y MA(4) a los
indices de precios del trigo en Europa Occidental, 1518-1869, recopilados por W.
Beveridge. s

Primeras Sugerencias para Estimar los Parametros

Wold (1954) aparece como el primer autor que estimo concretamente los pardmetros
de un modelo de promedios moviles con datos observados, Su estimacion es por lo que
llamamos actualmente el método de los momentos. Por ejemplo, si g=1, tenemos que
3,=0"(1+2%) , o,=°z y por lo tanto el coeficiente de autocorrelacion (teérico) de primer
orden es p,=a / (14+2°). Formando el andlogo muestral

L, _
}2f 03 O

r= . (3.3.1)
T b
E U“r'J_’)'

=/
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3.4.

3.5.

y resolviendo para & la ecuacion ri=a / (1+27), obtenemos como estimador admisible
(menor que | en valor absoluto cuando |r, | <—)
2

.. 1142

e, (3.3.2)
2r,

De manera similar se puede proceder para modelos de orden ¢ > 1.

El Andlisis de las Propiedades

Correspondié a Whittle (1953), un discipulo de Wold, analizar las propiedades asinté-
ticas de los estimadores considerados en la seccion precedente. Whittle argumenté que
a* definido en (3.3.2.) es consistente para a(plimy_, . @* = @), pero que es asintdtica-
mente ineficiente comparado con el estimador por mdxima verosimilitud en el caso
normal,

Whittle encontrd que la varianza de la distribucion normal limite de a* definido en
(3.3.2)es
llualsdlrd  1- & . a_,'4+fr’{l+ar‘)2

—_— (3.4.1.)
T(1-2) T T(1-a)

mientras que para el estimador por maxima verosimilitud la varianza de la distribucién
normal limite es slo el primer sumando del miembro de (3.4.1.), es decir,
l-
T

Los argumentos de Whittle fueron en general de tipo informal, pero luego se proveye-
ron demostraciones rigurosas de las aseveraciones citadas.

(3.4.2.)

Como conclusién de este andlisis surgié la necesidad de mejorar la estimacion sugeri-
da por el método de los momentos. Una posibilidad consistia (en el caso g=1) en
mejorar Ja estimacién de r, que entra en (3.3.2.); otra consistia en explotar la relacion
MA (g)=AR(cs), pues hemos visto que para el modelo AR(p) las ideas intuitivas del tipo
de las ecuaciones de Yule-Walker o minimos cuadrados simples, condujeron a estima-
dores asintticamente equivalentes a los por médxima verosimilitud.

Aproximaciones a la Estimacién por Maxima Verosimilitud

Whittle (1951) sugirié un enfoque iterativo para resolver un sistema de ecuaciones
que eran asintdticamente equivalentes al método de midxima verosimilitud. Este autor
utilizé sus ideas para estimar los pardmetros con datos simulados. Esta sugerencia no
tuvo un gran impacto prdctico hasta la difusion del trabajo de Durbin que comentamos
a continuacion,
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Durbin (1959, 1961) logré mejorar la estimacién en el modelo MA(g) explotando la
relacion MA(g)=AR(=). Su razonamiento es que si aproximamos al esquema MA(g)
por uno AR(k), para un orden k suficientemente grande, y estimamos los pardmetros
del modelo AR(k) por maxima verosimilitud o por minimos cuadrados (sin restriccio-
nes), esos estimadores pueden combinarse y proporcionar estimadores de los pardmetros
del modelo MA(g) que “heredardn” entonces (aproximadamente) las propiedades asin-

téticamente optimas.

En el caso concreto del modelo AR(1), si f).....f, con los estimadores de los pardme-

tros del modelo AR(k), mostro que

;ij ﬁ rﬁ l

=0

at
i
L]

es el estimador deseado, donde ﬁo=l. Las propiedades de este estimador fueron analiza-
das por Durbin (1959) y mds formalmente por Mentz (1977). Varios autores realizaron
comparaciones para muestras finitas en pruebas Monte Carlo.

Notese que en (3.5.1) el valor de k debe determinarse explicitamente para una
aplicacion practica de la propuesta.

Walker (1961) siguid un enfoque similar, pero basado en la estimacion de los coefi-
cientes de autocorrelacion. En consecuencia, su propuesta puede considerarse como un
mejoramiento de (3.3.2.) basado en un mejoramiento de r; como estimador de p, (para
g=1), o como una formulacién alternativa de la propuesta de Durbin (1959). Si /...,
son estimadores de las primeras k autocorrelaciones del proceso, definidos por

T = s
E DI.['}'] (y!u'y)
1=l

he ———— 5= lk (3.52)
E U'['-l]:,
=)

el estimador de p; propuesto por Walker (1961) es

pr=r+ mpr,, (3.5.3)
2

BT e

donde los m; son también funciones de r; . Al igual que en la propuesta de Durbin
(1959), el valor de k debe establecerse en cada aplicacion préctica de la propuesta.

Walker (1961) analizo algunas propiedades de su propuesta y Mentz (1977a) formali-
26 un andlisis cuando T — e y k=k(T) — o=
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3.6.

Las propuestas de Durbin y de Walker originaron a partir de 1960 un gran caudal de
estudios. Se analizaron matematicamente las propiedades asintdticas y se propusieron
modificaciones a los mélodos, y se realizaron ademds comparaciones Monte Carlo entre
estas y otras propuestas,

De estos estudios surgid que la varianza asintética (3.4.2.) es alcanzada por estas
propuestas (y por otras derivadas de ellas), cuando no solo consideramos que T — == |,
sino que la cantidad k de valores muestrales es funcion de T, k=k(T) — o=, pero a una
velocidad menor que T; por ejemplo, en algunos casos se requiere que k(T / T — 0
cuando T — o .

Estimacién por Maxima Verosimilitud

El libro de Box y Jenkins (1976) enfatizé para este modelo la posibilidad prictica de
lograr estimaciones exactas o aproximadas de los pardmetros por el método de mixima
verosimilitud bajo el supuesto de normalidad. Un excelente resimen es el trabajo de
Godolphin y de Gooijer (1982).

Nuevamente la funcién de verosimilitud para el vector y;=(y,...,7)" de observaciones
del modelo es

Qa2 |V Fexp IE-I-r’,rrv)' v/ (}',—v!] ; (3.6.1.)
M PR

donde v = E yp, V= E (¥1¥) (7-¥) . Aqui se desconoce la forma general de Y" y de
Iv 1 bilidades d

, por lo que las posibilidades de opefar con la funcién de verosimilitud exacta son

escasas. En el caso g=1 Godolphin y de Gooijer derivaron un procedimiento iterativo
» kl i ra .

para obtener los estimadores (exactos) de z y ¢ usando expresiones conocidas de los

componentes de V' | y I\_r’ |= (-2 1 (1-2) .

Un restimen ‘de una gran cantidad de propuestas para estimar el parametro z de un
modelo MA(1) aparece en el trabajo de Mentz y Antelo (1977). En el trabajo Anderson
y Mentz (1980) se demuestra que si y;= 0 = (0.....0)" los estimadores correspondientes 2
(3.6.1.) existen. %

4. El modelo mixte

Las ideas de una autorregresion que liga a las variables aleatorias observables. defini-
da por el miembro de la izquierda de (2.1.1.), ¥ la de una combinacién lineal de
variables aleatorias inobservables. definida por el miembro de la derecha de (3.1.1.), se
pueden combinar para definir un proceso lineal con un nimero finito de parimetros
que generaliza simultineamente al AR(p) v al MA(g). Se trata del modelo mixto o
ARMA(p.¢) (autorregresivo con errores promedios moviles, de orden (p.¢) ). que con las
mismas letras definimos por
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S p0m=% 2. @.1)
=0 k=0 .

Para la estacionariedad se requiere que los £, hagan que las raices de (2.1.3.) sean todas
menores que | en valor absoluto; en cambio las z; pueden tomar valores reales sin
restricciones. Si las raices de (2.1.3.) son todas menores que | en valor absoluto,
(4.1.) se puede invertir para obtener un promedio mévil infinito: simbdlicamente,
ARMA(p,g)=MA(=); si las raices de (3.1.2.) son todas menores que | en valor
absoluto, (4.1.) se puede invertir para obtener una autorregresion infinita,
ARMA(p,q)=AR(x=). En cada caso tendremos que deducir las relaciones que ligan a
los coeficientes de las representaciones.

La posibilidad de usar este tipo de modelos en la prdctica fué cnfatizada por Box y
Jenkins en su libro publicado inicialmente en 1970 (1976) y desde entonces atrajo
considerable interés teorico y aplicado.

No es ficil en este caso operar con la sucesion de autocovarianzas, definida nueva-
mente por E(y,-t) (,,,-#). Resulta interesante destacar que la densidad espectral es

q ,
iik 12
|5 e ]

2 L=0

a

2 |% gk

p=f

o sea una funcion racional que generaliza a (2.1.7.) y (3.1.5.).

Un tratamiento de este nuevo modelo en sus aspectos probabilisticos y estadisticos
nos llevaria mas alld del proposito de esta presentacion. En esta seccion nos limitare-

mos a dar una descripcion concisa de algunos aspectos de trabajos contempordneos -

destinados a la estimacion de los pardmetros de (4.1.) por maxima verosimilitud, exacta
o aproximada, en el caso Gaussiano. Como ya lo comentamos antes (Seccion 2.5.)
existe mucho interés en este tipo de estimacion, con preferencia a otros lipos de
aproximaciones que se pucden considerar en el caso del modelo mixto.

Aparte de limitar la longitud del trabajo, esta discusion servird para el siguiente
proposito: Estd claro que la familia de modelos ARMA(p.g) para p 20y g 20
(finitos) incluye a los modelos que tratamos en las secciones 2 y 3, pues AR(p) =
ARMA(p,0) y MA(g) = ARMA(0.¢). Una de las consecuencias del interés prictico en
estos modelos, ha sido el desarrollo de enfoques. algoritmos y programas de ¢cdmputo
clicaces. Nuestras referencias a estos importantes problemas fueron limitadas v en esta
seccion presentaremos una discusion, que al considerar el caso de los modelos ARMA,
incluye a los “"puros™ AR v MA va estudiados.

" El problema de obtener estimadores de los pardmetros aplicando exactamente el
método de maxima verosimilitud es complicado, pues las matrices de covarianzas, o sus
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En general, derivar procedimientos iterativos tiende a implicar mas elaboraciones
matematicas con la funcion de verosimilitud y mas conocimiento de ella, con relacion a
los enfoques considerados en la seccion precedente.

Anderson y Mentz (1987) analizaron_en detalle una serie de procedimientos iterativos
para el modelo MA(1). Algunos de estos procedimientos se pueden relacionar con uno
conocido en la literatura como el “algoritmo EM™ (Dempster et al, 1977) que fué
propuesto inicialmente para resolver problemas de datos faltantes. La conexion la
proporciona el hecho de que podemos considerar a los valores iniciales como datos
faltantes, en cuyo caso el algoritmo EM sugerird una sucesion de pasos alternando el
cdlculo de esperanzas condicionales (E) y maximizaciones (M), lo que conducird a un
procedimiento iterativo.

Por otra parte, varios autores han relacionado estos problemas con el “filtro de
Kalman", que es otro procedimiento iterativo que ha encontrado multiples aplicaciones
en el campo de las series cronologicas. Ver, por ejemplo, Harvey (1981).

5. Conclusiones

El progreso alcanzado en el campo de la estimacion de los pardmetros de los modelos
lineales con un nimero finito de parimetros (AR(p), MA(g) y ARMA(p,q) ), desde su
difusion en el campo de la estadistica hasta el presente, es muy importante. En los 65
afos que van desde 1921 hasta el presente, se ha logrado progresar en el conocimiento
tedrico de las propiedades de los procesos, en el analisis inferencial basado en teoria
asintotica y en algunos resultados para muestras finitas, en comparaciones Monte Carlo
para tamaiios muestrales pequefios, en el desarrollo de algoritmos computacionales y en
el uso concreto de los modelos para anilisis, prediccion y control.

Los primeros trabajos de estimacion enfocaron el problema a través del método de los
momentos o intentaron la estimacion por minimos cuadrados. El método de midxima
verosimilitud fué considerado en forma tedrica o a través de aproximaciones, pues los
problemas de cémputos eran dificiles o imposibles de solucionar. Al fin de esta etapa
los trabajos de Durbin (1959) y Walker (1961) intentaron aproximar la estimacion
maximo verosimil. A fines de la década de 1960 y comienzos de la siguiente, aparecie-
ron una serie de trabajos importantes, entre otros los de Hannan (1969), Parzen (1971)
y Anderson (1975), los que fueron reconsiderados y comparados desde un punto de
vista tedrico por Anderson (1975a, 1977); la coleccion de trabajos editada por Brillinger
y Tiao (1980) es importante.

La aparicion de los libros de Box y Jenkins (1976) y Anderson (1971) a comienzos de
la década de 1970 coincidio con un gran incremento en el interés en los temas de series
cronoldgicas en general, y en la estimacion de pardmetros en particular. Algunos de los
desarrollos recientes fueron considerados en nuestra Seccion 4. A comienzos de la
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década de 1980 debe destacarse la aparicion del texto de Priestley (1981), entre otros de
lo que es ahora una bibliografia muy extensa en el campo de las series cronoldgicas,

El 4rea de la inferencia en procesos estocdsticos es comparativamente dificil y quedan
muchas cosas para investigar y descubrir, La cantidad de especialistas dedicados al tema
ha aumentado de unos pocos alrededor de 1970, a una cantidad importante en 1980. Es
de confiar que con el transcurso de pocos afios mds, los problemas importantes recono-
cidos en la actualidad sean resueltos y se desarrollen nuevas y atrayentes dreas de
aplicacion.
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Estimation of autoregressive moving average models

Summary

This work summarizes the present status of the estimation of autoregres-
sive moving average models in the time domain.

For every model studied, the probability distributions are defined and the
most important properties are mentioned. Then the suggestions for moment
and least square estimation are analyzed as well as maximum likelihood for
normal errors.

Finally, some recent ideas for maximum likelihood estimation of mixed
models are revised. A conclusion of this survey is that in the last 65 years
many important developments have taken place in this area.
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Abstract

The paper summarizes information about education and training in statistics in Latin
America. Material assembled by others is reviewed, information is provided about undergrad-
uate, master’s and doctoral programs in statistics operating in the various countries, and also
about training in international centers, publications, meetings in statistics and related fields,
and other topics. University programs in statistics started in Latin America around the 1950s,
and expanded in the 1960s and 1970s to include many countries. It is coneluded that important
changes occurred in the statistical field in the Latin American region in recent years.

Key words

Education; undergraduate; graduate; training; publications; meetings.

1. Introduction

This paper summarizes a certain amount of information available about
education and training in statistics in the Latin American (LA) region. Educa-
tion includes the activities of formal programs granting academic degrees at the
undergraduate or graduate levels. The educational area also includes problems
of teaching statistics as service courses to other disciplines, and at secondary and
elementary school levels. By training we mean practical or theoretical instruc-
tion directed to impart skills required for specific tasks, as a part of on-the-job

training.
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it a wide scope, w s to ¢ 11 ics in equal " ] = i
With such a wide scope, we do not attempt to cover all topics in equa and doctoral levels. Tn each category we consider degrees in ‘statistics and in

T = . —H = 3 s o
depth. We pay more attention to university programs, and other aspects related other related disciplines.

to this level.

The amount of information available on these topics has improved in re- 2.1. Undergraduate level
cent years. In 1978 the CIENES (Interamerican Center for Teaching Statis-
tics) convened in Santiago, Chile, a “LA Seminar on the Teaching of Statistics”

(SELENES), in which representatives from 15 countries participated. Coun-

Table 1 contains a summary of undergraduate programs granting degrees

in statistics. Some observations follow.

try reports from 10 countries were presented together with other papers and TABLE 1
a preliminary survey of degree-granting institutions in the region (SELENES, Programs Granting Undergraduate Degrees in Statistics in Latin American
1978). A second SELENES was held in Caracas, Venezuela, in September of Countries
1989, organized by the School of Statistics, Universidad Central de Venezuela. e
aries
In 1981 the 43rd. Session of the International Statistical Institute (ISI) was Country Number:af! o 0 1) Avesage sBrogrnoperaing., Exssentsnitisl
programs yeurs duration at  within area of: enrollment
held in Buenos Aires: An invited-papers meeting on “Recent Developments in present (2] (1) (2) ) (§ Year Hember
the Field of Statistics in LA” was held in which four papers with comments Argenting 1 1948 5 1 79-93 199
and discussion were presented (ISI, 1981b), and a “Round Table on Statisti- Bolivia 2 1972 4 2 '78(7) 100
e o _ ; Brazil 18 1953 4 15 2 1 1983  190°
cal Education” with six papers and discussion (ISI, 1981a). These and other Chile 4 1970 4 11 9
sources were used by Morettin et al (1985). In Loynes (1987) there are reports Colombia 3 1958 5 2 1
- E o akn . : . : Costa Rica 1 1978 4 1 1977 73
on statistical education and training in Argentina and Brazil, together with nine P 1 1973 4 1 S c e
other reports covering all parts of the world; the book in an undertaking of the Equador 1 1971 4 1 1978 435
" : - o : Mexico 4 1978 4 el 1
Taskfore Technical ertiary atb atistics 's Educ:
iskforce on Techmical and Tertiary Education in Statistics of ISI's Education Foians 3 075 . 1 T8() -
Committee, Paraguay 1 1978 4
In spite of these improvements in the quantity of publications dealing with Y g i 3 13,2 1978 300
Venezuela 1 1953 5

the teaching of statistics in LA, there is still a severe deficit of concrete figures
(1) Mathematies, Physical Sciences; (2) Economics, Administration,
. Social Sciences; (3) Other; (4) Not available,

consequence, there are “empty cells” in many of our statistical records. * Average (estimated) of the 18 programs.

to support some of the thoughts and ideas currently under discussion. As a

There are 44 undergraduate programs, spread over 13 countries. Brazil has
2. University level programs in statistics in LA countries the lead with 18 programs. There are LA countries that have no undergraduate
program in statistics. The oldest program is that of the (now) University of
Rosario, Argentina, established in 1948. It started as a 3-year program and is
We consider separately the programs working at undergraduate, master’s now a 5-year program. Most programs in Table 1 last for 4 years.
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In Brazil most undergraduate programs in statistics are connected with
departments of statistics, or with departments of mathematics in the physical
sciences, or engincering. In some of the remaining countries there are large
undergraduate programs in statistics connected with administrat ion, economics
or other social sciences. Some cases are in Argentina (U. of Rosario, 199 enrolled
students), Costa Rica (U. of Costa Rica), Dominican Republic (U. Nacional

Auténoma, 646), Equador (U. Central, 435), and Venezuela (U. Central).

In general, undergraduate programs in statistics based on mathematics de-
partments have the potential difficulty that not enough applied statistics may
reach the majority of students, in particular if they do not follow further (grad-
uate) studies of statistics. Undergraduate programs in statistics based on eco-
nomics, administration of similer disciplines have found a basic difficulty in
developing sound curricula dealing efficiently with competing needs: mathemat-
ics, theoretical statistics, applied statistical methods (including data processing),

and a sound introduction to the corresponding social science.

Besides these programs, undergraduate teaching of statistics is done as part
of degrees in mathematics, computers and other disciplines, with “emphasis” on
or “specialization” in statistics. We have no detailed information about these

programs.

2.2. Graduate level: Master’s degree

Table 2 contains a summary of graduate programs granting master's de-
grees (or equivalent) in statistics in LA countries. There are 17 such programs in
6 countries, In Morettin ef al (1985) Peru was also mentioned, but the program
at the U. Nacional de Ingenieria grants a degree in mathematics with statistical

emphasis.

There are more programs operating in Brazil and in Mexico than in the
other countries, and many countries have no graduate program in statistics. Not

all programs in Mexico are equally well implemented (Mendez Ramirez, 1982).
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TABLE 2
Programs Granting Graduate (Master’s) Degrees in Statistics in Latin American
Countries
Number of Farliest known Average duration
Country programs year at present (years)
Argentina 2 1973 2
Brazil 6 1964 3
Chile 2 2
Colombia 1 2
Mexico 4 1964 2
Venezuela 2 2

We do not have information about the role of master’s degrees in mathe-

matics, computer science or other fields with specialization in statistics.
2.3. Doctoral level

The U. of Séo Paulo in Brazil started in 1979 a doctoral program in statis-
tics that grants an average of two degrees per year. The possibility of starting
doctoral programs in statistics has been considered in Argentina, Chile, Mexico
and Venezuela.

Doctoral programs in mathematics also consider specialization in statistics
or probability for the thesis work. One example is the U. of Buenos Aires in

Argentina, that has granted a few such degrees in recent years.

3. Training

An important part of training is that developed in national statistical of-
fices of the various LA countries. Papers on this topic are included in IASI
(1979), and in country reports prepared following a request by the IASI, at least
by Chile, Colombia, Panama and the Dominican Republic. Of importance is
the training provided by international programs, but this will be considered in
the following section.
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4. Education and training in international centers

CIENES was established in 1962 in Santiago, Chile, under the aegis of the
Organization of American States (OAS). It maintained two training programs
of (approximately) one year and half a year, respectively, oriented to the needs
of official and socio-economic statistics. In the lapse 1962-1976 they trained 559
and 404 persons belonging to 20 and 21 countries, respectively. It also offered a
teaching program at master’s level, that initially lasted for two academic years;
between 1963 and 1976, 245 persons from 18 LA countries graduated (IASI,
1979).

CELADE (Centro Latinoamericarro de D{'mograﬁa) was established in 1957
in Santiago, Chile. under the aegis of the United Nations Economic Commission
for LA (CEPAL). It offers teaching programs in demography at undergradu-
ate and graduate levels. CELADE also conducts research in demography and
maintaius regular publications in this field.

There have been several training programs of the USA Bureau of the Cen-
sus to which LA statisticians had access. The Bureau's International Statistical
Programs Center started in 1986 the operations of a “School in Applied Statis-
tics and Computer Techniques” (ESAYTEC) that offers programs in Spanish.
Two separate curriculum were presented, Computer Data Systems and Popula-

tion Censuses and Surveys. A total of 42 participants from 17 countries attended
part or all of the 7-month programs in the first three years of operations. Plans
for the fourth round of ESAYTEC call for presentation of an Economic Statistics

for Development curriculum. Activities are held in Washington, D.C..

5. Other topics related to education and training
in statisties

One question of importance is how well staffed and equipped the statistical

centers conducting teaching programs are in LA. A survey of related interest
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was conducted in 1979-80 and presented at the ISI Session in Buenos Aires (ISI,
1981b). The survey emphasized research capabilities of the centers. Answers
were received from 29 centers, with a total of 549 members on their teaching and
rescarch staffs. Of these, 146 had doctorates and 178 master's degrees. Further,
130 had majored in statistics and 111 in mathematics, computer science, or

operations research.

As a complement of this survey the Current Indez to Statistics for 1975-79
was screened for publications by LA statisticians. A total of 84 publications
were found, more than 60% belonging to statisticians from Argentina or Brazil
(ISI, 1981b).

Journal based in LA are scarce. Brazil's National Statistical Institute
(IBGE) publishes the Revista Brasileira de Estatistica devoted mainly to ap-
plied and official statistics. Mexico's National Institute of Statistics, Geography
and Informatics started in 1985 the publication of Revista de Estadistica de-
voted to problems in statistics, demography, economics, and related fields. The
Chilean Statistical Association has started publishing the journal Reviste de
la Sociedad Chilena de Bstadistica in 1984, and the Brazilian Statistical As-
sociation publishes the Revista Brasileira de Probubilidade ¢ Estatistica since
1987. The IASI has published Estadistica for many years, since 1942; there
were difficulties and delays in some recent vears, but starting with 1989 twos
issues per year are planned, under a new editorial arrangement that includes ag
much enlarged editorial board. We already mentioned CELADE's publicationsy
in demography.

National statistical mectings occur regularly in some countries, as a key
activity of the corresponding statistical societies. One objective is to publish
regularly the proceedings of the meetings, which has been accomplished at least
in Argentina and Brazil. There are several international groups operating in the
regions. The LA committee of the Econometric Society, the Brazilian Region os
the Biometric Society, and the LA Committee of the Bernoulli Society organize

meetings with certain periodicities, and the meetings are quite successful. In pre
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vious years there were also activities organized by the Iberoamerican Committee
for Sampling (CIM), by the LA Committee to Promote International Relations
in Statistics (COLPRIE), and by the Conference of Government Statisticians
of the Americas (CEGA); they are not operating at the present, and the latter
has been replaced by the Inter-American Statistical Conference (CIE) and the
activities of its Permanent Executive Committee (COM/CIE). The IASI started
a program of Seminars in Applied Statistics, of which two already took place
(in 1987 in Argentina and in 1989 in Chile), and one is scheduled for 1991 in
Mexico; they include the publications of their proceedings.

6. Final comments

An important question refers to the absorption of statistically-trained per-
sons by the labor market. In most LA countries employment opportunities are
more often available in the academic and in the official-statistics sectors; sece
Morettin et al (1985). Not many regular teaching programs are oriented to the
needs of official statistics, and a great deal of training is provided by in-house
programs. Detailed information on these topics is scarce.

The inclusion of statistics in high school curricula is not spread in LA. This
may have a negative effect on the future development of the discipline. At this
stage in many countries it seems premature to deal in a systematic way with
this problem, but perhaps opportunitics to do so are not too remote,

As in other parts of the world, LA is in the middle of an “information
boom?”, to which statistics and statisticians have been reacting rather slowly. In
some LA countries a decline in university enrollment in both mathematics and
statistics has been experienced vis-a-vis computer science.

A large portion of the teaching of statistics is conducted in close association
with mathematics and the physical sciences. In some LA countries the identity
of statistics as a discipline may be at stake, and an open-minded attitude from

the traditional disciplines is called for. This situation may be not unlike that
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experienced in other countries in the past, and decisions which are important

for the future of statistics are taken by the LA scientific communities of the

present.
From tables 1 and 2 it follows that university programs leading to degrees

in statistics started in LA around the 1950s, and that they expanded in the
1960s and 1970s to cover many countries. Not all existing programs are compa-
rable in size or in quality, and it is unfortunate that more detailed information
about them is not available. The graduate and the undergraduate levels need
improvement, and a key question currently under debate is which level to em-
phasize initially; sce the discussion in Morettin et al (1985). At any rate, it is

clear that important changes have occurred throughout LA in the direction of

improving the teaching capabilities in the statistical field.

(Received September 1989)
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1. Introduction

The Inter-American Statistical Institute (IASI) is an organization of professional
statisticians that focuses on statistical activities in the Americas, The work
program of IASI has four basic areas of interest: Publications, meetings, the
relation between IASI and official statistics in the Americas, and IASI's future
assistance to national statistical societies.

2. LASI publications

Estadistica. the official journal of TASI since 1943, is the medium for a technical
statistical interchange among the statisticians of the Americas. A Joint Agree-
ment between the Council of the Organization of American States (OAS) and
IASI, signed in 1950 and revised in 1955, stipulated that IASI be provided finan-
cial support to cover the costs of preparation, publication, and distribution of
Estadistica. Over the years this support has lessened considerably, affecting the

frequency of publication of the journal. In 1981, financial support was halted
altogether.

Publication of Estadistica experienced two periods of interruption: from
1982 to 1984 and from 1986 to 10987. Issue number 125, December 1981, was
the last produced with OAS financing. In 1985, volume 36 (1984), numbers 126
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and 127, were published toghether in a single issue under a new editorial policy
that had been established in 1979. In 1988, two double volumes were published:
volumes 37-38, 1985-86 containing numbers 128 through 131, and volumes 39-40,
1987-88, containing numbers 132 through 135. It is expected that publication
of the journal will again become regular in 1989, with semiannual (June and
December) issues.

In December 1977, in its fifth period of sessions, the General Assembly of
the OAS approved a study of the statistical publications of the General Secre-
tariat, including Estadistica. However, the evaluating group decided that the
editorial responsability of the journal was the intellectual property of IASI (not
the OAS), and hence, it did not in the end evaluate Estadistica. Because of
this decision, the Executive Committee of IASI decided to establish a Working
Group to examine the following issues: (1) Policy matters for Estadistica; (2)
means to increase the number of readers of the journal; (3) means to ensure
the collaboration of Latin-American authors; (4) matters related to the costs of
publication, distribution, subscriptions, and so forth.

Chaired by Jorge Arias de Blois of Guatemala, the Working Group met in
Washington, D.C., from April 23-27, 1970. Robert Ferber (USA) participated
as a member of the Publications Committee of the American Statistical Associ-
atioon, and Walter Duffett (Canada), Raul P. Mentz (Argentina), and Evelio O.
Fabbroni (CIENES) were also members of the group. A summary of the conclu-
sions and recommendations of the Committee is found in the document, “Report
on the Meeting of the Working Group on the Journal Estadistica, Washington,
D.C., April 23-27, 1979, published by IASL

Based on this report, a new editorial policy was established for Estadistica,
and two editors, one for “Theory and Methods” and the other for “Official Statis-
tics”, were appointed, Volumes 36 to 40 were published under the new policy.
The authors published in these volumes represented a wide range of countries:
Argentina (six), Brazil (six), Canada (four), Chile, India (six), Jordan, Mexico,
and United States of America (seven).

The newly clected Executive Committee of IASI met in Aguascalientes, Mex-
ico, in February 1988, and decided to give high priority to Estadistica. An an-
nual funding of $10,000 was allocated to cover the costs of publication of the
journal. The Committee also decided to appoint a Board of Associate Editors
for each section, to help process articles and to maintain contact with potential
contributors to the journal. Several internationally known experts in the field
have agreed to participate on this editorial board, and it is expected that the
journal will receive new impetus in the next few years.

Newsletter. At its April 1979 session, the Working Group recommended the
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publication of a newsletter which would have the role of disseminating informa-
tion on national and international meetings, activities of the national statistical
associations, questions related to the practice of the statistical profession, and
activities related to the organization and administration of official statistics.
Following this recommendation, a bilingual first issue of the Newsletter (Bo-
letin Informativo) was distributed in August 1987. Issue No. 2 and 3 were then
published in June and December 1988, respectively. The first two issues were
edited in Mexico by Clara Judisman; the IASI Secretariat took responsibility for
issue No. 3. The goal is to publish at least two issues per year. The members of
the Executive Committee and the Technical Secretary will try to identify and
appoint national correspondents from both the official and academic communi-
ties to assist in the preparation of the Newsletter.

Proceedings. The Proceedings is a compilation of papers presented at IASI
seminars. IASI intends to sponsor seminars in different countries annually or
biennially, in order to disseminate current topics of interest to the academic
and official communities in those countries. The Proceedings will be distributed
to libraries and other interested institutions and individuals, with the seminar
participants receiving them free of charge.

The Proceedings will be reviewed by experts in the field, under the direc-
tion of a program committee appointed for each seminar. Both solicited and
unsolicited papers will be included. The Proceedings of the Seminar on Applied
Statistics, held in Mar del Plata, Argentina, August 31-September 2, 1087, are
now being completed.

Meetings sponsored by IASI

Seminars in applied statistics. At a meeting held in May 1986, IASI's Ex-
ecutive Committee approved the establishment of a Program of Seminars in
Applied Statistics, as part of the Institute’s permanent work program. Under
the seminar program a set of regional statistical meetings will be held periodi-
cally in the countries of Latin America and the Caribbean. The meetings will
center on topics of current interest to academic and official statisticians of the
Americas, in an attempt to bring to their attention standard and modern sta-
tistical methods and how they are applied. Each seminar will focus on a specific
topic; for example, the first seminar focused on cyclical and seasonal analyses.
By attending the seminars, statisticians and other professionals can share their
experiences and convey what they have learned to their various institutions.

According to the procedures established by the permanent committee set
up to organize the seminars, first, one must obtain an invitation from one or
more institutions in a Latin American or Caribbean country. The participation
of more than one institution is encouraged, and the participation of a national
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statistical association is of particular interest. A topic is then selected, accord-
ing to the general objetive of the program, and three, four, or five “keynote
speakers”, chosen because of their expertise in the field, are invited to prepare
papers containing selections of topics of current interest. These speakers may
belong to institutions located outside the Latin American and Caribbean region.
After their selection, statisticians and others both inside and outside the region
are invited to contribute papers on the seminar topics. The meeting consists of
a 3-day session at which all papers are presented, and roundtable discussions
form part of the activities. A Program Committee composed of experts mainly
from the region is in charge of the technical aspects of the meeting, as well
as the publication of the Proceedings, an important part of the project. An
Organizing Committee and a Local Arrangements Committee also exist, and
function as their names indicate.

Seed funds on the order of $5,000 per seminar are made available to the
organizers by IASI. The remaining resources are raised by the host country
organizers. Travel expenses for statisticians from the region contributing pa-

pers are expected to by financed, at least in part, with funds obtained by the
organizers.

The topic of the first seminar held in Mar del Plata, August 31-September
2, 1987, was “Statistical Methods for Cyclical and Seasonal Analyses”. A sec-
ond seminar, on “Statistics in the Improvement of Quality and Productivity”,
is being organized in Santiago, Chile, for July 1989, jointly by the Catholic
University of Chile and the OAS Inter-American Statistical Training Center
(CIENES). Two further seminars are in their early stages of planning: one for
1990 in Brazil, with a large share of the organizational effort in the hands of
statisticians of the University of Sao Paulo, the other to be held in Mexico

City in 1991, for which an invitation was extended by the Instituto Tecnolégico
Auténomo de México (ITAM).

The first seminar followed an invitation by the National University of Mar de
Plata and was held jointly with the annual meeting of the Argentinian Statistical
Society. The joint sponshorship proved quite effective: during the three days,
the Argentinian Statistical Society met in the mornings and accepted papers on
a variety of topics without restricting the subject area, while the seminar took
place in the afternoons and evenings and concentrated on the specialized topic
of eyclical and seasonal analyses.

Four keynote speakers participated in the seminar: Estela Bee Dagum from
Statistics Canada, David F. Findley from the U.S. Bureau of the Census, Ge-
offrey H. Moore from Columbia University, and David Pierce from the U.S.
Federal Reserve Board. Thirty-one papers were contributed and 30 of these
were presented at the seminar. Eighteen were chiefly on seasonality, and 12
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chiefly on cycles. The authors represented a wide range of countries in the
region: Argentina (nine), Brazil (six), Colombia (four), Spain (four), Mexico
(three), Chile, Ecuador, Peru, and the United States.

Financial support was obtained by the organizers (in many cases with IASI's
collaboration) from the Third World Academy of Sciences, the International
Statistical Institute, the American Statistical Association, the institutions of the
keynote speakers, and several Argentine academic institutions. The number of
registrants to the joint event was 385, with more than 30 coming from outside
Argentina.

The first seminar was deemed a considerable success by IASI, because of the
large attendance and high quality of the papers presented. In particular, state-
of-the-art methodology and applications were discussed in the invited papers.

Collaboration with other sponsors, IASI has a long tradition of participat-
ing with other institutions in the organization of statistical meetings. In 1087
alone, TASI contributed to: (1) a workshop on the development of survey capa-
bility, organized by the Caribbean community Secretariat and held in Port of
Spain, Trinidad and Tobago; (2) a course on household sample surveys, orge-
nized by the Central Office of Statistics and Informatics of Venezuela; (3) the
Ninth Conference of Commonwealth Caribbean Government Statisticians, held
in Kingston, Jamaica; (4) a course on decision theory, organized by the National
Institute of Statistics of Argentina; and (5) a workshop for statisticians of de-
veloping countries, organized by the International Statistical Institute (ISI) in
Tokyo.

In the past, IASI has shared responsibilities in meetings organized by the
Inter-American Statistical Conference (CIE) convened by OAS, the U.N. Eco-
nomic Commission for Latin America and the Caribbean (ECLAC), the Food
and Agriculture Organization (FAQ) and other United Nations organizations,
ISI and its sections, and several academic institutions of the region. For the
future, IASI has decided to organize and finance activities chiefly from its own
work program, due to restrictions in the availability of resources.

IASI’s quinquennial meeting. At the beginning of its operations, IASI at-
tempted to organize statistical congresses periodically. However, the practice
was soon abandoned when the OAS statistical office organized and sponsored
statistical meetings for the official statistical sector of the American countries.
Now, the Executive Committee of IASI has reconsidered the idea of periodic
statistical congresses, but along the following clearly spelled-out lines. After
the program of seminars in applied statistics is consolidated, IASI could once
again organize Inter-American Statistical Congresses, say, every five years, or
even at shorter intervals. Such congresses should cover a wide spectrum of top-
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ics of interest to the region and thereby attract the attention of statisticians with
different backgrounds and interests. The aim is for them to become a permanent
and useful activity of IASI.

The organization of these congresses would demand a great deal of effort.
Countries would have to be approached to host the congresses and would also
have to be willing to contribute a substantial portion of the effort and cost
involved in their organization. High-quality academic and professional partici-
pation would be demanded, and attractive programs would have to be designed.
Funds would have to be provided to the many statisticians from the region to
travel to the site of the congress. These travel funds may come from their home
institutions or from other sources. Among the benefits of these efforts would be
the furtherance of statistical of the region who work in the academic, business,
and official sectors.

Educational activities. The educational activities of IASI are aimed at es-
tablishing new programs and developing existing programs that are devoted to
teaching and training activities in statistics and related fields. These programs
operate at various levels and have several directions or orientations.

The field of teaching statistics is expanding globally. One sign of this is
the International Conference in the Teaching of Statistics, held every 4 years
under the auspices of the ISI. Other indications are the recent introduction of
statistics at the primary and secondary school levels, the analysis of particular
instructional needs in various statistical fields, the development of adequate
teaching material on statistics, and the widespread use of computers in the
field. Although Latin America and the Carribbean region have experienced
some progress in all of these areas, much remains to be done. It is the role of
IASI to help in these endeavors, both through its own action and by fostering
international cooperation.

One activity that has been under consideration is the establishment of a
program of visiting professors, researchers, and technical personnel in statis-
tics and related fields. Under this program, statisticians from both inside and
outside the region will stay in the educational centers of the region for various
lengths of time, depending on the purpose of their visit. This purpose may
be varied: teaching up-to-date courses and seminars, helping in the research
or training programs of the center, discussing organizational or academic mat-
ters, contributing to the evaluation of existing programs, and helping in the
organization of consulting services. Funding such a program would be a key
concern.

Other educational activities that IASI has organized in the past, alone or
in conjunction with other agencies, could play an important role in the future
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as well. In the CIE meecting mentioned earlier, the area of statistical training
has always been of importance. In 1978, the First Latin American Seminar on
the Teaching of Statistics (SELENES) organized by CIENES with support from
OAS and TASI, took place in Santiago, Chile. Programs like these could serve
as the basis for future conferences on statistical education sponsored by TASI.

3. Official statisties

Participation in CIE. The Inter-American Statistical Conference (CIE) spon-
sored by the OAS held its ninth conference in Rio de Janeiro in 1986. The major
objective of CIE is to facilitate the continued development of official statistics
in the Western Hemisphere. All member countries of OAS are entitled to rep-
resentation on CIE, as is the Government of Canada. The purpose of CIE is to
promote the development of governmental statistical services in the Americas.
An important topic considered at the Rio meeting and recommended for fur-
ther reserach was the planning of the 1990 censuses of population and housing
in Latin America and the Caribbean.

IASI has participated in the CIE meetings because they provide an appor-
tunity to exchange information with the principal statisticians of the countries
of the Americas, determine the needs of the various countries, and disseminate
information to them on IASI’s programs, plans, and activities.

The Sixth Permanent Executive Committee of CIE met with the IAST Exec-
utive Committee in February 1988 in Mexico. The Conference supported close
cooperation between CIE and IASL The president a IASI expressed IASI’s in-
terest in preserving its role as a catalyst in furthering interaction between the
different sectors involved in statistical activities (i.e., producers and users of
basic statistics, academic statisticians, independent professionals, and so forth).
The Seventh meeting of the executive committee took place in New York in
February 1989, at the time of the meeting of the UN Statistical Commission.
At that meeting, JASI discussed the schedule and agenda of future meetings of
statisticians of the Americas.

Participation in ECLAC’s meetings of Directors of Statistics. The first meet-
ing of directors of statistics sponsored by the Economic Commission for Latin
America and the Caribbean was held in Santiago, Chile, in 1987. (In 198G, the
commission and the OAS had agreed to convene such statistical meetings in
alternate years). The sccond meeting of directors is scheduled for September
1989. The technical secretary of IASI will participate.
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Specialized activities with international agencies. In 1989, IASI established an
Inter-American Household Survey Program to improve this form of data collection.
Activities were coordinated with similar ones of the UN Statistical Office, ECLAC,
OAS, and other agencies through the creation of the Regional Program for the Develop-
ment of Household Surveys. As a part of this program, IASI organized a Central Ameri-
can Seminar-Workshop on Household Income and Expenditure Surveys in 1987 in San
José, Costa Rica, conducted with the cooperation of ECLAC and the UN Statistical
Office. In 1988, IASI distributed two technical documents pertaining to this regional
program,

A Working Group on Agricultural Statistics is jointly maintained by IASI and
the UN Food and Agriculture Organization (FAQ). The last session of the group was
held in September 1986 in Santiago, Chile, another is scheduled for 1989 or 1990.

Technical assistance to national statistical offices. 1ASI oftenreceivesrequests
from statistical offices of various countries of the Americas to provide technical
assistance on topics such as planning sample surveys. In the past, some of these requests
have been granted. However,IASIno longer has the resources to provide this assistance.
Such requests are consequently channelled to the OAS, ECLAC, or countries with
official technical assistance programs, such as Spain, Canada, or the United States.

4. Assistance to national statistical societies

National statistical societies are important to the development of statistics as a disci-
pline and a profession. By having regular meetings, a program of publications, and
other activities, national statistical associations contribute effectively to the propress
of statisticsin the Americas. Meetings can be programmed so thatnotonly is there
presentation of papers, but also, short courses, conferences, exhibits, roundtable dis-
cussions, and other activities are offered. In addition, meetings provide an opportunity
for exchanging information with other statisticians. The publications of national statis-
tical societies can include one or more newsletters that keep statisticians in the country
up to date regarding developments.

In spite of all these advantages,countries in Latin America and the Caribbean

region often find it difficult to establish and maintain national satistical soci-
eties. One reason for this is the small number of working statisticians in some
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countries. Another reason is the difficulty of attracting academic, business,
and government statisticians: some statisticians who might be attracted to the
activities of a national statistical society are uninterested because they have
limited their own activities to their particular area of expertise.

IASI has been interested in national statistical societies for many years. Its
present work program views such societies as key to the development of statistics
in the countries of the region, and a strategy is being formulated for IASI to
assist in promoting their growth. The Seminars in Applied Statistics described
earlier provide an excellent opportunity for IASI to coordinate its activities
with those of national statistical societies of the country in which a seminar
takes place. As noted, the next seminar will be held in Chile in 1989.

Future quinquennial meetings also provide an opportunity for joint labor.
Without active participation of local statistical societies and other institutions,
it would be very difficult for IASI to program an attractive and useful congress
in a given country. A crucial role must be played by the appropriate national
statistical societies.

International cooperation can be used to improve the quality of the regular
meetings of the national statistical societies. Funding may become an important
issue, but even with limited financial support, IASI could contribute its know-
how and membership participation to help national statistical societies in their
activities.

On a more grandiose scale, JASI could become a forum for coordination
among national statistical societies in the entire Latin Americanand Caribbean
region. When the program of seminars becomes well established, or as soon as
one of the proposed quinquennial meetings occurs, a meeting of presidents of
statistical societies operating within the various countries of the region could
be convened, and activities programmed. This kind of project is actually tak-
ing place in some fields, for example, mathematics, economics, and computer
science-albeit to a limited extent.

A permanent focus of TASI should be those countries in which no national
statistical society is currently in operation. Through its regular members, IASI
could look at ways to encourage statisticians to work toward establishing and
maintaining stable statisticial societies in such countries. Various statistical
activities that take place in the country could be used to promote the establish-
ment of a statistical society. When more than one statistical society exists in a
country, IASI could function as a liaison for them.
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Evaluation of quadratic forms and traces
for iterative estimation
in first-order moving average models

R. P. Mentz
Institute of Statistics, University of Tucumén, 4000 Tucuman, Argentina

T. W. Anderson
Department of Statistics, Stanford University, Stanford, C.A. 94305
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Abstract

This paper deals with the evaluation of certain quadratic forms and traces
associated with the first-order moving average model. The problem arose while
considering the maximum likelihood estimation under normality of the param-
eters of this model. The quadratic forms are y'R™’y, where y is 2 vector of
observations generated by the model, and R is the correlation matrix o the
model; the traces are trR~7; j can be any natural number, but emphasis is
placed on small values, j = 1.2,3.

Procedures in the time and frequency domains are studied, and the amount
of computations needed in each case are considered and compared. from which
a preferred approach emerges. The computations are compared with several
alternative procedures suggested in the literature.

1. Introduction

The first-order Gaussian moving average model. denoted MA(1), with mean
zero is defined by
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Y = Up+ Qligey, t= ey =0 lvies s ‘1.1)

where the y;'s are observanle. the u,’s are unobservable independent N(0.0%)
random variables. 0 < ¢° < o0, and @ and ¢° are parameters. This process 15
stationary for any value of a. The oniy nonzero covariances |or autocovarances |
of the process are 0y = (1 + ) and @y = o_; = ¢°a; then po = 1 ana oy =
-1 = p = aj/il ~a°) are the oniv nonzero correiations |or autocorreiations|
of the process. Tie process can be parametrized by the pairs (a.co?), (06,0,
or 10p,p); for an analysis of the reiations among these paramertrizations see
Asnderson and Takemura (1986) and Anderson and Mentz (1990).

I y,....yr is 2 sampie from (1.1), ¥ = (y;,....yr) has a multivariate
normal distribution with parameters £y = 0. and £yy' = T = {g};—j). We can
write the T x T matrix X in the following ways:

=0yl +0\G =c*(l+e)] +c*aG 1.2)
=d*{(1+a’)I +aG)=a’P
=o*(1+ o’ ){I + pG) = oo R.
whnere G has components g;, = | for |i — j{ = 1 and g;; = 0 otherwise. and

R is the T x T zutocorreiation matrix. Since ¢° > 0, X is positive definite
for —a < p < a. where a = 1/{2cosiz /(T + 1}]}; see Anderson and Takemura

'1986).
The likelihood function can be written as a function of (@.g%), or (0. 2.

Iz the latter case it is
L{go,p) = (25)""(ae)~T/*|R|" 1 axp { —El-y’ﬂ'.‘ly} R
oo

Ins:ead of maximizing (1.3) with respect to 7o and p simultanecusly, we can first
maximize (1.3) with respect to g at ap = (1/T)y'R™'y, and then maximize
with respect to p the function

1
n(P) = — '1.4)
IRI(y'R™'y)" '

the “concentrated likelihood function” is a constant times the square root of
f1.4). We call this the concentrated likelihood procedure or approach.
In this paper we consider the evaluation of quadratic forms

gk =y’ R-UTNGEy s _10,1,..., k=0.1...., 11.3)
and traces
tix =ttR™IGY,  jk=0.1,..., {1.6)

that occur in iterative maximum likelihood procedures, When v is a random
vector, gyi is a random variable and
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£qju = Ey'RTIIGHy = sy REIG Yy = R GReyy' (1.0)

= l?R-'J‘”G*O’QR = .:r.)lrﬂ"G* = goljk;

*his explains our indexing of g,x and f;k.

To estimate by maximum Lkelihood the covariances of the moving average
cart and the coefficients oi the autoregressive part of an ARMA(p, ) moaet.
Anaerson (1977), Section 4.1. derived the equations tnat in geaeral correspona
to the iterative procedures in the Gaussian case. Using these resuits Anderson
ana Mentz (1990). operating in the time domain and using either the scoring
or the Newton-Raphson procedures, derived explicit iterative procedures for the
MA(l) case, and these involve the quadratic forms and traces introduced in
(1.3) and (1.6), respectively. For example, an iterative procedure for estimating
p based on the likelihood function (1.3) and the scoring procedure is written

A(i=11 Ai=1) aii=1) (1.8)

i=1) -(i=1) =R )ali=11 ] w Hi=1)
{i{fz o - By Vdh }Pm=’:c m — 1 9o

However, if (1.4) is used with the scoring procedure. an iterative procedure to
estimate p is written

T Ll et fie Fi=1) :li=1

S =T - B e (L9)

4
L9

-r. under an alternative approacn.

4

[-{11-1111};5[.] (1.10)

1
o {87 - 2 [
. 1 . 2
A= ) 2tE=1 s sl =1 _ = [Hi=01* | (i1

= T"-IH " I11'1 “‘{aa b ":'l{:l:) {ﬁ."! = i_tu | }9( .

I the likelihood function is used with the Newton-Raphson procedure, an iter-
ative procedure for estimating o and oy is written

L aali=1 ~(i=l) .a{i=l) ~(i=1) (i 3 aoli=1) _ ~(i=1)

(i - e Tt %‘-‘F )("éq) - (ﬁ‘m fo ) (1.11)
af1= A=l eli= ~epi=1 (i) ] = \ 3a=le=1) _ =(i=1) J0 A°°

1?‘.‘? L %Izr 1 q!il 1) %[:;n ) 0‘{] 2 =ty

where ¢}, and 5, are quadratic forms and traces defined as in (1.5) and (1.6).
respectively, with R replaced by X. If the concentrated lik:2lihood funcu?n
is used with the Newton-Raphscn approach. then an iterative procedure lor
esuimating p is given by

di=l) =) =imb) foti=1] 2 [oti=1]% L sth) L
{‘JTq;z Yoo | = L‘i‘r’::: ] ‘Tl‘i‘n | }P (1123
1
aji=1) afi= 1=1 -(i=1})
=l ati=1) 1[%();, E

=Tdy o ‘u

1) il =1) [ai=1]? (=017 i1
+fordridn - ) -] e
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We note that all quadratic forms g;x for k& < j can be expressed as functions
of gjo = y B~UHy. In effect. since R = [ + pG, we can substitute G =
2R -1 in g;x, provided p = 0. to obtain

o= y'R—U'rllp—;(R = ‘”ary = p—xyfR-lre'H Zr:_l)x-n_ll "“’: R"y i1.13)
=0 L
- p-'. S-‘(__i}iz—: (k)y’x-u—mny = E:l'_“‘—'f K\'

=0 2 =0 i J}

For exampie,
1 1 i 1 =
i = ;'?uu =quh n= ;"h: =4qw)y {12 = p—:(?nn - 2g10 T q20s- (1.14)

Similariy. ail traces 1., where £ < j, can be expressed in terms of 5 = irR™7.
We have t.. = p~* T % (=1 (5)t,—s0. % < j. For exampie.

ia=0

il

i ¥ ) i 1 2
tn==T=1o) ty=-ihg—twn) tn=-=(T-grtp,. L13)
2 p P

In the remainder of this paper we study the evaluation of 950, 9105 920+ l10s
and f39. from the mathematical point of view the problem is tc evaiuate y'(I +
pG) ™™y, 3 = 0,1,2, for a fixed value of p and a fixed vector y and tr(J +
pG)™?, ;= 1,2, for a fixed value of p.

In Sections 2 and 3 we consider the evaluation of quadratic Jorms and traces.
respectively, in the time domain. [or the former the main idea is that the needed
computations correspond to solving certain linear systems wkich can be com-
puted efficiently by the method cf successive elimination. These computations
can be extended to compute traces (Section 3.1), but for traces we have alter-
native computational approaches. in particular those leading tc rational expres-
sions (Section 3.3). In Section 4 t1e computationally poweriui Fourier approach
is considered for computing quadratic forms (Section 4.3) and traces (Section
4.4). In Section 5 the main proposals in the time and frequeacy domains are
compared in terms of the numbers of operations needed to do =he caiculations.
Finally, in Section 6 the computational procedures are compared with several
other statistical approaches and methods that appeared in recent literature.
Some proofs will be simpiified and others omitted: for full detaiis see Anderson
and Mentz (1990).
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=101 k SJ"

2. Evaluation of quadratic forms in the time domain

2.1. Introduction

~ Letusdefinex = R™'yanar = R~'z. Thengo = y'R™'y = y'z. qup =
yR™'y=z'z.and qq=y R™y = z'u. \We see that it suffices ta soive fer
= :n the linear system

y = Rz, (2:1)

znd having done that to soive for u in the linear system = = Ru. In the following
sections these linear systems wiil be analyzed [rom a compu:ational point of
view,

2.2. Successive elimination

[n this section we consider t1.2 method of successive elimination to solve a
~near system iike (2.1}, Theres an interesting connection between the “forward
ssiution” of the metnod of succeszive elimination ana the Cho.esky decompos:-
tion of the matrix of the linear system. Qur presentation will emphnasize suc-
~assive elimination Decause we want to stress questions related to the numericai
romputions (for exampie, those considered in Section 5). We do this in Sections
2.2 and 2.3, and then reiate the resuits we obtain to the Cholesky decompaosi-
tion in Section 2.4. In effect, our arguments provide a derivation of the Choleskv
Zzcomposition of the corresponding matrices.

Let us consider (2.1) in detail; we have to solve it for . given a vector of
observations y and a matrix R evaluated during an iterative procedure. Tke
method of successive elimination corresponds to muitiplying the system on the
-=ft by the matrix F that is lower triangular with diagonal eiements | so that
. the resulting system

FRz = Fy {2.2)

FR is upper trianguiar. This unper triangular system is calied the “forwara
:owution” of the metnod of successive 1or Gaussian) elimination or pivotal con-
zansation.

The product FR corresponds to successive ieft products by elementary
matrices Fy so that

F=FrFr_,...RF (2.3
with Fy = I. Let us define R, mairices by Ry = R = /1R and
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Ri= Ry j=2. 0 Vs (2.4)

Each matnx F. for 3 =2..... T inzroduces the changes in the *-th row of f.—
only. Let F, =% f}:’], where F; has a nonzero component {"E_‘;‘_l in row 7 and
comn j—:. - 's along its main diagonai. and 0's elsewhere. Suppose tnat at the
-—th step R._; has vy,.... 2. followed by T-j+1 1'sontte man diagonal:
e diagonal. zpove the main diagonat has I — 1 p's: the diagonai pelow the
2am diagonal has j — 2 0's followed by T - = 1 p's. ana 0’z elsewnere.

The product FyR;-; is

-UI Fe) U 0 0 L . D 0
0 v p 0 0 B e 0D
0 0 un 0 0 00
L0 i o o 6 B 00
FiRicy =) i
e 0o 0 f}_‘;’_ir,_lvp j}j’_,p-rl 2 - 000
6 0 9 - 0 p o= 000
0 g )] 0 : 1 p
to0 0 0 0 0 g Lo o i
(2.5)
For 12.3) to nave the form of R,~, we require that
,’j_f_lr:,-_l +p=0. f_:.)_:J-H’ +1=u; e o (2.6)
Thus
9 () P - T
e B ; = m— i + 27}
=] ~ Lot = P I (

Finally Ry = FR has vy,.... v on its main diagonal. p's on the diagonai above
the main diagonal and 0's elsewhere, with v, = 1,v; > 0, j = 2.....T. Note
that the v; are nonincreasing, 0 < v; <1, j = 1,...,T, aad v; > 2, 7=
boerad 1

We now use these results to compute the components of the vectors = and
u introduced in Section 2.1. Let us define w = Fy, the forward solution of the

linear system (2.1). In view of (2.2)

w=FrFr_...hFy, {2.8)

so that using expression (2.7) for the f}:,’_, component of F,. the components
w; are caicuiated in sequence by

W =1 Wy = Yy - —— R v
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With the w; we compute the z., using that Fy = FRz = Ryz = w. In terms
of components the last equality is

UiZ; + pTiey = Wil 3R R R e R upzT = Wr, 2.10)
{rom which
w Wy — pT; !
Spmas, oA HL @ gEPOL Y 2.11)
vr v,

completing the “backward solution™ of (2.1).
Since z = Ru is similar to (2.1) in that they involve the same matrix .
we have that the forward solution of z = Ru is

hye
sy, hyma-SEL jel.T (2.12)
Vj-1
and the backward solution is
) s
s el e 12.13)
Lr U‘.'

With the y. = and u vectors we compute gso, §1p and gao as indicatea in
Section 2.1. ana we aiso have avaiiable g5p = 'R~y = u'u.

2.3. Remarks on computation

1. From our analvsis in Secticn 2.2 we conciuded that we calculate goo = v'z
by using the vector of observations and the backward solution o2 (2.1). However.
we now show that the forward soiution of (2.1) is sufficient to compute g5. To
show this we first prove that

FRF' =V, 12.14)

where V is diagonal with diagonal elements vy,...,vr. In effect, F is lower
triangular and has 1's on its main diagonal, Ry = FR is upper trianguiar and
has the v;’s on its main diagonai. £ is also upper triangular . ind hence R F’
is upper trianguiar. However, R7F' = FRF' is symmetric. and hence diagonai.
The structure of FR and F' imply (2.14).

Using (2.14) and the definition w = Fy we have

G0 =y' Ry =y (F'WF ™"y = (Fy) V- (Fy) = w'V~lw
I
ws

"
v

(]
b
o

a=]
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as desired. Similarly. we have 1o = y'R™y = @' F'V™'Fz = &’V".h =
Emlhz,z:-,. We conciude that if only goo is needed. it sur?n:esl to find the.
fatwara solution of (2.1) ana use (2.15). If goo and g0 are needed. tie backward
solution = is needed: then g = ='z. and we have two ways to compute: ¢y =
y'z =w' V- w. The argument extends to g20, g3, €LC.

2. If oniy the quadratic forms are required. the caicuiations can be done
z: indicated above: we start witi: v; = 1. wy = v, aOd compute v; = i —
5 Uity ¥ = ¥ = pWji/¥jmy.; = L....T. to odtain tie forward soiution.
znd then proceed as indicatea above. However, if some traces are also to be
caiculated, the expressions for the traces that we give in Section 4.1 are more
naturaily expressed in terms of the jj_’;_, components. [: wiil tLen be more
convenient computationaily to store these components and to vse. for example,
expressions like w; = y; + J'J!f,}_, t;-1. At the end of Section 3.1 we summarize
the calculations needed for quadratic forms and traces, and hence use this kind
of notation.

3. From the definition oi F) i: follows that F™" has a nonzero component

{3-1) . . : S s ;
—f,j_x in row j column j - 1, 1's along its main diagonal. and 0s alsewhere,
so that. iz view of (2.3)

5 i
L G | 0 y
I g 3 s
5 . { <
0 g 0 1
0 0 0 = }:.?'—l

_ We can check (2.9) by using F~'w = y and the simpie structure of F~*
given 1n (2.16).

; 4. Anderson (1971a) gave this procedure in detail for tne case of (2.2); see
aso Anderson (1984), Appendix A. Theorem A.1.2.

2.4. Relation to the Cholesky decomposition

Expression 12.14), or its form

R=UVU' (2.17)
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=ith U= F~!. is a case of the Cliolesky decomposition, and can aiso be written
2s R=TT with T = F~'V1, where V! is diagonai with d'azonai elements
Tl+....y 0T, In effect. irom generai resuits we know that for 2u p for which R
.z posiuve definite (namety. for —a < p < a), its unigue Cholesky decomposition
susts: vnen it is written as & = TT', T = 1t,;) is bidiagonai {because R is
‘niziagonal), lower trianguiar. 1, > J. ana t; =fifort < jand 1 > )+ 1:in view
I the croperties of F™' 1aa V., ‘nese resuits follow. VWhen tne aecomposition
2 wntten asin (2.17), U = fuy;) is bidiagonai, lower trianguiar. v, = L. u,; =9
ort« >andi> )+1.ana V is diagonai with positive diagonal elements. which
': a0 readily verified,

Zxpression R = TT' is oiten cailed the Cholesky decomposition of R. ana
T iz caded the Cholesky triangic. The procedure to obtain T is sometimes
caiied the square root method. Sc.ting V' U’ = S say, we see that S is bidiag-
onal, uzper triangular and that R = US, which is a case of the so-called LIL
decomposition,

"Ve have then verified that in this case the general resuits hoid: the Cholesky
decomposition is equivalent to tiie forward part of the method of successive
aiimination. To obtain the Cholesky decomposition of P we use that P =
1 —a" R.and hence

P=F" "1+ )\V(F~'Y: (2.18

-raoniy change in reiation to (2.17)is that the diagonai elements of the diagona:
matrx in the decomposition are now (1 +a%jv; for = i..... 7.

““:2ful references for these tonics. and also for the materiai in the preceding
sactions. are Anderson 1 1984), in particuiar Appendix A, Golub and Van Lean

12375 znd Graybill (1983).

2.5. Expressions in terms of determinants

T:e results so far were presented in computationai forms. Interesting an-
aivtical expressions (not necessarily useful for computations) can be given in
rerms of the R (and P) matrices. Let A, denote the determinznt of R of order
s 43, “hen

4,

1 res "
=N (3 Yoh =gt itk (2.19)

PR RIS

0 tnat. for example

L=di=l, Ay=l=-p A3=1-2%, Ai=1-30+p' (220

“.ete qeterminants are xnown tc satisfy the difference equation A, = A,_; -
" &.a;: see, for exampie. Shaman (1969).
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To transiate the expressions given in Sections 2.2 ama 2.2 in terms of
the v; and f)’_; iato expressions invoiving 4. it suffices to soow tnat v, =
.\,_:.l._; $=1.....T. which can pe pmved easily by lnuncnan

A similar anaiysis can be done for the determimants A, of the P matmices,

which are given oy

warll
e Sl T (2.21)

5, = -
l-a*

and satisiv the difference equatioa A, =il+a 1A, —0°A,—;. in fact tnese
reswits are nauuv deduced fram tnose for the R matrices. because

-\s =il+a ].--'
3. Evaluation of traces in the time domain

3.1. Using the solutions of linear systems

The calculations in Section 2.2 were presented as part of the computations

needed for quadratic forms. but can also e used for traces.

From (2.17) we have that R = UVU', <o that the -jorward” oiution
(22) FR2 = Fy = wis VU'z = U™'y = w. and simuitzneousiy Uz =
V-'U~'y = V-lw. Notethat F=U"".

To compute ty = trR™ weset RX = I, where X and ] areoiorders T xT
In successive eiimination the forward solution is FRX = For VU'X = v
We get U~ ana (diagonai) V' by recording the steps of the forward soiution of
Rz =vy. Then

tio= R =X = o(U) VWU = uF'VTE (3.1)

T 3.4 7 -2
14 gt
covripp oy et

=1

Uy

“;h‘{‘ F ={f;;). Using (2.3) and the structure of the F; given in Section 2 we
obtain

iz B IS0 Y, j= T=Lisjel T (32)

In more qetail, the elements of F below its main diagonal are
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Ju = I’:},: Y
o el 3
fa= ﬁlaﬂi. - = _-E,;,
i 3
Jo=lsglnm,  fas= B =g, (3.3)

AT {2) ,'- _ A7) (3) ; o
fn .-,'- achith n=frpaccfeednra = J‘T].?'-l-
We next compute t5g as

tw=t R =w(F'V-'FYF V™' F)=u FFV-'FFV-' (34

; , ; ;.
=t VAFF V-V iFF V- Y =u HH' =S Z hf_,-.

=] =]

where H = V-YFF'V=% s symmetric. and we have used the circular property
of the trace. The components of FF' are

min(i,5)

Z)rl.llr;l = Z fuf]ll iej = e f3-5]

=1
0 that the components of H are

e mining) ¢ minisg)

h.;nM: 'l'_"._f'.} (2 TR :
R D L el e

and hence

]

W 1
i l[-mmh.ﬂ f_f_
=1 : 1=l V;I'—'/-—

~ 2] ey [ f“J
{ml 'J':‘] ; Z 1=l "u'\/—

[>1=

=1 i=l =1
1<)
R [s
_lel— IZL: Tzzlzl"l Z:fuf" . 13.7)
= LA = 1 1=l = iy ;-
1<)

These computations for a given value of p can be added to those presented
in Section 2.2 to compute gyg and q1o. \Ve now present the computations needed
for goo, q10, 920, t10, and typ, followed by some comments to facilitate the inter-
pretation. Define ¢ = FF'.
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Starting vaiues (s = 1)

1 S .
m=ie el deleet, 8 =1 £ =i (3.8)
wm =y 3.9)
PR e S R TR (3.10)
Us=l s Us—
T i A L CRR e g (3.11)
J
O = Z fiefie 1=l 3 (3.12)
k=1
2 N, o 351 %h ]
A w2 00 e G g | Feanh 0] (319)
10 =ty oL w0 2 T o |
Wy =0T 1?:1—1 WasTe (3.14)
After compieting these computations we have
ho=81), o= ¢, (3.13)
P o Ly i14+1) T '
= =B fea, G=Toleal @10
T T
Joo = Z YiZin G0 = Z z;. (3.17)
=l =l
Finally, to compute gy we have
b=z,  hy=z,+ S0 ke, s=2...T0 (3.18)
T 12
qp = ﬁ-’- (3.19)
=1y

Note the following points. 1. Formulas (3.10). (3.14). and (3.16) were
already given 1n Section 2.2 to compute goo and gyo in (3.17). 2. Similar com-
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- atations in 3.18) produce g3 in 13.19). This was aiscussea in Sections 2.2
.nd 2.0, 5. Hence. the suerscripts in j°/_;, and the indices in v, and w,
-~rrespona to the caiculations being done in sequence. 4. To caicuiate t;o and
‘.- we neea to compute (52 components of F and & = FF'. One row of F is

;mputeu at each step, namely, for row s. the elements f,, for 7 = 1..... i— 1
Tirther f.. =1 and f,; = 5 fors < . The caiculations in 13.11) correspond to
‘2 structure of fi; given 12 13.2) or 13.3). 5. The components of $ = FF' are
-aar oroaucts of the rows of F. and are caiculated in 13.12). where the sums
;22 auso reacd k = T in eacn case, pecause for & > J (j < 3) ai least one of the
‘zctors f.. is 0. 6. In t}g caa tay the superscripts denote partial sums. so that

::;_..' = tip and tgi = tag, which is 13.15).

3.2. Series expressions

Far 1o < 1/2 we have

20 =
= RV =wmiI -G =u) (—p)G = Tp“‘!? G*, 13.20)

;=0 e=0
:nce tr G° =10 for 7 odd. .'ote that (3.20) converges because tne characteristic
zots of G are less than 2.5 absoiute value and lp] < ¢, Similariy,

A o =
=R =wmlepG Tt =y i-ppiert = Zfﬁ.-'c +iip*fer G,
=1 z=i)

(3.21)
n an appendix we prove that

.1?=._?.i__1_,2[1'_.;,§: Z (k_??;':+lj)p:k. (3.22)

T l = 4o
;b gL =l k=g T+1) *

iae aiso section 4.4,

3.3. Rational expressions

75 compute tyy and - we consider an expression for {R| and use

_—:;oz:R| =urR7'G = tits %luxyﬂl ==tr ROGR™'C = =t22. {3.23)
5 7

inderson 11971), Lemma 0.7.9. shows that

L " 2 o TH o THY ————. T#1)
!-aG.—:al—wiH(E; {(Iﬁ-vl—‘w-) ={l-wl-ug) I
(3.24)

‘lence, we identify # = -y and use this resuit directiv. Let us denote @ =
1 =457, so that da/dp = -4p/a. Then
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l{l\.‘_“ T+1 &1
{Rl=W +pGi=213) {+a)™ —i=ar™), (3.25)

log|R| = —loga =T+ 1jlog2 +log {(1+ )" - (1 - a)7*1} (3.26)

p (T+hE{-ii+a’ —il=ari}

g . . (3.21
a—.;:ﬂgJRl—a: / (l+ar= =1 =q)f¥!
4p T+l ‘1+ai =(l-ar
e a ld+aimi =l =—aprt’
2 46743207 AT - iia? +40°) (1+ai7 = i=al
:'__,:'Iog"ﬂ'= i i =) QtarT—i—gin
ST+ 0P [T+ (1 =T {1 a7 =1 -a)TH]
iz a {1507+ = (1—ar™1
; ;s
o r:ffn{(u-a; (1-2:7) 1 )
1[1+d,r+1_..‘1_.”r-1}2 J
Simplifying siightly this last expression we bave
2 2 T T —asE)
d 44 16p AT+ 1{(1+ a7 (1 =a (3.20)

= fi= =
7 el = Sl ral T - (1=af ]

16(T = 130° (1 + a1*T =(1 = a*T = 4T + 307 140°)7 !
a* {{1;_4,“:_.:‘_,“:1-:5: :

4. Evaluation of quadratic forms and traces in
the frequency domain

4.1. Introduction

We presented our resuits so far in the time domain. Ve zan consider the
sffect of a Fourier transformation, Let K be the orthogonal T < T matrix with
components

IR

L i 2 et S T I 4 41
i A T (41)

and let D be the diagonal matrix with diagonai elements
2]
T+1'
Then K'K = KK'=1. K'GK = D. We have a way 1o diagonalize the
matrix G appearing in (1.2). If y = Kz. then z = K'y, that is.

d; = 2cos e el (4.2)
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| 2 é— T}k
PR I, - R N A e (4.3)
\’TH:’:M"‘TH - '

*hen z is multivariate normai with £z =0 and £22' = mal+0, D = ag\ I +0D).

This then provides an aiternative approacn that we may cail a “frequency
.omain approaca’: any exoression in terms of G can be transiated into an
-xpression in terms of D. and any method formaty presented ia terms ol y can
*n transiated into a metnod presented in terms of z.

Since [ = KK' and G = KDK'. it follows that R=[ + pG = KK' =
JKDK' = K(I -pD)VK'. so tnat R is also diagonalized by the orthogonai
matrix K. and I = pD has diagonal elements 1 + 2p cosizj/ T + 1)]. It then
follows that R™ = K(I +pD)’K'.G’ = KD'K'. F=0ly0e

Putting these results together we find that the quadratic forms introduced
in (1.3) can be written in terms ol the z; defined in (4.3) as

gk =y R™HMNGy =y K(I +pD)" "K' KD*K'y
= {K'yj'[.f + pD‘—iJ‘F” D"[K’y} == pD]—Ij-i-HDk:
¥ i n.”,‘ :

e T
e b} pd =l
ot Ny

i ) S i R Bat 14.4)

wnile the traces introduced in 1 1.6) become

nestr RIGE = K(I'+ oDV DK’
=trif+pD)V'DK'K =il +pDV°D"
T

i‘
:le_' T Fiksloleos
p = fdy}

e
(41}

4.2. Calculation of Fourier coefficients

The Fourier transformation of the observations 14.3) is different from tne
1sual transformation

T\L ik <04 [ (3.6}

e o e 12 i3
k=1 2

T . ik FE= 1l e

‘IrTZ'{Hn_J-;-_. }_ ‘_'..T_J i

Since the matrix (4.1) diagonaiizes G and that impued by (4.6) and (4.7] does
~ot diagonalize G. the former vields simpler resuits. as indicated in Section 4.1.

For large T, :he fast Fourier transform can be used for efficient computation
3f 14.3). We write for 7 = i..... |
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—-—r+1
1.8)

Ty*sm =.J———Zy,,sm
Y k=1

r=l
ij] =0 for £= T + 1. Furtner we nave

for arpitrary yr.; since sin f:rjkjfT -

2T+ 9= ik
S e 19)
‘ 2(T+ ] :—_1 ’-'{T 1)’
vhere Ve = —YaTelj-er k= T+ 2..... 2T + 1, and Y742 i5 arcitrary. -ned

wi Y ! A
(4.9) has tne usuai form of the sine-transiorm for 2(T" + 1) obserszilons and the
usual computations for the fast Fourier transiorm are available.

4.3. Evaluation of quadratic forms

We want to calculate

r a
(p=(141)y — 5. T =010 ;
yv'R y—q_,o_;u_r PR i=0.L2 +.10)
Using d; = d741-, and di74yy/2 =0 for T odd. we can prove tnz
W
T2 2. a s
Gog = T 5 Fare, — 06(5 - “okiagl T even. <11
¢=l. 1 " ﬂ"ﬂ?
(T=1)/2 v =a
Shae 2T ks Y Pl o s 3 Y T odd.
o= 1 —p-dj
R0 0t @Y 4 ek, )=~ 20ddet = ehiay,)
q10 = Z 7 ——2- T even. 1.12)
il (1 —-p d}]
(T-1)/2
= :f:TJ- o Y‘ (1+ 'd']('- ZT‘H—:) = de!{z b '._-1. =-2f - aidd.
1)/ = (1- p2d3)? i
., 2.av.2 4 52 13
g0 = T "1 + 30 aa:){'u e 2 Y I-:spd; +p dr)(zf s o P T even.
= (1= p°d2)
= 1y +4.13)
(T=1)/2
g (1+30°d3)(2] + 2724_,, — (3pd, + p°d3)(22 - 2+ siea) o odd
(1= pdi)? = )

=]
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The series form can be used to obtain
n’;a-x-bl]r o Zd,, 2

—
c=0 !J =1

(4.14)

90 =

4.4. Evaluation of traces
In the Appendix we prove that (3.22) holds. Further. by using the hyper-

seometric function we are able to express o as follows

T+1 1 (2;:1’:”“'
o = ———=— —— = 2T +1)
Y Ty ; VT
Tlg(T + 114 1/210(g(T + 1) + 1) (4.15)
T[29(T +1)+1)
Flg(T + 1)+ 1/2,9(T + 1) + 1: 29(T + 1i + L1 4p7].

The arzument in Section 4.3 can also be used for traces. in effect

Im_‘_ =ZZ —pdz' T even.

: i =1
(T=11/2 1
Sejein NP e T odd. 4.16)
i+2 2i L=plt (
=l
T2 241
1 1+ pd;
= — e T :m.
m=) A g T
(T2, 2
+ d T odd. (4.17)

LT z N=pidi)

5. Operations needed to do the calculations

Quadratic forms and traces were given (in the frequency domain) in Sections
4.3 and 4.4. respectiveiy. for T even and for T odd. To simpiify the analysis in
his section we consider the case of T even. since we are interested in orders ol

magnitude of the numbers of operations.

269



Publicaciones - Raul Pedro Mentz Eval
valuation of quadratic forms and traces for iterative estimation in first-order... , pp. 931- 963

The traces 2o and ty are given in (4.16) and (4.17). -%ssummz tna.:. dy=
Jcos 'rs/[T- 1) is available in the computer. we calculate d7 01 8= Hane a2

once and for ail. and use that d, = —d741-, jor s = (T/2) + .. : we also
caiculate p° once for each iteration. Then (4.16) requires T2 mu.mnhl:a.tlons
p-d3, T/2 suptractions 1 — p* 23, T/2 inversions and T/2 additions. Formula i
14.17) invoives additionaily T'/2 adcunons i+ p*d?, T/2 muitiplications to obtain o Mt e = ST SR
the square in the denominator. /2 divisions. and T/2 additions. For tio and .8 ! ’
tsp we have aitogether 2T additions or suotractions. I' muitiplications. and T g
divisions. See Table L ; :35 X 1 e E?. b Bl o R P
We next consider the calculation of the quadratic forms given in equations |6 J H e E;; ! B~ & &
(4.11) to (4.13). The caiculation of the z; in (4.9) is about T'log, T multiplica- B
tions and additions, but r.hat is done once and for a.l.l For T even. qqp is given
in (4.11). The sums z? + z3,,., and differences 2} — z3,,., are caiculated =
oniy once. The addmoual mrnputanons for one iteration is T cuitiplications to } it e g
obtain pd, and then pd,(z} — z34,_,), T/2 additions. T'/2 divisions. and T/2 ‘ ! h | E_'; B & L Sl
additions. For T even. gy is given by (4.12). This is additionaily T multiplica- S [
tions. T/2 subtractions, T/2 divisions. and T'/2 additions. Thus ior goo and 10 ' | =
we have 2T additions or subtractions, 2T multiplications, and T divisions. For | %
T even, gy is given by (4.13). This is additionaily 2T additions or subtractions. ‘ k- | o
5T/2 multipiications. and T'/2 divisions. Finally, for ggo, 10, 20d gz0 we have =B 2
AT additions or subtractions. 97/2 muitipiications. and 37/2 Zivisions. . — ;_ i £ {
U = =
n Z S 8x|| 5 eBRE
The caicuiations in the time domamn were summarized ia equations 13.8) E:' i bz 2
to (3.19). To compute ggp and gy in (3.17), we use formuias 13.10). (3.14), - T ‘f
and (3.16), which were also given in Section 2.2. Considering as if we had T e 1T | Gl
steps instead of the T — ! actually considered there. they involve 3T additions or = !
subtractions, 4T muitiplications, and 3T divisions. To compute g5 in (3.18) we ;
use formuia (3.18) that invoives additionally 27" additions, 2T muitiplications. | i 3
and T divisions. i i 5‘] a &
I :l -+ -~
| --L &~ [ B B & 1O = N .o
The traces ;0 and tyg are calculated in (3.11), (3.12) and (3.13). In (3.11) p S AR 7] &
there are }:f;,{s =1)= ,r;: r= %T(T — 1) multiplications. Then (3.12) i T =
invoives ; = &
T Z T-l |
J— s(.‘-‘+l == s+ 1)(s+2 - s2T+3s+2 P et 2
22.9=2.3 ) Z( (s +2) = g( Is+2) 3 2
(T-1TEeT-1) 3T(T-1 z A = o
s ) = i€ s s =
o8 € T 8 B 3 7 § '3
: 18] S & & & & 4 & O

glfr- 1)(T? +4T +6)

multiplications and additions. To obtain t)p = t}3’ in (3.13) we need additionaily

T -1 divisions and T — 1 additions. and to obtain 239 = r‘ ) we need additionally
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5_-.:-.:; s = YT +2)(T - 1) additions. the same number of muitiplications. and
%T(T— i} divisions. Thus 1y and 219 require altogether 17—}l T!~7T+18)/6
additions and subtractions. (T - 1 j(T? + 10T + 12)/6 muitiplications. and (T —
1)(T + 2)/2 divisions.

The number of operations can be summarized in Tzbie I.

Wa can compare the different procedures by comparnng the numboer of com-
sutations per iteration. Lhe tcoring procedures | and 3 reqwre the computation
of Gic Gias f‘l;,", :":‘n’, while the Newton-Raphson proceaures requre in addition
the computation of ég",’. It wiil be seen in the table apove thzt except for the
computation of the Fourier ccefficients zy,.... =7 the numoer of computations
carried out in the frequency domain is substantially less than in the time do-
main. Iz particular, the number of operations for iy and fyy is of the order
T3/3 in the time domain, but of the order 4T in the frequency domain. Since
the advantage of the frequency domain is in the calculation of the traces. which
do not require the Fourier transiorm of the data, the efficieat caiculation by any
of the procedures is to compute the quadratic forms in the time domain and the
traces in the frequency domain.

Of course, counting the number of operations is oniy one aspect of the
evaiuation of these methods. Also relevant are the speed cf convergence and the
behavior in medium-sized sampies.

6. Relation to other procedures

6.1. Box-Jenkins procedures

In _th.is section we consider the approach of Box and Jenkins (1976) for
computing the quadratic form goo(a) = ¥'P~'y and its derivative dgoo(a)/da
fa; aay given value of a. Box and Jenkins (1976) proposed to estimate a by
minimizing §oo(a); operating with this objective function is different from max-
imizing the likelihood function or minimizing the concentratea likelihood with
respect to a because the determinant | P|is ignored. See Box and Jenkins (1976),
Chapter 7.

Let us consider the transformation from (ug, u')’, which is ¥(0.0%I741) to
‘ug,y')', defined by

up cal
(u)=8 1(;) B = Bryy = Ityq + elrgy, (6.1)

where Ly has 1's along the diagonai immediately below its main diagonal and
s elsewnere. Let

— (g=1V g=1 _ [ Moo mnu\
M=(B"'} B ”(mm My ) (6.2)

272

“vnere Tmyg = Tihy. _naen the nuadratic form in the exponent of the norma:

czmsity of (ug.u' ) is —i/(2¢7" *imes

g oAb (e Dich s
iy ’II u./l iy TN .‘-I‘i} U)

: ; .
= men | up = —mny | =Y | Afyy = —muwma | -
i L “nn i Tinn

i bi [ [ ts 1. a the normal density of
2 i the transiormaten (6.1} 1s 1. . ity i
since the Jacobian o Ry

2 <
we.u 1" we can substitute B™'un,y ')’ directly to get t Sy s
i5.y’ 1. and this in turn can e expressed as the proauct of the n'::_:.:'_{um il
i y times the conditional density of uo given V- ;['hezl:u;;rezi

=¥ponent of the marginal normai density of yis —1/(20

1641

' l -.i
- e ) e L, m y
Joola) = ¥ ( M — miomat F 5

.a¢ the guadratic form n th n { the ¢ iti 1 norma density ol “n
- i ic { onditional 0 rmal 3
ag ot t m1i ne exr onent o th

Zivanm Y IS —iMnn ( tun — ﬁmnsy | B Zeds Thus
: L[ i.y-l _ I eRg 550
Sluolyr = —g=mm¥s |\ y /| | e
srause v = £{yly), and hence
r'__".—mm_\

Lo IV LY Ly e s i
Sy s ,[(- un\ | :y{———mw.l} By
) -u“yl} lh“ fiy.lj \ Moo i £ \ (6.6
' W= fpala)s 10+
=1y (Mn - -m—n-n'mmmnt ) = fool@

Tu4s. we have shown that
il 2

; 57
! = =S [Eluny)] - .1
R i L - - o
hola) =y' Py =y’ ( M moo“‘mmul) e
I iatro-
iv f o the process intr
e aom variables v

T wly) for e =0.1.0000 s
o compute £{uly) Yo chm

s:ced in {1.1) and a process of independent not
“zr which 16.8)
Nw=wmr athels

% 5 this
d Jenkins (1976) Chapter 0. call

-=at is. has the “time" reversea. Dox an
+~a “backward” form of the process. o ey
“rom model (1.1] we nave for a given vaiue ol @ tee

¢ reiations
16.9)

....

Eluely) = Slyly) = adlue-11¥h
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Since £(wly) = vt = 1....,T, (6.9) wouid provide all needed conditicnai Table II
expectations if £(ug|y) wers known. Note that since the u’s are independent
with £u, = 0. and y depends only on uo, u,.... 27, it follows that £(u_jjy) =
Sluczjy) = ... = 0 and E(y_1|y) = &(y_z1y) = ... = 0. Hence. &iujy) = Quantity
E(yoly). To find or approximare E(yply) we use the recursive relation denved f:omput'ed s ;
{rom (6.8). namely
fl’b‘ﬂy;:5[;!“3‘}—05(1‘;.;”5‘}, f=inee=Ealilia '6.100 5[“![3}} T .11 T
We start by approximating £(vr41|y) by vrer = 0. In turn (6.10) is used to Sluely) T+1 T+1
calculate £(vrjy),....E(vi|y). Since £(voly) = 0.E(yoly) = a&(vi|y), which is doole) T T41
the desired starting vaiue.
If more accuracy in Y., [£(uily)J* is desired. one can calew’ate E(yrs1iy) = dé(vely) Tl T+l
af(uriy) and E(vriaiy) = E(yrsaly); note that £(vrialy) = E(vreay) = da
-+= 0 and E(yrezly) = E(yraaiy) = ---=?_.5fuwuse [?.Iﬂ]faranotherrounﬁ dE(udy) Gel To:
of recursions. Thus we compute gopp(a) = z:l_:n:f(urlyj] for any given value of P
a. The analysis of §go(a) is illusirated in Box and Jenkins (1576), Section 7.1. dfos(e)
where it is denoted by 5(8) in general. -l’:—— THi T
Suppose that ay is an initial value of &, and let £(u|y, ap) denote the vaiue = 3 >
of the conditionai expectation of u, given v caicuiated for this value eq. For any Total 6T+5 6T +6
a we can approximate £(u |y, a) as
AL - df(uy, )l ) ) S
Eluddy, @) ~ Elugly,a0) + ———2—t  (a = ag), +6.114
da ia=ag
and gog{ ) as .
ot : m ~Elvpny) - a M t="l,smas I, (6.15]
A det F o )
q‘oa(a;-vz{ﬂmly.au:-i-%ﬂ! fcx—uu}} ; 16.12}
=0 anee since vy, t = l.....T does not depend on a. Further, we need
Minimization of (6.12) with respect to a occurs at i
dEfHolyJ N tfﬂ!;'ah” (6 161
da ST ’
d€luy, a)
Zlno S(ully:aﬂl - __'I .
a—-ay= 7 ]f“". 16.13) since £luy|y) = Elu_yjy) = -+ = 0. To caiculate (6.16) we uze an approxima-
Lo [__uﬂ‘_a“ | ‘ion ovtained by calculating {ﬁ 15) recursively from T replacing é&(vrs|y)/de
da a=aa by 0. This leads to
From (6.9) and (6.10) we obtain = dE(voly) > dElyoly) _ 3 dE(fnl!.*} - Elnly) (6.17)
da da da
dEl(ujy) : dE(uey|y] : 8
——2‘;—— = =&luyjy) = Q‘—"d::_ly—J- t=1,...,T, 16141 which is solved for a&lyg|y)/da. Thus we obtain the constituents of {6.13).
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The Tavlor-series expansion is considered by Box and Jenkins 11976) in
Section 7.2.

As in Section 5 we can now count the number of operations needed to do
the calcuiations. These are summarized in Table II.

It shouid be emphasized that the minimization of doo{e) is 13t the same
as the maxmization of the loglikelihood because of the factor iog |P! = log(l -
T+2y f(1 = &°). Even i i TH1 iigible th: i =
a /(1= a"). Even for T so large that a is negiigible the term iog(l
a®) ~ —a* may not be smail enough to ignore. Each procedure studied in detaii
in this paper is exactly maximum likelihood in the sense that the iteration is
meant to converge to a local maximum. Therefore. these iterative maximum
likelihood procedures are not directly comparable to the Box-Jenkins procedures.

6.2. Using Woodbury’s formula

We consider an approach that permits the calculation of quadratic forms
of the type y'P~7y. We illustrate the ideas with the cases j = 1 and 2. These
quadratic forms can be used to implement iterative proceduras in terms of o

or to compute quadratic forms in an iterative procedure for p by using & =
(1= /1 -140%)/(2p).

As in Section 6.1let B = I + aL. and let alsoa = (a,0..... 2i'. Then 8
is nonsinguizr. and if we denote @ = BB'. P = Q + aa’.
1
=l _ =1 =1 fy=1 1%
Pehs Q — m aa Q ‘ iﬁ.;..r

This is a simple case of a genera! formula called Woodbury's formuia by some
authors: see. for exampie, Phadke and Kedem (1978) and Press (18821,

Calculation of y'Ply

1
I'P-|.=J'—l_ ta=l_.'n-l
y¥PTy=y'Q7ly myq aa'Q7'y

1
= ;B,_IB_l _ rBJ-l B-] 1 =1 B—l
3 T aeBTITY
B fEk'z L rxrk]i
SEETTERE T T 1wRR et

where z and k are T x | vectors defined in the linear systems y = 8z.a = Bk.
and the problem is to find = and k for given B,y and a. To solve y = Bz for
= we have

n 41
Y2 I +an

=(I+al)z=z+alz= {6.20)

yr 7 + 627
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and hence z; = ¥1,2j = yj —az,_;, j=2,....7. Solving by repeated sub-
stitution we obtain z; = ¥'1_ (=a)¥~?y,,j = L.....T. Proceeding in a similar
manner, we solve @ = Bk for k. obtaining k; = —i~a)’,; = L....,T, so that
to use in (6.19) we have i = k'k =11 - ar“'g‘./(l =&y,

“Ve then proceed as follows: start with z; =y, Sy = 2. S5 = az;; then
compute in succession

=, = y"'-ﬂz_.‘...l,.;],' =5[_J'_1-f'2::‘. Sil = 51‘,;_1‘-;—0']"1_;. _?'=2 ..... T.
(6.21)
Then
iply = § Lok (6.22)
y y=ar e CI:'T"'R T =

To calculate y' P~%y we first consider

e I iyt 1 st
Ply = BBy} - 1+k'kB Y(B~'a)(B~'a)(B™'y) (6.23)
1 k'z
=B":- “kk'z =m e —r,

T T S S T

and it suffices to find m and n in the linear systems z = B'm.k = B'n. where
B is known and = and k are avaiiable from the caicuiation of y'P~'y.

The componentsof naren; = —(—a)(1=a*7 24 /(1=a%), j = 1.2, . T.
from which Z:':l ni = {a®-12T +1)(1 —0?)a?TH -~ gl TH)/(]1 - 7). The cal-
cuiations can be summarized as follows: start with mg = =7, S3r = 73, Sit =
—i —2)T z7; then compute in succession

M; = 2; — aMj4q, 53]‘ = 53‘“.1 = mi. 54; = 5‘.}4—1 T Minj, J= r-i,---.L
r (6.24)
hen
= L @ =T+ 1)1 -’ TH — ol TH
Y P2y =5y + (T—a’)(1 — al+i)t 23T
1-a® .
—21—_—0%-"_—2'.)2?541 . (6.25)

Tiao and Ali (1971) considered the ARMA (1,1) model: when it is special-
ized to the MA (1) model. the iterative calculations in their Section 2.1.1 are
similar to those above for y' P~'y. However, they do not consider y'P~y.

6.3. Estimation using the EM algorithm.

The anaiysis in the preceding section can be reiated to the EM algorithm for
computing maximum iikelihood estimates, as described for exarcpie in Dempster.

b
~1
|
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Laird and Rubin (1977). The generating equations for ¥,..., yr coming irom
the MA(1) model (1.1) can be written as

n Uy + aug ERL A s | R uy a\
Y2 Uz + oty a L@ ..~ B D uz 0 ]
= . = : =+ Uy . I’
yr \ur + aur_, 00000 eews i ur/ 0/
(6.26)

[n terms of the notation used in Section 6.2 we write this as

y={(Il+ai)u+ua = Bu + uga, (6.27)

which in turn can be written as the transformation
wu)_[1 0 ug
(-EHE- e

We take (vo, u')' as ¥(0,0° Iy, ). The transformation (6.28) has Jacobian equal
to 1. and hence (10,%')" is normal with expectation 0 and coveriance matrix

(1 UN(1 @'Y _ 51 a’' b R el ;
-4 (G 3)(0 E")—" (ﬂ. aa:+BBf)—a (G P} 15.29)

The determinant of this covariance matrix is 1.

To use the EM algorithm we augment the observations ¥1y....y7 DY the
_unob{medl Uy and consider it as a “missing observation.” The EM algorithm
IS an 1terative procedure. Given preliminary values of the parameters a and o°
we obtain an estimate of ug say u.g“ as the conditional expectation of ug given
Y and preliminary values of a and 0?. Next we obtain maximum likelihood
estimates of a and 2 on the basis of (v}, y’). Because a appears oniy in the
exponent of the normal distribution of (ug, y'), this step amourts to minimizing
the gu!.d:ratic form in the exponent of the normal distribution of (uo,y’) and then
maximizing the resulting concentrated likelihood with respect to o°. However,
since the vaiue of o? is jrrelevant to maximizing the likelihood with respect to
@. One can carry out the iteration with respect to a and after its completion nind
the estimate of o2,

To study the joint density f(uo,y) we use f(uo,y) = g(uoly)h(y). From
the covariance matrix (6.29) we fird

=o' P~ - 1 ET
Efualy)_aP 1y=a (Q ‘~mq 'anQ l)y

a'Q~'y
1+a'Q 'a’ (6.30)
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I - I e 1 e, - A
Var(uwsly) = 1=a'P la=1-a (Q ‘—ma laa'Q l)a
1 (6.31)

T 1+e'Q7'a’

while £y = 0. Var(y) = P. Hence. the exponent in the joint density of (u,y’)

is =% times
1 2
er—IL“i'“*:‘ﬂ,q—lﬂl(uo—ma'Q_iy) = 16.32)
w) [0 0 + 14+e'Q7'a -a'qQ~! )} (ug)
( ¥ 0 Pt -Q7'a (1+a'Q7'a)"'Q@ 'ac'Q™! v/

We now apply the EM algorithm.

E-step. For a given value of a calculate

. a'Q'y .
IIQ:E{I!'o{yj: ]__-+-_¢1'_Q:i-; (6.33)

M-step. Minimize with respect to a the quadratic form

N T WA
wnl(a 3)( 5)] (3)
. . fl1+a'Q7'a -a'Q7'\ fi
=(u°'y}( -??"a Q™ )(1.:;0)
=4}(1+a'Q'a) - 2isa'Q 'y +y'Q 'y. (6.34)

With the minimizing value of a repeat the E and M steps.
Since @ = BB', z = B~'y, k = B™'a as used in Section 6.2, we find that

in this notation (6.33) is

tgt=1 =1 -
do = @'B™'B7y _ ..k, . (6.35)
1+a'B™'B~'a 14Kk

and (6.34) is
(1 + k'k) = 282’k + ='z2. (6.36)

If in (6.36) we substitute for @ expression (6.35), we obtain

(='k)? (z'k)? . o ’
B, W ol LA 'e = —-_—— =y P a7
L+ k'k 21+k'k+z: L 1+ &'k v y (6-50)

279



Publicaciones - Ratil Pedro Mentz

Evaluation of quadratic forms and traces for iterative estimation in first-order... , pp. 931- 963

in view of (6.19). Hence. we are minimizing y'P~"y with respect to a. but
doing the iterations via the EM algorithm.

6.4. Use of the explicit components of the inverse covariance matrix

As indicated in Section 1. the likeiihood function can be written as a func-
tion of @ and ° in terms o the determinant (2.21) and the components of P™".

In effect.
y:P-ly = 1 J' i y‘.'u L. a:")(l L a:(T—.n-lI]
T=ar T - ey | &
T=1T=2
+2)° ) yatae(=a)'(1-a¥)(1 - e“’”""*”)}- (6.38)
=1 1=l

Godolphin and de Gooijer (1982) derived from the likelihood function. ex-
pressed in these terms, an iterative procedure for a.

6.5. Relations to optimal prediction

The likelihood function considered in Section L can be written as a function
of @ and o° as

L'(a, UZ] - (2x]—TF?(o.3)—T.F3IPI-l{? exp {_E_al'_igfp-ly} . (6.39)

where P was defined in (1.2), P = ( 1+a?)R. The Cholesky decomposition of P
derived in (2.18)is P = UVU', where U = F™' asin (2.17),and V is diagonal
with diagonal elements #; = (1+a®)vj, 7 = 1,...,T. Then |P| = [U||V||IU'| =
[1Z,5,, because U is lower triangular with diagonal elements equai to 1. and
y' P ly= (U gV (Uy)=w'V " w = T, w?/5,. We then have

T e T .2
L*(a,0%) = (27)"T/(o*)" T2 (H ir,) exp {——1- _w_} . 16.40)

3 0
=) 20 =1 s

Expression (6.40) can be related to the problem of minimum mean square
error prediction (and hence to Kalman filtering), as several writers have recently
emphasized. In effect, the optimal minimum mean square ezror predictor of
Yy, based on ¥,-1,...,y; is the conditional expectation £(y,|ys=1,...:%1):5 =
2,...,T, and we can prove in relation to (6.40) that in our case

wl=?4"£(!|'a|il':-l|--uyﬂv ’=2v---‘Tr (5-41)
is the error of the optimal prediction of y,, while
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a*5, = Var(w,) = £ { [vs - Efy,ly,_;,....y;)lzly,_;.....yl}- (6.42)

Brockwell and Davis (1987) in their Section 5.2 and 8.6 provide an analysis
Sv means of which (6.41) and (6.42) can be proved. In fact in their Section 5.2.
‘while considering the MA (1) moael. they provide iterative expressions that are
aquivaient to the interations for the v; and w; that we presented in Section 3.1.
In our case (6.41) and (6.42) can aiso be proved by operating with conditionai
axpectations and covariance marices of multivariate normal distributions.

Harvey (1981), while considering the Kalman filtering approach to the prob-
lem of estimation in the MA(1) model. gave (6.40), (6.41), and (6.42), and wrote
the recursions (in our notation) as

12 1 __ai{l-l-l]

- a
et l+a+----a-l  l—qg¥ ' -8)
Wyt 1 = gle=1)
=y, - = - ) ————— W1 44
Wy, =1y, —aQ Seaich Yy + { 0] T Wymy (5 )

Appendix

We prove that (3.22) ana (4.13) hold and present approximations to the
traces occuring in our procedures. Since the characteristic roots of G ared, =
2 cosins/(T + 1) = e7/(T+1) L g=ms/AT+1) the characteristic roots of G** are

%
@ = (e LR 2 3 (25‘) T g (k=)

=0 J
2k
-y (?") o B (k=) (A.D)
J=0 * J
and
= (2% Z": it GAa
"Gu=/_J(') g A
=0 J =i
Since

T
Zei—-r-,r—““"‘t =T+1 ifth=7)=0.2(T+1)x2AT+1),..., (4.3)

=0

and otherwise equal to 0. we have
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T 2w -
Y EHE o T ek k(T kAT + .. (44)

=l
and otherwise equai to —i. Then

2k 2k

= A , 2k o
ir G —;(1)1 N+IT=1) Zﬂ ();’ i4.3)
= :nl.lﬂ‘ﬂ’-&ll.m

The first term in tr G7% is ~1 times 505, (Qf) = 2%, Tha second term is

T + 1 times
(2:), - | 9 S o

2% ok _ . (4.6)
(k ) +2(k+[f+1})' E=sT4 12D+ 1.

and so on. Then

tlo=Z{(2kk)(T_i_”_?:k}‘p?k;ﬂr-i-l} Z (k—-:}f_'.ijp:k

=0 k=T4+1

=AT+1) ( 5 )p2k+.... {4.7)
mzmn k-2AT+1)

The first term in the first sum in (A.7) is T + 1 times
i (mng,, s i T(2k+1) .
e CI Y e
N i Tk + 3)0(k +1)2%% ,,
KTk + 1)/7

k=0

et = -@ (48)

= Tik+ 1)
2 FI(E)

k=0

We have used n! = T(n+1) and the duplication formula for the gamma function.
The first sum in 259 is

T+1 1

=1_4p:_1_4p2| (4.9)
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which is a good approximation to t, because the neglected terms are O(p*T*1)).

Thus

T+1 ! = = 2% %
tig = _ﬂlt— Re— =2T+1) ( P )p , (A.10)
10 Vi—dpt 1-40° ; Ir=glzl':+l} k—g(T+1)

which is 13.22). . . B
The sum on & in (A.10) can pe related to the hypergeometric function. For
each fixed g = 1.2,

i (k- g?:‘m)"n

k=gt T+1)
S 3 (2k)! P
T imigey B - 0T HONEE TS BE

[2“! + Q(T + l'r)]! 2h4+29(T+1)
Al + 29(1 = 1))!

i1

= ATH) i T2h+2g(T + 1)+ 1] 4
- & hiTIh +29(T + li+1]

P THN02a(T+N 2 Tlh 4+ o(T + 1)+ 1/2|Th+ (T + i) + 1!%,};“h
= NG = ATk +29(T +1) + 1
_ 120)3THD Tg(T + 1) + 1/2AT[g(T + 1) + 1]
T wE [[29(T + 1) + 1]
Flg(T +1)+1/2,9(T + 1) + 1:29(T + 1) + i 497}, (A1)

from which (4.15) follows. Here we used the definition of the hypergeometric
function
%0 : ; 3
Tla+j)T(b+3j) Tle) = (A12)

F(a.b:c:ﬂ:; T(a) T(b) Tle+y)st

The expression in (A.9) is an approximation to fo. This value can be
obtained by approximating the sum defining tjo by a corresponding integral,
as was dome in Anderson 11971b). Desides (A.9) this procedure provides the
following approximations:

== p 4p?
11,~—§{(T+1J1 e =t } (A.13)

Jloag  1-49
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Abstract

Iterative procedures for exact maximum likelihood estimation in MA(1)
models were considered by the first two authors in a series of papers (1993a,b,c).
The analysis was organized around four dichotomies: model parameters vs.
autocorrelations, likelihood vs. concentrated likelihood, Newton-Raphson vs.
scoring, and time vs. frequency domains. In this paper we study via simu-
lations the behavior of the iterative procedures and how the choices between
the indicated dichotomies relate to this behavior. One main conclusion is
that for various values of the parameter and reasonable choices of the sample
size, the procedures based on the scoring method are effective and the corre-
sponding asymptotic theory can be used for inference. More difficulties were
encountered with the Newton-Raphson method. Likelihood or concentrated
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likelihood were found to make no important difference; some evidence for time

vs. frequency domain calculations is similar.

1. Introduction

The first-order moving average model of time series, abbreviated here
MA(1), is defined by y¢ = u; + auy-y, where the u are i.id. N(0,07). We
assume that |a| < 1; that is, that the model is invertible. We often parame-
terize the model by using its first-order autocovariance oo = ¢*(1 + @) and
its first-order autocorrelation p = a/(1 + o®). In terms of these parameters
the likelihood function of a vector y = (y1,+*,yr)’ of observations is

L(oo,p) = (2r00) T [RI™* exp {~y'R""y/(200)}, (1)
where R is the T x T matrix of autocorrelations: R = I + pG, where [ is the
identity matrix and G has 1’s along its two diagonals adjacent to the main
diagonal, and 0's elsewhere.

Instead of maximizing (1) simultaneously with respect to its two parame-
ters, we can maximize it with respect to oy at og = y'R™'y/T, and maximize
with respect to p the function

n(p) = {|RI(y'R'9)") Y (2)
the “concentrated likelihood function” is a constant times the square root of
(2). We call this the concentrated likelihood procedure.
In Anderson and Mentz (1993a) it is shown that, based on either (1) or
(2) as indicated and using either the scoring or Newton-Raphson procedures,
iterative estimation expressions are derived, that depend on quadratic forms
and traces
G =y R UGy,  ti=tRIG (3)
whose evaluation is considered in Anderson and Mentz (1993b). It suffices to
compute g;p for j =0,1,2 and tjop for j = 1,2 since, for p # 0, g =
ATl (=1) (f) gj-sp for k < j, and a similar relation holds for traces.
The purpose of this paper is to present some results obtained by simula-
tion designed to evaluate the performance of three of the iterative expressions

derived in the indicated ways. They are

FORMLI : {tzq10— le?n}f’m = t20q11 — tnGro, (4)
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where the quadratic forms and traces are evaluated at the values of 5(-1) in
succession, starting from an initial value p{®. FORM 1 arises in maximizing
(1) with respect to p and using the scoring procedure. The next two procedures

arise in maximizing (2) with respect to p, and both use the scoring procedure:
FORM2 : tnqmﬁm = T'q11 — {21900, (3)

FORM3 : qooltsa — (tll)IfT].aw = T'q11 — t11900 + oo[t22 — ((“]"(TJP‘("-U. (6)

Two other iterative estimating expressions were derived from (1) and (2) by
using the Newton-Raphson procedure, and these will be considered below.
For the calculations used in this paper, the quadratic forms and traces
were evaluated in the time domain by considering linear systems y = Rz and
solving them for z recursively by the method of successive elimination. A
different approach consists in diagonalizing G (and hence of R = I 4 pG) to
derive g3 = ©'T_, d,(1 + pd,)~*122, where d, = 2cos[xs/(T + 1)] and

2(T+1)
L =RT+1)]"F Y wsin{2rsk/[2(T +1)]} )
k=1

with yx = —yar41)-k k¥ =T+2,-+,2T+1, and yr41 and yary are arbitrary.
Then (7) has the usual form of the sine transform for 2(T+1) observations, and
the usual computations for the fast Fourier transform are available. Similarly,
ti = YT, d,(1+ pd,)~7. These expressions were used in our analysis mostly
to check those in the time domain; see below.

In the simulations pseudo-random N(0,1) u,'s were generated with the
BMDP statistical package. When a run was generated, the first 100 numbers
were discarded, and also a set of numbers between the series that were used
(to simplify the numbering of the simulated observations). Series of lengths
T = 100 and 250 were generated with @ = 0.30 or 0.90 to obtain yy,---,yr
according to the MA(1) model. For each choice of parameter, sample size, and
initial value (see below), 100 replications were done.

A standard choice of initial value for each iteration is p'” = r, the first-
order sample autocorrelation; however, in general, better results are obtained
by using r. , a corrected value, defined by r. = r if [r] € 0.5, 1—-r, if
r > 05, =1 —rifr < —0.5. Other choices of initial values were considered

in some cases: (a) The (final) estimate of a provided by the BMDP package;
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(b) An estimate of a obtained by using the “long autoregression procedure”
of Durbin (1959), in which & = -k, Aéi.én.lf B ,é,‘, the 4 are fitted to
the data, and only k = 4 was used in our case; (c) A fixed value a = 0.10,

which corresponds to p = 0.09900. These alternative choices will be considered TABLE 1

Figures of merit in the estimation of p.

below.
Part a. a=0.30 (p=0.27523), T =100, 59 =r

Results of the simulation studies will be summarized here; for full details

see the technical report by the same authors (1994).

m(g)=m  b(p)  rbi(p) 3(p)  asn(p) ra,(5) mae(p)

2. Description and analysis of results 1 2 3 4 5 6 7
2.1. The structure of Tables I and Il FORMI1 | 0.26792 -0.00731 -0.0266 0.07023 0.07450 0.961 0.004986
St.Ecrors (0.00702) (0.0255) (0.00499) (0.068)
The main results of the simulation study are presented in Tables I EORME Ll (-o.nam =04i368 0'07024} fen {Mﬁl S0see)
S : t.Errars 0.00702) (0.0255) (0.00499 0.068)
i those f
and II. Only results for p ‘a.re studied, since those for r.z represent a snn‘plc FORM3 | 026795 —-0.00728 —00265 0.07024 0O0%SO 0961 0.004987
transformation. The notation used here and elsewhere is T for sample size, St.Errors (0.00702) (0.0255) (0.00499) (0.068)
n for number of replications (hence, n = 100), and k; number of iterations r 025010 —0.02513 0.08725 0.008244

needed to produce a final estimate p;. BMDP | 027022 -0.00501 -0.0182 0.07061 0.07405 0.966 0.005011

In Table I column 1 reports the mean of the estimated p's, that is m(p) =
m = T, p:/n, whose standard error is estimated by ste(m) = s/\/n, where s

Partb. a=090(p=049724), T=100 p9=r,

is the sample standard deviation reported in column 4, s(p) = s = [Tk, (pi — | FORMI | 049682 —0.00042 —0.00084 0.00406 0.00282 1.605 0.0000166
m)/(n = 1)]"/2. Column 2 reports the estimated bias for p, defined by bi() = [ St.Errors (0.00041) (0.00082) (0.00029) (0.115)

m— p, and its estimated standard error which is also s/y/n. Column 3 reports FORM2 |0.49704 -0.00020 —0.00039 0.00465 0.00266 1.838 0.0000216
the estimated relative bias, defined by rbi(p) = bi(p)/p, and its estimated S Sy (0.00047) (0.00095) (0.00033) (0331)

Rin b ek which 5 5/(,0\/51 FORM3 | 049773 0.00049 0.00098  0.00510 0.00217 2.016 0.0000263
e R AT ; , §t.Errors (0.00051) (0.00103) (0.00036) (0.144)

n column 4 we use the approximation for the standard error of e 0.43963 —0.05761 0.04889 0.0057095

BMDP | 049750 0.00026 0.00052 0.00367 0.00234 1.452 0.0000135

ste(s) = s/[2(n - 1)]3, (8)

which we justify as follows: s is based on n replications; the random vari- Partc. a=080 (p=049724), T =250, "% =r

able (n — 1)s*/a*(p) is chi square with n — 1 degrees of freedom, and also FORMI | 049689 —0.00035 —0.00070 0.00198 0.00175 1.238 0.00000404
asymptotically normal with parameters n — 1 and 2(n — 1); its square root is | St.Errors (0.00020) (0.00040) (0.00009) (0.089)
asymptotically normal with variance 2(n — 1)/[2y/n =1}, and s is asymptot- r, 0.46371 —0.03353 0.03041 0.00204903

ically normal with variance o%()/[2(n — 1)}, from which (8) follows.
Column 5 reports the asymptotic standard deviation of the maximum
likelihood estimator of p, evaluated at @ = a(m), obtained by inverting

m = a/(1+a?). It is given by
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TABLE II

Average (standard deviations) numbers of iterations in the estimation of p.

« T FORMI FORM2 FORM3
030 100 389 389 384
(1.62)  (1.66)  (1.60)
090 100 428 425 458
(218) (217) (247

090 250 3.33
(1.23)
asa(p) = {T71 — /(1 + 7}, (9)

and is obtained from the asymptotic variance of the maximum likelihood es-
timator of a, which is (I — o®)/T. The sample and asymptotic standard
deviations are compared in column 6 by means of the ratio rs,(p) = s/as,(p),
whose denominator is evaluated at the theoretical value of p; its estimated
standard error is ste[rs,(p)) & ste(p)/as,(p).

Finally, column 7 reports the mean square error, mse(p), whose standard

error (not included in the table) can be approximated as follows:
ste[mse(p)] = {2s*[(n-1)"" + n"]}%. (10)

Table II contains the average numbers of iterations used by the three pro-
cedures to produce the estimates of p, followed by the corresponding estimated

standard deviations.

2.2. Numerical results of the simulations

Table I, Part a, shows the results for series generated with a = 0.30, which
corresponds to p = 0.27523. The initial value is r; in no case did it exceed

0.50 in absolute value.
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The results obtained when FORM1, FORM2 and FORM3 were used are
very similar. The biases and relative biases are of the same order of magnitude
as their standard errors. We computed the standard errors of differences be-
tween pairs, and found that the differences are far from significant. In effect,

standardized differences in bias are as follows:

pair (1,2), =0.00002/0.0000562 ~ —.4,
pair (1,3), ~0.00003/0.0000592 ~ —.5,
pair (2,3), —0.00001/0.0000309 = —.3.

Standard deviations are in column 4 with their standard errors, the value
predicted by the asymptotic theory in column 5, and their comparison through
the ratio rs,(j) in column 6. The latter shows, for each method, no significant
difference. A likelihood ratio test was used to compare pairs of variances, and
no significant differences were found; for details see the appendix.

The next to last line of Part a, contains results when r is considered as
an estimator of p. Biases are much larger than for the three FORM’s. Since
s/V/T = 0.00872, the bias of —0.02513 is significantly different from 0. The
standard deviation in column 4 is larger than those of the three FORM's.
These two facts make the estimated mse(p) larger.

The last line of Part a contains results for the estimator provided by the
BMDP time series program. The BMDP package that we used estimates the
parameters of Gaussian ARMA models by the procedures suggested originally
by Box and Jenkins (1970); a description of the procedures and their com-
parison with the “exact” approach we use is given in Anderson and Mentz
(1993b). It is found to have bias smaller than the three FORM’s, and stan-
dard deviation slightly larger, so that the mse(p) turns out being coincident
when rounded to four decimal places.

Table IT shows that less than 4 iterations are needed on the average to pro-
duce a final estimate by using any of the FORM’s, with a standard deviation
of approximately 1.6 iterations.

A similar analysis is performed in Table I, Part b, with T = 100 and
a = 0.90, which corresponds to p = 0.49724, values close to the boundary of
the region of invertibility of the MA(1) model into an infinite autoregression.
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The corrected r was used as initial value here. For FORMI1, FORM2, and
FORMB3 the conclusions about biases (columns 1, 2 and 3) are similar to those
in the previous case: biases and relative biases are small, of the same order
of magnitude as their standard errors, or smaller; differences between pairs of

FORM'’s are not significant: the standardized differences in biases are

pair (1,2), —0.00022/0.000143 r~ —1.54,
pair (1,3), —0.00081/0.001742 = —0.46,
pair (2,3), —0.00069/0.001757 ~ —0.39.

However, a different picture emerges in analyzing standard deviations (columns
4, 5 and 6): estimated values are larger than predicted by the asymptotic
theory, and hence the ratios in column 6 are significantly different from 1.

Results for r. as an estimator of p show a performance that in relation to
the three FORM’s is poorer than for & = 0.30. Biases are larger and highly sig-
nificantly different from 0; the standardized bias is —/100 0.05761/0.04889 ~
—11.78. The estimated standard deviation is of the order of 10 times that of
the FORM’s.

Results for the estimator originated in the BMDP program are in general
better than those of any of the FORM’s in terms of bias, standard deviation
and mean square error. However, column 6 shows that the fit of the standard
deviation to the predicted asymptotic value is not satisfactory.

Table II shows that the average number of iterations has experienced a
small increase in going from & = 0.30 to 0.90, as was to be expected.

When a = 0.90 and T = 100, the agreement of the simulated results with
the asymptotic theory is not good in the sense that the empirical standard
deviations are much larger than the value predicted by the asymptotic theory.
We take this as an indication that for that value of & T = 100 is too small
for using the asymptotic approximations. To check this, a new simulation
was done under the same conditions, but with 7' = 250. Only FORMI was
used, and r. was taken as the initial value. The results are reported in Part
c of Table . We now find that the bias and relative bias are not significantly
different from 0 and that the empirical standard deviation is closer to the value

predicted by the asymptotic theory than when T was 100.
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For comparison, the results obtained by using . as an estimator of p are in-
cluded in Part ¢: bias, standard deviation and mean square error are consider-
ably larger than those of FORM1. Standardized bias is —/250 0.03353/0.03041
—17.40.

Table II shows that the average number of iterations has diminished in
comparison to the case where T = 100, and also in comparison to the case of
a=0.30and T = 100.

3. Some other questions of interest
3.1. Initial values

Throughout Section 2 r. was used as initial value to start the iterative pro-
cedures aimed at estimating p in agreement with common practice, since r is
usually available at an early stage of the empirical analysis of a time series.
Since the iterative procedures may depend on the initial value, other choices
were explored when T = 100.

The estimate generated by the time series program of the BMDP package
(see Table 1), was used also as an initial value for the three iterative procedures.
Its use did not affect the fit of the empirical results to the asymptotic theory
and reduced considerably the required number of iterations. Two other choices,
the estimate coming from the “long autoregression” approach mentioned at the
end of Section 1 and the use of a fixed value §(® = 0.09900 (corresponding to
& = 0.10), had a different effect; they did not affect the fit to the asymptotic
theory, but increased the number of iterations.

We conclude that for the three proposed iterative procedures, when series
were generated with either o = 0.30 or 0.90 and T' = 100 was the sample
size, there is little effect if a “reasonable” choice of initial value is used for the
iterations. Hence, selection of r. is safe for these iterative procedures.

For a different case of the effect of the choice of initial value, see Section
3.4.

3.2. Shape analysis

Besides the figures of merit studied in Table I, the estimates j; were
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analyzed graphically for @ = 0.30 and 0.90, T = 100 and 250, and the various
choices of initial values. For o = 0.30 and T = 100, the histograms were
approximately normal, and differences of shapes among graphs were small.
Further, dispersion diagrams for pairs of methods gave results mostly along
straight lines. This is in part due to the fact that the same simulated numbers
were used for all variants of a method, a design chosen to control variability.

For @ = 0.90 and T = 100 the distributions were asymmetrical; there
were values falling above 0.50, and the differences among graphs were most
noticeable. Dispersion diagrams showed in a clear form the presence of the
exceptional values.

For @ = 0.90, T = 250, and ! = r., better approximations to normal
shapes were clear, in comparison with the case of T' = 100.

The numbers of iterations were also studied graphically, and we concluded
that the shapes of their distributions follow the same type of behavior that we
observed for the estimates.

Pairs (f;, k) were also studied, for all a's and T, and correlation coeffi-

cients were less than 0.02 in all cases.

3.3. Other parameter values

Two other parameter values were considered, @ = 0.50 and 0.70. The
three iterative procedures, in particular FORM1, were used to process series
simulated with these values. Some of the analysis was done in relation to
the subject of Section 3.4. In all cases it was found that the behavior of the

iterative procedures was in agreement with that for & = 0.30 and 0.90.

3.4. Scoring vs. Newton Raphson

In Anderson and Mentz (1993a) two other iterative estimating expres-
sions are derived for the main parameter of a MA(I) model, coming from
the maximization of (1) or (2) and using the Newton-Raphson procedure.
These procedures were investigated in detail with scries simulated with o =
0.30, 0.50, 0.70 and 0.90, T' = 100, and r. as initial value. It was found that
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for the smallest a the numerical estimates of the parameter and the average
number of iterations required to produce the final estimates were comparable
to the three methods originated in the scoring procedure, except for a few cases
of nonconvergence. However, as the underlying parameter was increased, many
cases of lack of convergence appeared. The main reason was found to be the
strong dependence of these procedures upon the choice of initial value. Even
for a as large as a = 0.90, numerical results comparable to those of FORM]1
were obtained in some cases when adequate (i.e. close to the solution) initial
values were provided for each series.

In conclusion, the two procedures stemming from the Newton-Raphson
approach cannot be recommended as comparable to those stemming from the
scoring approach due to their dependence on the choice of initial value. Qur
experience in this case has been similar to what is usually considered in similar
contexts, see, for example, Johnson and Dean Riess (1977, Section 4.3.3) or
Burden and Faires (1985, Section 2.3).

3.5. Time vs. frequency domain calculations

In doing the studies of the preceding section, it was found useful to check
the numerical calculations of quadratic forms and traces by using the two
procedures mentioned in Section 1. As we wrote there, the bulk of the com-
putations were done in the time domain, one reason being that these methods
were stressed in Anderson and Mentz (1993b) for analytic purposes. However,
in the more detailed analysis and checking of computations, those described
for the frequency domain were used, and agreement between them was found

to be complete.

4. Conclusions

We analyzed the behavior of a practical implementation of three itera-
tive procedures proposed by Anderson and Mentz (1993a, b) to estimate by
(exact) maximum likelihood the main parameter of a Gaussian MA(1) time
series model, In the implementation the number of iterations was limited to a
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maximum of 20, after which either a numerical value was available as a final es-
timate or the procedure was stopped and the estimation declared nonfeasible.
The iterations were stopped before 20 if the absolute value of the difference
between two consecutive values fell below 0.0005.

Parameter values of a = 0.30 and 0.90 were considered. It is expected that
0.30 will produce little difficulties, while 0.90 can produce considerably more
problems: 0.90 is closer to the boundary of the “invertibility region,” since the
MA(1) process can be inverted into an infinite autoregression if a| < 1. We
also studied in less detail a = 0.50 and 0.70.

For a = 0.30 only T = 100 was studied, and the three iterative procedures
worked well in terms of bias and variability, irrespective of which type of initial
value was used.

For a = 0.90 T = 100 and 250 were studied. The first sample size turned
out to be too small to produce results in agreement with the asymptotic theory.
The larger sample size produced results in good agreement with the asymptotic
theory.

For & = 0.90 the procedures may produce final estimates of p larger than
0.50 in absolute value. The adequate bound for p is |p| < 1/{2cos[x/(T +
1)]} & 0.50024 when T = 100 (Anderson and Takemura (1986). For general
use of a procedure, a modification may be introduced to force the final esti-
mates to be less than or equal to 0.50 in absolute value, and we know that
this will occur only infrequently.

Our conclusions can be stated as follows: The scoring iterative procedures
(i.e., FORM1, FORM2, FORM3) with r. as initial value yield rather unbiased
estimates at a = 0.30 and 0.90 and T' = 100; for this sample size the standard
error is estimated adequately by the asymptotic formula at & = 0.30, but is
underestimated at & = 0.90. At T = 250 and « = 0.90 the standard error
is estimated adequately by the asymptotic formula. The number of iterations
is fewer than 4 at T = 100 and o = 0.30, and only a little more than 4 at
T =100 and & = 0.90. Further, these conclusions are not very sensitive to the
initial value as long as it is not too different from the true parameter value.

Referring now specifically to the four dichotomies mentioned in the sum-
mary and elsewhere, we have: (a) The difference between the scoring and the
Newton-Raphson procedures is important, since the latter was found to be de-
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pendent upon the choice of starting value for the iterations, and in some cases
it demanded that this initial value be close to that to be estimated. (b) The
choice between using the likelihood or the concentrated likelihood functions
appeared as not important. In Section 2 FORMI, arising from the likelihood
function, and FORM2, from the concentrated likelihood function (both under
scoring), exhibited similar behaviors; in Section 3.4 two other methods arising
from the different approaches (both under Newton-Raphson) also behaved in
similar ways. (c) The choice between time and frequency domains for the cal-
culations, was not explored in detail, since the bulk of our calculations were
done in the time domain; however, when the frequency domain calculations
were used as checks, no differences existed between them. (d) Finally, the
choice of parametrizations was not explored in this paper since we choose to

set our iterative procedures in terms only of p.

Appendix
Likelihood ratio test of equality of variances

The same pseudo-random numbers were used for all of the methods. If
X denotes the estimator generated by one FORM and Y by another, we take
the pair (X,Y) as bivariate normal with unknown means, variances and “in-
traclass” correlation coefficient R. The unrestricted maximum likelihood es-
timators of these parameters are the sample means, sample variances 62 and
&,
null hypothesis of equality of variances, the estimators are the sample means,

62 = 1(6% +47) and Ro = 62,/63. Hence the likelihood ratio statistic A to

and Pearson’s sample correlation coefficient k= Gzy/0:0,. Under the

test equality of variances satisfies
ORE el Ll
(3(62 + I°(1 - RY)

and we reject g2 = o7 if X is small. For T' = 100 we can use that ¢ = —2log, A

2/n

(11)

is approximately chi square with one degree of freedom, and hence we have:

a =0.30, pair(1,2),¢ = 2.26,
pair(1,3),¢ = L.75,
pair(2,3),¢ = 0.04,
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and in comparison with the 0.05 values of 3.84, we accept the equality of the

variances. Also,

a =090, pair(1,2)p = 4.35,
pair(1,3),¢ = 5.63,
Pﬁr{2l3}1¢ = 0.76,

where the 0.01 value is 6.63. Again, we notice a difference in the behavior of
the results for T' = 100, according to whether a = 0.30 or 0.90.
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Abstract

We consider time series models of the MA (moving average) family. and deal
with the estimation of the residual variance. Results are known for maximum

likelihood estimates under normality, both for known or unknown mean, in

which case the asymptotic biases depend on the number of parameters (includ-
ing the mean), and do not depend on the values of the parameters. For moment
estimates the situation is different, because we find that the asymptotic biases
depend on the values of the parameters, and become large as they approach the

boundary of the region of invertibility. Our approach is to use Taylor series ex-
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1. Introduction

The moving average time series models of order g, denoted MA(g), is de-
fined by .
Xe—p=Y aary, t=...,-10,1,..., (L.1)
k=0

where ag = 1, X, is the observable time series, g, is 2 white noise residual with
zero mean and constant variance ¢, and the o;’s, y and o? are parameters.
0 < ¢* < o0. We call o? the residual variance of the process.

The process is stationary for any choice of parameters. If the roots of the
associated polynomial equation ] _p exw®™* = Osatisfy |we| < 1, k=1,...,4q,
then (1.1) can be inverted into an infinite autoregression, a, = Yoz, &,(X;-: —
p),t=...,-1,0,1,..., with § = 1, where the é, are determined by the a;.

The covariance sequence of the process is

7= E(X: — p)(Xegs —pp) = ar::z-famﬂ, =4 e &=y [1:2)

=0
and equal to 0 if [s| > g, and the correlation sequence has

T et oo+t ag .0
=L p=—= =g =12 G (13
gy 1+of+:+a? # ¢ (13)

The covariance and correlation sequences are two of the tools of the time do-
main analysis. The covariance sequence satisfies the inversion formula 4, =
JZ, €2 f(A)d) where f()) = (¢?/2r) ’ELa ake"”‘r, —m < A <, is the spec-
tral density of the process, defined in the frequency domain.

We must specify the theoretical nature of the innovations a;. One case is
when they are i.i.d. normal with parameters 0 and o, This assumption is used
to define the likelihood function, and hence the maximum likelihood estimators.
For purposes of comparison, we assume this property when defining and inves-
tigating other types of estimators; they, however, are sometimes studied under
more general conditions, but this question will not be addressed here.

In this paper we consider the statistical problem of estimating ¢?. This is

important because estimates of o” (or of &) enter, for example, in confidence
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sets for the other parameters, in the estimation of the spectrum. and in expres-
sions for the estimated prediction error. They are also used in criteria for order
determination, like AIC or BIC.

For purposes of inference we consider a sample X3, X5...., X7 from (1.1).
Estimates of ¢* come from the method of moments (MM), and maximum like-
lihood under normality (ML). Some authors have also considered least squares
(LS) procedures, or deriving estimators from frequency domain arguments. In
spite of their inferential role. not many papers have been written about deter-
mination of large-sample biases of residual variance estimators in MA models.
Our purposes in this paper are to review the literature, and to present new
material. There are more known results about AR models; some of these. and

new results, are presented in Mentz. Morettin and Toloi (1995).

2. Review of the literature

The object of the inference may be taken to be the covariances or corre-
lations introduced in (1.2) and (1.3), respectively. For these functions, large-
sample expectations, variances, covariances and distributions are available, for
several standard definitions of the sample quantities. This point will be briefly
considered in Section 3.

When the object of the inference is taken to be the o, and p appearing in
(1.1), early results available in the literature are surveyed in several sources.
For example. the inefficiency of the moment estimator of @; has been known
for many years.

Tanaka (1984) suggests a technique for obtaining the Edgeworth-type
asymptotic expansion associated with ML estimators in ARMA models. He
obtained biases up to order 1/T for AR(1), AR(2), MA(1), MA(2) and
ARMA(1,1) models, with and without constant terms. Biases for the resid-
ual variance estimators are also derived.

Cordeiro and Klein (1994) present a general procedure to obtain the biases
of ML estimators in ARMA models. It turns out that their formula is difficult
to obtain for models other than the lower order ones, but it can be easily

computed numerically.
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Other related papers are Davis (1977) and Porat and Friedlander (1986). 4. Parameter estimation 5! the method of moments

Good references for techniques and results for asymptotic analysis in time series
are Anderson (1971), and Fuller (1996).
4.1. Estimation of the Coefficients

3. Estimation of covariances and correlations
The parametric relation (1.3) between a;’s and p;’s can be inverted to

We consider estimating v; by ' | express the former in terms of the latter, leading to a form of moment estimators
of the coefficients. In the simple case of g =1, py = p = /70 = a/(1 + 7).
ci= TZ — X)(Xesj—X) =iy, 3=0,1,..., 71 (3.1) sid hence
= i l;_._. vV1-4p 0< 0.5 41
Other estimators are considered in the literature, for example, by changing in Q= % ’ ol < 0.5. (4.1)
(3.1) the denominator, the value to be subtracted from the X's, or the range The relation for general g is more easily seen by factoring the spectral density
of the sums; see, for example, Anderson (1971, Chapter 8), or Fuller (1996, function:

Chapter 6). We use (3.1) because for T' > p, 2 covariance matrix with elements

Z o eu\k

52 i . @ sy Yo L e
= 2___ (E age'“‘) Zﬁjﬂ—"\J = E P‘e—‘la\J. (4_2)
T\t i=0 N g=—g

¢ji—jj is positive definite, a fact that we shall use below. =
With these estimators of the covariances, we form estimators of the corre- so that the moment estimators of the a; are those satisfying
lations, r; = ¢;/eo, = 1,2,...,T — L. =
1 7} .n! 1 J e ( {ﬂakz") (ZJ:OO’J ) =7 43
From the above indicated sources, we deduce large-sample moments of Tt Z L B (4.3)
1 ==

these estimators. They are derived in the general case of a linear model I _ .
e \ Asymptotic biases of these estimators can be obtained as follows. Let &;. =
Y; = ©%_ wje;_;, under some conditions on the random variables €; and coeffi- i
L : ; ; da; [0py, ks = 0a;[0prdps, etc. Then
cients w;. Qur model (1.1) is a special case of such linear models. For example,

when ¢ = 1. for further reference we note that, with r = ry, E(&; — aj) ZaJkE (re = pu) + = Z & Blry — px)*
p " =1
E(co - 70) & _"_(1 +e), Ela-m)=~ -i;;(l +3a +a?), +): z Gijks B(ri — px}(ra ps)- (4.4)
k=13=1
9 4 P . -
Elco—0)* = %“ +4a* +a"), Ele—m) =~ %{1 450 +at). where this is valid with an error o('ifT].
4g4 . In the case of ¢ = 1, dp/0a = (1 — &?)/(1 + &), §%p/0c® = ~2a(3 -
E(eco = v0)(er —m) = ?ﬂ“ +a’), (32) a?)/(1 + &*)?, and hence
E{r—p)~—-l—l+4a+ﬂ +4a® + o' + 40° +o: I 8a (14 e 201+ 0*PB3-a?)
T (14a?)? === e = ——— (4.5)
dp 1-a? ap? (1-a?)p
E 2, l1+a’+4a' +a°+0?
(F=p) 3 oL . and using (3.2),
where the expressions have errors o(1/T). These results follow from general . E(a_ﬂ)_._l 1ta—2%’-To 42" —4a’ 20’ +a"+o  +a’ +0(1/T). (4.6)
(1-a?)®

expressions in, for example, Anderson (1971) or Fuller (1996), and will be
studied further in Section 4.2.3.
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Similarly,

o ll+a +4of +a+a® |
Er—pf m g 15, ()

(1+a?)*
(1-a?)p?
a known result, see, for example, Fuller {1996, (8.3.3)). These approximations
have errors o(1/T). See Section 4.2.3 below.

E(a-a)? = Var(a) =

4.2, Estimation of the Residual Variance

A moment estimator of ¢* can be deduced by making s = 0 in (1.3), that

~2 1]
— S 4.
Ao 1+af+---+a’ (48)

where the &, are those defined in Section 4.1.
To study the asymptotic bias, we derive an expansion valid for arbitrary

g > 1, and then evaluate this explicity for the special case of g = 1.

4.2.1. An Expansion for the MS(q) Model

Applying to (4.8) a Taylor expansion that retains terms contributing up
to second order, and expanding again terms involving &; — a; as functions of

ri — pi, as we did to obtain (4.4), we prove that
< 7’ 257
E{ﬂ}r.ar —o%) = ‘—E[Co - 0) + _A]E[CO = ’m)z

—=r Z AaE(eo — yo)(ex — ) = —; z Az E(ri — pr)

;n e
+Z AstE(ri—pi) +ZZA41,E[='J. — px)(rs=ps)+ 0(1/T). (4.9)
k=13=
e
where
9 9 7
Ay =Zzﬂj’fké.ik- Ay = Zﬂjd;k-. (4.10)
s=1k=1 j=1
T O’" g.'l 406 80'5 q q
Age = ——ajGige — —05n + — 0202 ;00,16
‘g o f ] % Jk }D gk 5> 70 Eg 3] Gk,
>
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Ji= oat 2" 80° 7 160% &
Aa= Y | =080~ —djués+ —radady | + Z): ;0065 G
1=1 0 Yo o % J=1i=1
121

4.2.2. The Special Case of MA(1)

When g = 1, (4.10) becomes

p2a2L ) (1+a") __pall+a?)
hEre e et S e

while the necessary asymptotic expectations are given in (3.2). Substitution
leads to

0?2 —6a® —20° + 150 + 4a°® —4a® — 22" + o®
T T-a?p

+o(1/T).
(4.12)

In this special case we can check (4.12) by using directly an expansion of

E(Gipm—a?)=-

its left-hand side stemming from (4.8), plus E(co — 7o), E(6 — @), E(& — a)?
given, respectively, in (3.2), (4.6), (4.7), and E(co—90)(@—a) = (¢*/T)[2a(1+
a*)l/(1 - o?).

In figure 1 we graph T/o” times (4.12). The graph is flat, at the level of
—2, for a small in absolute value: —2 is the value corresponding to a = 0, and
in Section 5 we will find its connection with ML estimation. As a increases in
absolute value(i.e. tends to leave the region of invertibility) the values increase
substantially their negative values, since in fact, for fixed a and T, (4.12)
approaches —oo as |a| approaches 1.

The depicted values, times o?/T, are the negative biases in the estimation
of the residual variance by the MM, as a function of the parameter a. Hence,
the proposed estimator tends to lead to values that, in the average and ap-
proximately, are smaller than desired. A consequence will be that confidence
intervals with scale parameter estimated by MM will tend to be unduly opti-
mistic, that is, short. Further, this defect tends to become more important for
values of a approaching 1 in absolute value.

Note, however, that these biases in the estimation of the residual variance
must be divided by the sample size T, so that, as expected, larger sample sizes

will lead to better results.
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200

(T/a)(4.12)
400

05 00 05

FIGURE 1: Representation of T/c? times (4.12).

4.2.3. A Simulation Study for the MA(1) Model

Expression (4.12) is to be added to comparable and previously known
asymptotic biases for the MA(1) model: for moment estimators. the next to
last line of (3.2) corresponds to r and (4.6) to a; the first line of (3.2) has the
asymptotic biases of the usual estimators of 7 and 7. A graphical analysis
of these functions shows. in general, dependence on the values of a: the a-
effect illustrated in Figure 1 for (4.12), tends to hold for several of the other
expressions. and anticipates difficulties near the boundary of the region of in-
vertibility.

To study the behaviour of these estimation procedures. a simulation study
was performed. Two of the main purposes of such a study were to investigate
the sample sizes needed for reasonable fits of the asymptotic theory to the

empirical results, and to relate the analysis to values of a.
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In the application of these procedures we found that the sample correlation
r not always satisfies |r| < 0.50 as suggested by the parametric relation (4.1},
so that the corresponding estimator of a is not real. For small values of a.
no value of r was found to violate this restriction, but as we considered larger
values of a, replications with |r| > 0.5 were found. The following definition
was introduced: use the sample analog of (4.1) only for 0 < |r| < 0.50, and
then set @ = —1ifr < =05, @=1ifr > 0.5, and & = 0 if r = 0 (Fuller.
1996, Section 8.3). The problem of noninvertibility of sample estimators in
MA models has been studied in other contexts, for example, in ML estimation
under normality: see, for example, Cryer and Ledolter (1981), Pesaran (1983),
Anderson and Takemura (1986).

The results of the simulations are reported as follows. Besides the estimation
of the residual variance o? by (4.8), we also consider the estimation of 15 =
a*(140?), 1 = 0%, p = 11/70. and a, with estimators introduced in Section 3,
and (4.3) (that for g = 1 leads to the sample analog of (4.1)), respectively. The
objective of this design is to facilitate the comparison of (4.12) with existing
similar expressions. We simulated T values corresponding to (1.1), with the a,
pseudorandom, independent normal (0,1).

Several values of & ranging from 0.2 to 0.9 were considered and various
sample sizes starting at T = 50. To simplify, and to stress the nature of our
findings, we restrict our presentation to @ = 0.4, 0.6 and 0.8, and T = 400.
600, 800 and 1.000. For each choice of a and T', 1,000 replications were done.

Table I summarizes the results of the simulation study, by presenting the
averages over the 1,000 replications, of the estimates obtained by using the indi-
cated procedures. The signs of the biases correspond to those of the theoretical
expressions, except for the small variability of @ around 0.40 for a = 0.40.
The last line contains the numbers of cases where r > 0.50, and we see that
occurences are frequent for a = 0.80. This tends to raise the values of &. and
hence to lower those of &2,

Table II presents an inferential analysis of the results of the simulations
done for a = 0.40 and T = 400. For this combination of values (as well as

for smaller |a| or for larger T) no case of r > 0.5 was observed. Column 2
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TABLE 1I: Inferential analysis of simulations, usual estimators

of ¥0. 71, MM estimators of p, a, o?.

TABLE I: Average estimates over 1,000 replications, a=1040, T =400

usual estimators of 9. 71, MM estimators of

P 1. Parameter|2. Average[3. Empirical|4. Asymptotic|s. Empiricall6. Studentized
to be estimate bias bias standard bias
estimated |over 1.000 error
replications
Parameter a =040 o 11545 | -00055 | -00049 | 00045 | -0.1438
R e Sa ool sives " 03053 | -0.0047 | -0.0059 | 0003 | 0337
! 6 i P 0.3410 -0.0038 -0.0077 0.0022 1.7847
g | wive L0 o= &0 LN a 03998 | -0.0002 | -0.0027 | 0003 | 0.6962
"“ 2 SUIARLE (ok SLIb s L0 o? 09919 | -00081 | -0.0056 | 00036 | -0.6951 [
- 0.400 |0.395 0.397 0.401 0.398 : = - : ez
p 0.345 0.341 0.343 0345 0.343
a 0.400 0.400 0.401 0.402 0.399
a? 1.000 0.992 0.994 0.997 0.999
] 5 0 0 0 0
LELLR © © © © contains the averages over replications (also reported in Table I), and column 3
the corresponding estimated biases; these should be compared with theoretical
ez =060 values in column 4. To judge the significance of the differences between columns
to be Parameter Sample sizes 3 and 4, column 5 contains the empirical standard errors, from which the
estimated "‘;g; 420 600 8300 1-209 studentized differences are formed in column 6.
1. 1.354 1.357 1.357 1.359 : : :
Z{: 0.600 0 5;5 0 5;;3 0 5gé U.S;S We observe the following: (1) Columns 3 and 4 visually show good concor-
p 0.441 0.437 0.440 0.440 0.440 dance; (2) The studentized differences are small for all rows. We conclude that
a 0.600 0.618 0.614 0.612 0.606 : :
f =040, T = h to lead t d fit of th t
o2 1.000 0978 0984 0.985 0.993 or a = 0.40, T = 400 is large enough to lead to 2 goo of the asymptotic
["[>05 (52)  (19) (9) (7) theory to the simulated results.
Tables similar to Table II were constructed for each combination of @ and T
in the indicated ranges. The studentized differences of the biases in these tables
Parameter a = 0.80 are presented in Table I11. We observe the following: (1) When the estimation
tobe | Parameter Sample sizes of yo and 7, is considered. all values are small, with 2 maximum of 2.07 for
estimated value 400 600 800 1,000 . . 8 e
= 1.640 1631 1637 1637 1633 a = 0.40 and T' = 800; (2) Most values corresponding to the estimation of p are
" 0.800 |0.792 0.797 0.796 0.799 large, and increase as o gets larger; (3) Studentized biases in the estimation
p 0488 |0476 0481 0481 0483 oAl d very large negative f
o 0.800 |0.800 0816 0815 0523 of craseamaller Gun § r g S0 M0 S L B L S
? 1.000 |0.998 0.986 0.957 0.980 a = 0.80; (4) Studentized biases in the estimation of ¢* are smaller than 3 (all
Ir| > 0.5 (340) (315) (287) (283) but one are smaller than 2) for a = 0.40 and 0.60, and very large and positive
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for a = 0.80.
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TABLE III:  Studentized biases, usual estimators of o, 7.
MM estimators of p, a, &2

Parameter a =040 T =060 =080
1o be Sample sizes Sample sizes Sample sizes

estimated | 400 600 800 1000/ 400 600 500 1000/ 400 600 800 1000
% |0.14 -0.26 1.15 1.07|0.10 0.31 -0.08 0.53|-0.06 0.43 0.7 0.6
" 034 059 207 059(0.55 1.07 104 0.89) 031 112 023 1.53
P 1.78 2.21 345 1.39/4.533 570 577 5.19| 7.23 878 6.76 8.33
o 070 1.08 2.16 0.24[1.62 218 2.55 1.38|-22.64 -18.30 -16.07 -12.60
¢  |-0.70 -1.08 -0.14 0.93|-1.45 -1.79 -2.62 -0.87|23.36 19.21 17.46 13.59

Our conclusions are: (1) Moment estimators of p, a and ¢ have biases,
both asymptotic and for finite samples, that depend on the true value of o that
generated the MA(1) series; (2) For a sample size of T = 400 or larger, the
finite-sample biases are well predicted by the asymptotic theory if & = 0.40 or
smaller: (3) For a = 0.80, even for T as large as 1,000, the finite-sample biases
are not well predicted by the asymptotic theory: in some cases the approxima-
tions tend to improve as sample size increases, but clearly larger values of T
will be needed to observe good fits; (4) For values of a intermediate between
0.40 and 0.80. and values of T intermediate between 400 and 1,000, results of
the simulations tend to fill in the trends suggested by the extreme values cho-
sen for the simulations; (5) These situations contrast with the analysis of the
estimation of the covariances by the standard sample quantities, since for them
the simulated biases are in agreement with those predicted by the asymptotic
theory. for all chosen values of a and T.

In terms of the method of moments estimation of the residual variance in
MA(1) models. if a is close to the boundary of the region of invertibility, very
large sample sizes will be required to make the asymptotic theory for its bias
useful in practice. This contrasts with the analysis for the method of ML, to be
considered below. Users of the “preliminary estimators” of the residual variance
given by the method of moments. should be aware of the difficulties in predicting

the biases associated with such a choice. and the differences that may exist with
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ML estimation. The situation is similar when MM estimation of p and o is
considered, a fact that has not been sufficiently stressed in the literature, even
when asymptotic results are known. On the other side, the situation differs
markedly from that of estimating the covariances of the process, for which the
asymptotic results are useful for all & and sample sizes. An important role in
these findings is played by the fact that the autocorrelation estimator r tends

to give values r > 0.30 with high frequency, when a > 0 is large.

5. Parameter estimation by Maximun Likelihood

When the residuals in (1.1) are independent N (0, o?), the likelihood function

of the observations X, X3, ..., X7 is the function of i, & and the a;’s given by
L= R ep{-5X-wTX-w), GO

where X = (X,,...,. X7), p=(g,.... ), and X is the covariance matrix with

components ;. This can also be written as
1 1
L = (270?47 |P|} exp {-ﬁ(x — pfP(X - ul} . (52)

where & = ¢*P. Maximum likelihood estimators of , ay,....a; and o? are
obtained by maximizing (5.2) over its parameter space. No explicit formulas for
these estimators are known, not even in the case of ¢ = 1. However, asymptotic
expressions for some of the biases are known: Tanaka (1984) and Cordeiro and
Klein (1994) give, for the MA(1) model with a, = a,

1+2a
T

Ela-ea)= +o(1/T). (5.3)
Maximizing (5.2) with respect to o® only, shows that

e )
T = T(X-#)P YX - ). (5.4)

For this estimator, Tanaka (1984) and Cordeiro and Klein (1994) give, for the
MA(1) model

on
o
—

2
B(6k ~ %) =~ +o{1/T). (
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5.1. An Approximated Closed-form Expression for in MA(1)

We operate with (3.4). If G denotes the T x T matrix that has components
equal to 1 in its two diagonals adjacent to the main diagonal, and 0 elsewhere.
then P = (1 +0?)I+0G = (1 +a?)[I+pG], and P~ = (1 +a?)~'[I+pG]™".
so that it suffices to invert the I + pG matrix. This matrix and its inverse
are symmetric Toplitz matrices, and the inverse was studied in detail in Mentz
(1976) and Shaman (1969). In the former the components of [I + pGI=! are
given as

(1 - If."-—zﬁi) (I,;'+i+1 = I,;‘-i+1)
p(1-2}) (1-21"+)

where z; is a root of the associated polynomial equation pz* + 1 4 p = 0. and

(5.6)

hence z; = —a.

In Shaman (1969) it is suggested that components of the inverse matrix can
be approximated by z¥(1 — 4p?)~% that in turn, substituting p = a(l +o?)"".
can be expressed as (—a)*(1 +a?)(1 = a?)"", k=0.1,....T — 1. The effect
of this approximation is as follows: P times a matrix with these components,
produces a matrix that differs from the identity matrix in the components of
the first row and column, and in the component in row T, column T.

Denoting by p” = pli~! the components of P~!, p* = (~a)*(]1 —a?)~". and
hence (5.4) becomes

F = i ZTZF"-;IF(X. - B(X; - i) = % (5.7)
i=l =1 =

Hence, the maximum likelihood estimator of ¢® has an approximate repre-
sentation as a weighted sum of ¢;'s, weights involving powers of &, where &
is the ML estimator of a.

It can be shown that we can arrive at this expression (with the correspond-
ing least squares estimator of a) by starting from a definition of o2 in terms
of a residual sum of squares (see, for example, Brockwell and Davis. 1991a).
and using  “long autoregression” approximation to be able to write the defin-

ing expression in a regression type of format (see the technical report by the
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authors, 1995). The fact that the LS and ML estimators, under some approx-
imations, coincide, has been noted elsewhere. Brockwell and Davis (1991a,
Section 8.7) note that if the determinant of the likelihood function is asymptot-
ically negligible compared with the sum of squares in the exponent, as in the
case when the parameter is constrained to be invertible, then minimization of
the sum of squares will be equivalent to minimization of the likelihood and the
least squares and maximum likelihood estimators will have similar asymptotic
properties.

For comparison, the MM estimator can be expressed in terms of powers of

—a? as follows,
T- .
ﬁm=rﬁﬁmm+§qh¥m (53)

where now & is the MM estimator of a.

5.2. Simulations for ML Estimation of the Residual Variance

To illustrate the biases in the ML estimation of the residual variance of 2
MA(1) model, a small simulation study was performed. The values @ = —0.40,
0.20 and 0.80 were used to generate the simulated observations, and sample
sizes T = 50, 100, 200 and 400 were considered. Only 100 replications were
done for each pair of @ and T. The ML procedure in Brockwell and Davis
(1991b) was used, in the understanding that it represents accurately the theory
presented in this section, and further that the procedure is one that is used
frequently in empirical studies. The main results are collected in Table IV.

In column 3 there are some sign changes in relation to what is expected.
However, column 6 of studentized biases contains only one value as large as
3, which occurs for the smallest sample size T = 50. The assertion that the
biases do not depend upon the values of a is well supported by these figures.

In spite of the small number of replications, the differences between this
study for ML estimation and that in Section 4.2.3 for the MM are clear. The
asymptotic theory is seen to be a valid approximation for a wider range of

values of the basic parameter o, and for smaller sample sizes.
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TABLEIV: Inferential analysis of simulations, ML estimators of o*. 3 s
(A2N3.5 including p = E(X); hence, k = 2 for the MA(1) model, k = 3 for the MA(2)

models, etc., when g is unknown.

1. Value|2. Sample[3. Empirical [4. Asymptotic|5. Empirical (6. Studentized |
of a size bias bias standard bias : In the analytical part of our study we concentrate in the study of the asymp-
53 % o ST ;r;?; T totic biases of the estimators by the method of moments (MM). We rely on
.04 100 -0.002 -0.020 0.013 1.385 Taylor-type expansions, and search for results to O(1/T), where T is sample
:g: igﬁ :gg;i :gg;g g:gg '00;2:1? size. Incidentally, for simplicity we also tried to rely on first-order Taylor ex-
0.2 50 0.014 -0.040 0.018 3.000 pansions, but found that for MA models they can be misleading, in that for
gg ;gg [(I)(I}J%T:‘ 'ggfg ggig égg certain ranges of the parameter space, they gave results with the wrong sign.
0.2 400 -0.009 -0.005 0.006 -0.667 Section 4.2.1 contains an expansion valid for ¢ > 1. However, our explicit
gg 15[?{] 33:3; :gg‘;g ggf; ;ggg results, analyses and simulations are for ¢ = 1.
0.8 200 0.007 -0.010 0.011 1.545 For the MA(1) model, Figure 1 shows the behaviour of the asymptotic bias
0.8 400 0.007 -0.005 0.007 1714 for the MM estimator, and it can be compared with the corresponding value for

the ML estimator, namely —2 for all values of a: (1) 73, underestimates a*
for all a; (2) For approximately |a| < 0.5, 7}y, and &%, have approximately

the same (asymptotic) bias; (3) For approximately |a| > 0.5, the negative bias
6. Concluding remarks of G}y is larger than that of 3%,;; (4) The asymptotic bias of 53y, tends to
—oo as |a] tends to 1.
We considered the estimation of the variance of the white noise component Our simulations tend to canfirm acine of Sur- expestafions: fof eearple, that

of the MA(q) model defined by (1.1). This is a nuisance parameter, and is the ML estimator works better than the MM, or that better fits are obtained for

important because estimates enter into prediction and confidence intervals, larger sample sizes. The it of the simulated results to the asymptotic theory

tests of hypotheses, spectral estimates, and other inferential procedures. is much better for ML than for MM procedures.

In spite of the indicated usefulness, not many results are available about Correction for bias when using ML estimators of the residual variance is

properties of estimators of the residual variance in MA models, except for simple, since it does not depend on the parameter values. A word of caution

maximum likelihood estimators under normality. The situation is better for

AR models, as indicated in Mentz, Morettin and Toloi (1995).

should be expressed when MM estimators are used for MA(1) models whose

: parameters tend to be near the region of invertibility, since for the usual sample
Available results for ML estimates under normality can be interpreted as

follows: with X;, Xa,..., X1 i.i.d. N(g, %), the ML estimator of o7 is 3 =
LT (X:—X)?/T, and it is biased, it underestimates %, E(5*—¢?) = —0?/T.
the reason being that the denominator T is too large. Intervals formed with & 7. Aeknowledgaments
tend to be too short, too optimistic. Note, however, that the bias is O(1/T).

sizes, we expect to find difficulties in using the available asymptotic reults for

the biases.

In MA(q) models, the ML estimators under normality of o2 = Var(a), satisfy We express our appreciation to a referee for comments that led to a sub-

E(@xs1, — 0*) = ~ka? [T, where k is the number of parameters in the model. stantial improvement of the paper, to Professor Carlos E. Harle (Sdo Paulo)
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for his help with some mathematical problems. and to Eng. Carlos I. Martinez
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Abstract

In the first-order moving average model we analyze the behavior of the estimator of the vari-
ance of the random residual coming from the method of least squares. This procedure is incorpo-
rated into some widely used computer programs. We show through simulations that the asymptotic
formulas for the hias and variance of the maximum likelihood estimator, can be used as approx-
imations for the least-squares estimator, at least when the model parameter is far from the region
of non-invertibility. Asymptotic results are developed using the “long autoregression” idea, and this
leads 10 a closed-form expression for the least-squares estimator. In tum this is compared with the
maximum likelihood estimator under normality, both in its exact and in an approximated version,
which is obtained by approximating the matrix in the exponent of the Gaussian likelihood function.
This comparison is illustrated by some numerical examples. The dependency of the results about bi-
ases on the values of the model parameter is emphasized. © 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction
1.1. The model

The first-order moving average time series model, denoted MA(1), is defined by
X, —u=g+og-1 U=.=L0 ks (1.1)

where X; is the observable time series, & is a white noise residual with zero mean
and constant variance ¢°, and z, p and ¢® are parameters, 0 <g¢® <oc. We call ¢°
the residual variance of the process. Further specification of the ¢, will be made in
Section 1.2.

The process is stationary for any choice of . If « is less than one in absolute
value (1.1) can be inverted into an infinite autoregression,

&= ()i —p), t=..,-10,1,... (1.2)

The covariance sequence of the process is 79 =0*(1 + &), 7, =7_ =02, and
;=0 for |j|>1. The correlation sequence in turn has p, =2(1 +%*)"' and p;=0
for |j]>1.

Moving average models in general are important tools both in theoretical and
empirical time-series analyses. They enter into the definition of ARMA models for
stationary time series and ARIMA models for some non-stationary ones (Box and
Jenkins, 1970, 3rd ed. of 1994), and these proved to be important empirical tools, as
witnessed by the applications arising in a varicty of fields. Some of the difficulties
encountered in the statistical study of these models are due to the nature of the MA
part, for example in that it postulates a linear combination of unobservable random
variables. The MA(1) is the simplest case of these models and as will be shown
below, serves to exhibit some of the difficulties.

1.2. Objectives of this paper

For purposes of inference we consider a sample .X;,...,X; from Eq. (1.1). Esti-
mation procedures frequently used are the methods of moments (MM), least squares
(LS) and maximum likelihood (ML) under normality. Some authors have also con-
sidered estimation from frequency domain considerations. We shall not study MM
in this paper (see Mentz et al., 1997) and ML will be only briefly considered in
Section 3.1.

The method of LS is not particularly suited for MA models. If we interpret the
method as requiring to minimize Y & with respect to u and e, then substitution
of ¢ by Eq. (1.2) will “contain an infinite number of terms so that we cannot
express (the sum) as a finite linear function of the observations” (Priestley, 1981,
Section 5.4.2). However, LSE is frequently considered in practice, in treatises on
time series and in many standard computer programs commercially available. In
our case we used BMDP Statistical Software (BMDP, 1990), ITSM (Brockwell and
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Davis, 1991b) and SCA (Scientific Computing Associates, 1993). These programs
consider the estimation of parameters like # and u in Eq. (1.1) by minimizing a
properly defined sum of squares, as we shall see in Section 2. An estimate of ¢° is
then defined as proportional to the minimized sum of squares. We call this the LS
estimator of ¢* and denote it by &7

The main objectives of this paper are: (1) to show through simulations that the
asymptotic formulas for the bias and variance of the MLE estimator of ¢* apply
also to the LSE, at least for values of « far from the region of non-invertibility;
(2) to derive an approximate expression for the bias of the LSE estimator; (3) to
derive a closed-form approximation of the LSE, and (4) to relate this approximation
to a well-known approximation used in MLE, and to illustrate its behavior with
simulations.

Different assumptions are made for the ¢: to deal with (2) and (3) above we
assume that they are independent identically distributed (0,0°); to deal with (1) and
(4) we add that they are normal. The latter is used to define the likelihood function
and hence to compare the LSE with the MLE. It follows that our simulations are
made with pseudonormal random numbers.

It is relevant to ask under what assumptions can an asymptotic theory for LSE
in the MA(1) model be developed. Existing theorems for ARMA models (see e.g.
Brockwell and Davis, 1991, Ch. 8 and 10, or Fuller, 1996, Ch. 8) give conditions
for the asymptotic theory of MLE under which the LSE has the same properties.
A question is whether the LSE are consistent under more general conditions than
the MLE. Another question concerns robustness, whether the LSE is more robust
than the MLE to deviations from normality, since it is not based on the Gaussian
likelihood. We shall not deal with these questions here.

We pay considerable attention to bias. It has been argued (Simonoff, 1993) that
in the estimation of the variance of a statistic, attention should concentrate on the
bias: a misleadingly optimistic result is obtained from a negatively biased estimator.
In spite of this emphasis, we also consider the variance of the variance estimator,
its standard error and mean square error.

In spite of its inferential role, not many papers have been written about large-
sample biases and variances of residual variance estimator in MA models; for MM
and ML see the authors’ paper of 1997. There are more known results about AR
models, some of these, as well as some new results, are presented in the authors’
paper of 1998. For an interesting discussion see Harvey (1993, Ch. 3).

1.3. Asymptotic results for sample covariances and correlations

We can estimate the covariances y; of the model by

- 2 ,
C;-=}*§(K-XJ(XI+: —-X)=c. j=0,1,....,T =1L (1.3)
Other estimators are considered in the literature, for example, by changing in
Eq. (1.3) the denominator, the value to be subtracted from the Xs, or the range
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of the sums; see, for example, Anderson (1971) or Fuller (1996). We use Eq. (1.3)
because for 7> p, a covariance matrix with elements ¢._; is positive definite, a
property that we shall use below. With these estimators of the covariances we form
the estimators of the correlations g,

n=cle, j=12....,T-1. (1.4)

From the above indicated sources we deduce large-sample moments of these estima-
tors. They are derived in the general case of a linear model ¥, = 3. dje,;, under
some conditions on the random variables ¢, and coefficients é;; Eq. (1.1) is a linear
model. For further reference we note that, with r=r,,

E(e~ o)~ = (1 +a), Eley =)~ — =(1+3a+2),

i | 5 5

E(cy— o) = g(l +4 +o'),  Ele—n)= ;{1 +52 +4'),  (L35)

4g* ) » 1 4a +det +of + o

E(co=yo)ei =)= 71[1 +a’), E(r—py= R TR
56 =i [+da+o® +42 +of +do’ + o
B T(1+2) '

These expressions have errors o(1/T).

2. Estimation by least squares
2.1. Estimation of the coefficients and residual variance

One procedure that is often used in practice, is to consider that the LS criterion
function is the quadratic form appearing in the exponent of the Gaussian likelihood
function. This function will be written down in Section 3.1. It is ofien preferred
to use an alternative expression using elements of the minimum mean square error
prediction (MMSE) of a time series. Letting now X; denote a zero mean MA(1)
(in our case we can take the mean-corrected values to approximate them), we take

T 7%
X - Xy
S(x)= Z & =4y (2.1)
P
as the criterion, where X; is the MMSE predictor of X, and E(X; - X, =a%r_;
these quantities are defined recursively by
rn=1+d, ry=1+d- -?, i=0,L2,. ..,

A Sy (22)
X, =0, ﬁ-.:ﬁ"i—@, =935 2
=1

See, for example, Brockwell and Davis (1991a) that discuss this theory in detail.
In their analysis they restrict attention to || <1, in which case the estimators arising
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from the minimization of Eq. (2.1) have the same asymptotic properties of the MLE

procedure. They suggest using 67 =S8(dys)/(T — 1), which is incorporated in the
software ITSM.

2.2. A simulation study

To study the behavior for finite samples of the bias in the estimation procedure
described in the preceding section, a simulation study was performed, which is here
briefly described. Model (1.1) with u=0 was simulated with pseudorandom normal
(0,1) numbers, and eight values of « ranging from —0.90 to 0.95. Sample sizes
were set at T =150, 100,200 and 400, and for each case 1000 replications were done.
Estimation was done by using SCA.' Table 1 reports the numerical results, and is
similar to Table IV presented in Mentz et al. (1997) for the MLE of the model. The
empirical biases are averages over replications and their empirical standard errors
are also based on these replications. The reported asymptotic biases are those of the
MLE (see Section 3) and they are used to compute the “Studentized values”: the
values in column 6 come from column 3 minus 4 divided into 5. Column 7 reports
the empirical mean square error, computed as the sum of the variance (obtained as
1000 times the square of column 5) and the square of the bias reported in column 3.

The main observations stemming from Table 1 can be summarized as follows:
(1) For all values of . (a) Empirical biases decrease in absolute values as T in-
creases, as expected; (b) Empirical standard errors decrease monotonically as T in-
creases, as expected; (¢) Empirical standard errors for a given T have similar values
for different values of «. They are well predicted by the MLE asymptotic value of
6?[(2/T)/1000])"? (cf. Harvey, 1993, Ch. 3) for ¢° =1; (d) Empirical mean square
errors are well approximated by the MLE asymptotic value of ¢*(2/T + 4/T?) for
a'=1. (2) For —040<x<0.60. (a) Empirical biases have the same signs as the
asymptotic biases of MLE; (b) Studentized biases are less than 3 in absolute value,
except for one case (x= — 0.40, T = 50). Of the remaining 19 cases only 2 are
larger than 2 in absolute values; (3) No studentized biases are larger than 2 in ab-
solute values for 7=200 or 400; (d) For a fixed #, studentized values for T =200
and 400 are smaller in absolute values than for T =50 and 100, except in one case
(2=0.20); (3) For a=—090,0.80 and 0.95. (a) Empirical biases differ in signs
from those of the MLE; (b) Studentized biases are larger than 3 in absolute values;
(d) Studentized values decrease as T increases.

We conclude that behavior of the LSE in terms of bias is comparable to that of
the MLE for moderately large samples sizes and for values of the parameter removed
from the boundary of the region of invertibility; for values closer to this boundary,
even for sample sizes as large as T =400 the fit to the MLE asymptotic theory is not
good, and only for larger sample sizes the results of this theory are expected to be
useful in practice. Hence, while the MLE behaves without dependence on the values

' A preliminary simulation study was done by using ITSM with some of the indicated values of =,

the same sample sizes, and 100 replications for each case, The findings of that study were refined and
confirmed by those reported here.
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Table I . : close to those coming from the asymptotic theory, namely 0.04160, 0.02040, 0.01010
Analysis of simulations, LSE estimation of & and 0.00503 for T =50,100,200 and 400, respectively.
Value of 2 Sample Empirical ~ Asymplotic  Empirical Studentized ~ Empirical mean
| s :.ng :.ns MLE ;Iandard error :ms ;qum error 2.3. Asymptotic theory for the residual variance estimator
-09 50 001397 -0.04000  0.00636 848585  0.04063 To develop the statistical theory for the LSE we use the idea of a “long autore-
100 0.00599 —0.02000  0.00433 6.00231  0.01876 gression” (Durbin, 1959), which amounts to approximating the series in Eq. (1.2)
200 0.00313 —001000  0.00311 422186 0.00969 4 the fnis
400 000134 —0.00500  0.00217 292166 0.00469 4 LG, ST,
~04 50 ~D06078  —~0.04000  0.00603 - 344610 0.04007 - :
100 -002317 -002000 000431 - 073550 001908 &= (—0)(Xie, — p), 23)
200 ~0.00900 —0.01000  0.00312 0.32051  0,00979 oy
—000574 —0.00500 000219 ~ 033790  0.00482 : . g
i Y =0 A where in the theory By — o0 as T — oc in such a way that By (or a power of it) is
=0.1 50 —0.02624  -0.04000 g-mﬁf 2.24837 U-Umi dominated by T, B;/T —0 as T — ~c. Using Eq. (2.3) together with the substitution
100 —001280 —0.02000  0.00435 165517 0.0190 - ’ L ST
200  -000043 —001000 000307 0.18567 000949 of X' for 4, the following approximation can be justified,
400 —0.00288 —0.00500  0.00226 0.93801  0,00514 5 2
r
01 50 -0.03052 —0.04000  0.00643 147434 004232 é; Z Y K- -5 . (2.4)
100 —-001059 -002000  0.00472 199364 002241 “T-5r-2 Br T ]
200 —0.00872  —0.01000  0.00333 0.38438 00112
400 —0.00183  —0.00500  0.00233 136051 0.00544 Under these conditions in the appendix we show that the following asymptotic rep-
02 50 —0.05130 004000  0.00593 ~ 190556 003776 resentation of Eq. (2.4) holds:
100 ~0.02148  —0.02000  0.00442 - 033484 0.019% (- J;
200 -0.01018  -0.01000  0.00315 - 005714 0.01004 a2 i
400 ~0.00679 —0.00500  0.00230 — 077826 0.00533 s t+2 Zf’ 2 (#5)
0.6 50 —0.04931  —0.04000  0.00601 — 154909 0.03858 : I
100 -0.03097  —0.02000  0.00413 — 265618 0.01804 and we arrive at the expression
200 ~0.01376  —0.01000  0.00310 ~ 121290 0.00978 ; s 5 5 i
400 -000522 000500  0.00216 ~ 010185 000472 E(#g — o) = =), Bl kR el o
08 50 003069 004000  0.00615 1149431 003880 =) E=er
100 0.02403  —0.02000  0.00430 1023953 0.01908 +C +o(1/T), (2.6)
200 001225  —0.01000  0.00317 701893 0.01017 .
400 0.00425 —0.00500  0.00227 407489 0.00517 where % is the LSE of %, and
095 50 005743 —0.04000  0.00624 1561378 0.04221 2aE(cy — p)(E—2)  2(1 +2P)E(ey —1)(d—2)
100 0.02998  —0.02000  0.00453 1103311 002144 C= "1 m:){: -2 1 : o ':I)
200 001754 —001000 000316 871519 001032 (1-2%) (1—0)
400 0.00894 —0.00500  0.00227 614097 000522 —j(=2) 71 = o?) 4+ 2:(—2)! | .
+ZZ J(=2) ( :-))- (- ) Ee/(@—2). @7)

of the parameter in the true model, the LSE shows dependence on this value. This
phenomenon is in agreement with our findings in other situations, some of which
are pointed out in our (1997) paper on the MA model, and will also be illustrated
in Section 3.2.

Another mtcrestlng finding is that for the variance of the variance estimator, the
approximation provided by the MLE theory behaves better than that of the bias, in
particular is not affected by the values of the main parameter . This explains why
the values of the empirical mean square error reported in column 7 are consistently

The first term on the right-hand side of Eq. (2.6) is the contribution coming
from the biases of the covariance estimators, that is, E(¢; — ;) for j>0. Terms
with factors E(% — 2)' do not contribute to the order 0(1/T) when s=1 or s> 3.
The expected value E(% — x)* appearing in Eq. (2.6) can be approximated by the
asymptotic variance of the MLE of 2, which to 0(1/T) is (1 — «*)/T. Hence,

o .. C6R+18
E(dlg - o%)= f’T{’;—+~)”—+c+ o(1/T). 2.8)
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The component C includes covariances between the LSE d and the ¢, for which
we have no exact or approximate expressions. In a practical situation a data analyst

can approXimate them numerically by using the bootstrap procedure described, for
example, in Efron and Tibshirani (1993), (Ch. 8).

As simple examples we took two series of lengths T =100 each, of the kind we
employed in the simulations reported in Table 1, one for =—040 and one for
2= 0.20, that is, values of x far from the region of non-invertibility. 100 bootstrap

replications were done for each series, 10 covariances were included in the sums,
and the results were as follows:

x=-040, &=-02643, C=-00244, E(6;s—c*)=-0.0230,

=020, #=03054, C=-00182, E(6s—0")=—0016l.

We use € and E to indicate that we used the estimated values in place of the pa-
rameters ¢° and a. The bias of the MLE estimator is —0.02, and the approximations
are seen to be reasonable. Other quantities were estimated via the bootstrap proce-

dure, to control the accuracy: estimates of 6> =1 we obtained as 1.0076 and 1.0036,
respectively.

3. Estimation by maximum likelihood

3.1. Estimation of the coefficients and residual variance

When the residuals in Eq. (1.1) are independent N(0,¢?) the likelihood function
of the observations X, Xz,..., X7 is the function of y,¢ and 2 given by

L=(2nr”t£|—'3exp{—§(X—m’r"{X—p)}. (3.1)

where X =(X,...,X7), u=(g,...,p), and Z is the covariance matrix with com-
ponents y;_,. This can also be written as

L=(2na)""*|P|"! I-e:cp{—i—i_—:u(-— wYP'(X —;:]}.
where =P,

(32)

Maximum likelihood estimators of p,x and ¢° are obtained by minimizing
Eq. (3.2) over its parameter space. No explicit formulas for these estimators are

known, not even in the case of g= 1. However, asymptotic expressions for some of

the biases are known: Tanaka (1984) and Cordeiro and Klein (1994) give for the
MA(1) model,

E-0)=-32 4 o).

(3.3)
Minimizing Eq. (3.2) with respect to o® only, shows that
a2 | ek n
"'w_=?(x‘ﬂ})° (X - p). (34)
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For this estimator in the MA(1) model Tanaka (1984) and Cordeiro and Klein (1993)
give

-

E(6% — 0*)= — 2% +o(1/T). : 3s)

3.2. A numerical analysis of an approximation

In the present authors’ paper (1997) the exact form of Eq. (3.4) was considered,

- = Nii s =1
as well as an approximation consisting in using instead of the components of P
along diagonals,

(—a)t

—— k=0L..T-1 (36)
s
The effect of this approximation is that P times 2 :gatrix with these compon;nlr;
produces a matrix that differs from the identity matnx in the components of the firs
and Tth rows. bd
With this approximation plus estimating u by X, it can be shown that the :;;E E?
the residual variance becomes identical to Eq. (2.5), the approximale represet s
the LSE. The fact that the LS and ML estimators coincide und;r some appm";m ;‘:he
has been noted clsewhere. Brockwell and Davis (19912, Section 8.7) [.w{ié ;ir:ction
determinant of the covariance matrix appearing in the Gaussian :::k‘::slh:xponenl, as
is asymptotically negligible compared ""'ith,the sum of ik f invertibility, then
is the case when the parameter is constrained 10 the region 9 f the likelihood
minimization of the sum of squares is equivalent 1© maxinization o
and the LS and ML estimator have the same Lo i pm;:e‘ilill::t.mdnn the effects
Table 2 reports the findings of a simulation ‘study ﬂgne‘l 2 ill'n'-ll ated Wailh pseudo-
of the indicated approximation. Model (1.1) with = wa§: from —040 to 0.95.
random normal (0,1) numbers, and eight values of & m“gli-iations were done.
Sample size was set at T =100 and for each case h]gq{] fept: the MLE of x and o,
Columns 2 and 3 contain the averages OVer e I ith BMDP.* In paren-
respectively, obtained by processing the simulated Smes‘\:iuns Similar values are
theses below the averages are the calculated standard d:ﬁvim ;1.:0 and the com-
reported in column 4 when ¢° is estimated by .Eq- G act form of the inverse.’
ponents of P~' obtained by replacing & by & I8 !he 7 roximation (2.3) with
Columns 5 and 6 contain the values obtained by Usmfai the app
covariances ¢; ranging up to K=10 or 20, respectively.

th a fow of the indicated values of 2,

B . ‘\ i X
A preliminary simulation study was done by using L findings of that study were refined and

the same sample size, and 100 replications for cach case. The .
confirmed by those reported here.

*In the preliminary siudy mentioned in footnote (2) the .q_“*"vem matrix. For the study reported here
double sum using the exact form of the component e X = PY were solved recursively for ¥
a much faster algorithm was used. Linear systems of the forma ¢ o, For the case of the MA(1) model.
by the forward solution of the method of successive elimination.

see Anderson and Mentz (1993) for details.
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Table 2
Analysis of an approximation by simulations

Value of x % by iy i & &
BMDP by BMDP  Exact Appr. K=10  Appr. K=20
1 2 3 4 5 6
—-0.40 =04100 1.0006 0.9911 0.9873 0.9871
(0.0996) (0.1376) (0.1368) (0.1370) (0.1372)
~0.10 ~0.0984 0.9978 0.9882 0.9791 0.9791
(0.1080) (0.1418) (0.1412) (0.1397) (0.1397)
0.10 0.1066 0.997% 09881 0.9793 0.9793
(0.1098) (0.1417) (0.1409) (0.1396) (0.1396)
0.20 0.2092 0.9974 0.9877 0.9800 0.9800
(0.1089)  (0.1416) (0.1406)  (0.1397) (0.1397)
040 04140 0.9959 0.9864 0.9832 0.9833
(0.1022) (0.1413) (0.1402) (0.1405) (0.1404)
0.60 0.6190 0.9931 0.9842 0.9918 0.9907
(0.0924) (0.1409) (0.1399) (0.1508) (0.1468)
0.80 0.8166 0,9901 0.9826 1.1646 1.0375
(0.0700) (0.1407) (0.1397) (1.3911) (0.8363)
0.95 0.9473 1.0008 09934 39730 34136
(0.0367)  (0.1460) (0.1452)  (9.8494) (13.3612)

The observations stemming from Table 2 can be summarized as follows: (1) For
all values of «. (a) The MLE of 2 with BMDP was included as a check, and the
results show a reasonable agreement with the asymptotic theory, under which the
bias satisfies Eq. (3.3) and Var(2)=(1 — 2*)/T; (b) The MLE of ¢* and that using
the exact form of P~' show comparable results; it is worth noting that the empiri-
cal standard deviations cluster close to 0.1414 =/0.02 = /2/T, since 2¢*/T can be
taken as the asymptotic variance of the MLE of ¢* (cf. Harvey, 1993, Ch. 3); (2)
For —0.40 < 2<0.60. The estimation of o* by the approximation (2.5) with K =10
or 20, show results comparable to BMDP or exact MLE. Negative estimates were
only obtained in one replication for x=0.40 and one for 2=0.60. (3) For 2=0.80
and 0.95. (a) Negative estimates of ¢” =1 appear with increasing frequencies, there
were negative estimates in 43 of the 1000 replications for x=0.80 and 525 for
2=0.95; (b) Even discarding the negative estimates and averaging over the pos-
itive values, Table 2 shows clear differences in the behavior of the
approximations.
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We conclude that the approximation used for the components of P~' works well
in the estimation by ML of the residual variance, for values of x small in absolute
value for a sample size of T'=100. As « approaches the boundary of the region of
invertibility, the use of the approximation requires larger sample sizes to be useful
in the indicated way.

4. Summary and coclusions

4.7. Summary

4.2

We studied the estlmatlon of the residual variance of the MA(1) model by means
of the estimator 4} arising from the method of least squares. In Section 2.3 and
the appendix we developed an approach to study the asymptotic behavior of a,_s
as sample size T — oo that does not require the assumption of normal error terms.
We obtained a rather simple closed-form approximation to this estimator as a linear
combination of sample covariances with weights given by functions of the LSE of
« (the approximation is also valid for 6y, only that the weights will be functions
of the MLE or o). This approximation can safely be used provided the underly-
ing o« is smaller than 0.60 in absolute value and T is at least 100: our simula-
tions in Table 2, done with normal data, show that in these ranges its behavior is
well predicted by the asymptotic behavior of the exact MLE in terms of bias and
variance.

In Section 2.2 we studied by simulations the finite-sample behavior of i
(Table 1). With normal data and using a standard computer program we concen-
trated in the analysis of bias and variance. We concluded that the bias in the LSE
depends on the value of «, opposite to the MLE which has a constant asymp-
totic bias. The bias of the LSE is well approximated by —2¢%/T for T=50 or
larger, provided that the underlying « is smaller than approximately 0.60 in ab-
solute value. If |a|>0.60 the approximation fails, at least for 7 <400 and tends
to get worse as |z/—1. Finally, in Section 3, after a brief presentation of &
we relate the closed-form approximation to the LSE mentioned above to an often-
used approximation to the likelihood function, and illustrate it by simulations
(Table 2).

Concluding remarks

Estimation in ARMA models is justified through asymptotic results, consistency
(weak or strong) and asymptotic normality. The assumpnons considered in lhxs paper
for the MA(1) model are sufficient for the MLE: i.i.d. (0,6°) errors with ¢* positive
and finite, and |«| <1 (invertibility). These assumptions are also sufficient to prove
that the LSE has the same properties (see for example, Brockwell and Davis 1991a,
Theorems 10.8.1 and 10.8.2, or Fuller, 1996, Theorems 8.4.1 and 8.4.2). Hence,
under these conditions the asymptotic theory provides no guidance to distinguish
between MLE and LSE, and it follows that differences, if any, should come from
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more refined asymptotic results, or from finite-sample considerations, either through
theory or simulations.

In connection with the focus of our paper Harvey (1993, p. 69) writes: “As usual,
the simple MA(1) models provides insight into the behavior of models other than
the pure AR. The question of estimates on or outside the invertibility region is now
of some importance”.

A question that simulations tend to answer is how large has to be the finite
sample size for the asymptotic theory to be a valid approximation. Another is
how results depend on their choice of parameter values. For simulations to allow
for comparisons with MLE, pseudonormal error terms are called for. Simulations
with other error distributions will address the important but different question of
robustness.

If a data analyst plans to use the assumption of normality in his analyses, he will
find useful the results in a 1997 study by the present authors; he can construct the
estimator 65, (1 + 2/T) corrected (approximately) for bias. Our results in Section
2.2, Table 1, show the differences that arise if he uses the LSE instead, and the
risks he faces if he still uses the MLE theory, in particular if |«|>0.60 and T' is
small, If with his data he uses the LSE procedure, then our results in Section 2.3 are
useful, and our simulation study in Section 2 serves as a reference: if |a| >0.60, even
large normal data sets tend to give unexpected results in terms of biases, existing
theory for MLE fails to provide adequate guidance, the true correction for bias is
complicated since it depends on the value of .

5. For Further Reading

The following references are also of interest to the reader: Mentz et al. 1998.
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Appendix. Derivation of Eqs. (2.5)-(2.8)

Eq. (2.4) can be written as

Gig = Zm” +2E Y. (~ay*e, (A.1)

J=l10<k<j
where

1

Fode=2 E Xiej = X)Xt - X). (A2)

1=+l

D
II
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These quantities are not the same as those defined in Eq. (1.3), they all have the
same number of terms and they do not form a Toeplitz matrix, since, for example,
¢y and c;, are not equal. However, we have that, for fixed By

Jim TE(c}, — 3-+)

1
Jim TE -T“?—zZ[{XH W~(X = (K — )X —p)]

Br+l
—E[(Xi—j — m)(Xi— — )]

[I

1l

1
lim TE{—'ET-Z Y [~y = X~ )

T—0a
t=8r+1
~(Xie— 1) (X —p)+(X - n)z]}

= lim TE[~(X ~ p)’]= lim —T Var(X)= — 2nf(0)= — a*(1 + ),
(A3)

where f is the MA(1) spectral density function f(4)=(c*/2m)(1 + «* + 2xcos 4),
—n< A< see, for example, Anderson (1971) Theorem 8.3.1. It then follows that
the ¢*’s and the ¢’s have the same asymptotic biases, except when |j — k|=1; see
the second formula in the first line of Eq. (1.5). To the degree of approximation
used here, it follows that we can approximate (A.1) by using c’s instead of c™’s
which after summing the series involving 4 leads to

a2 o o (—4)!
Sl — 19 ; . A4
B T—# E,C*l-&’ B4

Expression (2.5) is derived from Eq. (A.4) by letting the sum range up to T — I,
since with T observations we obtain sample covariances up to this order only.
In terms of parameters we have that

+2): = “] J’“*fﬁ‘;j‘)}'l:&. (A3)

so that

3 . [ g7 -2a —2a (-2
Oig—0 = ( Dn G,)+(Cl] g'}'lI )-I-ZZ_, ).:'

- 1-0

j=2

(A.6)

where we used that ;=0 for j>2.

We want a Taylor expansion that retains terms up to second order, when the
variables in the expansion are the ¢’s and &, The coefficientes of (¢ — y,)* vanish
for s> 1, and the coefficient of (d — ) is

290 21+2) 7
(I—oa2)  (1-o) o
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which equals 0 because yo=0*(1 +2?), 3 =0« The coefficient of (& — «)* is :ri‘csﬂ‘?', l\éﬂ[.B., l?&l.:;:eeml Analysis Tc;lfe Time Series. Academic Press, London.
cientific Computing Associates, 1993, SCA Statistical System (Release V.2). Lisle, Illinois,
20%(1 +24° + 21a) (A8 Simonoff, 1.S., 1993. The relative importance of bias and variability in the estimation of the variance
—'-—(1'—_*5(?)-,—- ) of a statistic, Statistician 42, 3-1,
Tanaka, K., 1984. An asymg i ated with the maximum likelihood estimator in
Hence, ARMA models. J. Roy. Statist. Soc. Ser. B 46, 58-67.
o 2afe — ?l) 2 ¢
-l a)!
-2 -2 1~a~z 5(=8)
2 421
2r(1 +2:: + ) G—af
— :p)-!
25¢(€‘u— 1), . A1+ )e =), .
— (i — ) — s & -
Ya-erT O e 7
)1 = J
I (1 =) + () A5
+2§: ey (A9)

J=2

The expected value of the fourth term in Eq. (A.9) is the second term on the
right-hand side of Eq. (2.6), and the expected value of the last three terms is the
component C in Eq. (2.7). To evaluate the expected value of the sum of the first
three terms we use results in Eq. (1.5) and

mf(0)_ (1 +a)
i R i

i > A10
7 Jj22 (A.10)

Ech—Va.r(f): -

and Eq. (2.6) follows.
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Abstract. In this paper we consider time series models belonging to the
autoregressive (AR) family and deal with the estimation of the residual variance, This
is important because estimates of the variance are involved in, for example, confidence
sets for the parameters of the model, estimation of the spectrum, expressions for the
estimated error of prediction and sample quantities used to make inferences about the
order of the model. We consider the asymptotic biases for moment and least squares
estimators of the residual variance, and compare them with known results when
available and with those for maximum likelihood estimators under normality.
Simulation results are p d for finite sampl

Keywords, AR models; bias; least squares estimator; maximum likelihood estimator;
moment estimator; residual variance; time series.

1. Introduction

We consider time series models belonging to the AR(p) fmily in _which the
observable stationary process {X,} has E{X} =g and finite variance, and
satisfies

P
Y B X-m=a  t=.u=L0 L (1Y
Jj=0

for fo=1, Bi,...,B, real parameters, where {a;} is white noise with
E{a*} =02>0 and a, is independent of X,_1, X, .... The roots of the
polynomial equation

i
2,6;:”‘}:0 (1.2)

j=0

satisfy |z;|<1, j=1, .., p, and (L.]1) is invertible into an infinite moving
average.

In this paper we consider the estimation of the parameter o3, This is
important because estimates of o2 are involved in, for example, confidence sets
for the parameters, estimation of the spectrum and expressions for the
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estimated error of prediction. Also, to fit the correct order requires good
estimates of 02,

Estimates of 02 come from the method of moments (MM), least squares
(LS) or maximum likelihood (ML) under normality, and also from frequency
domain arguments.

The problem of finding asymptotic biases for the estimators of the
parameters in AR models has been considered by several authors. The biases
for Yule—Walker (YW) estimators (or MM estimators) and LS estimators of the
coefficients were considered by Tjestheim and Paulsen (1983) and Shaman and
Stine (1988). Shaman (1983) derived the asymptotic biases of the estimators of
the residual variance of autoregressive (AR) models with known mean,
assuming that the order is not known: the underlying model is an infinite
autoregression, which is approximated by AR(p) models with finite p, and YW
and LS estimators are considered. Paulsen and Tjestheim (1985) studied also
Burg-type estimators. For ML estimators the main references are Tanaka
(1984), who suggested a technique for obtaining the Edgeworth-type asymptotic
expansion associated with ML estimators in autoregressive moving-average
(ARMA) models, and Cordeiro and Klein (1994), who presented a general
procedure for obtaining the biases of ML estimators in ARMA models.

The estimation of the innovation variance through frequency domain
considerations has been studied by Pukkila and Nyquist (1985). This approach
will not be considered in this paper.

Further references are Marriott and Pope (1954), Walker (1962), Ansley and
Newbold (1981), Bhansali (1981), Kunitomo and Yamamoto (1985), Lysne and
Tjostheim (1986), Stine and Shaman (1990), Tuan (1992) and De Gooijer and
Pukkila (1994). Techniques and results for asymptotic analysis in time series
models are well covered by Anderson (1971) and Fuller (1996).

In this paper we derive new results on the subject and, for comparison, state
and review other results existing in the literature. Some preliminary results are
given in Section 2, MM (YW) estimators are discussed in Section 3, LS
estimators in Section 4 and ML estimators in Section 5. Section 6 presents
some simulation results, and a brief discussion on asymptotic distribution is
given in Section 7. Some concluding remarks are provided in the final section.

2. Preliminaries

The autocovariance sequence of the AR(p) process is given by

Vs=V-s = E(Xi —p)(Xpys—p)  5=0,1,2,... (2.1)
and satisfies the (theoretical) YW equations
1
) By =0l 22)
i=0

350

and
P
Y Byje=0 =52 2.3)
J=0

Setting ﬁp = (.81, ] ﬁp)', ¥Yp= (Ylu . }’F)', r}, = [}’;_,J]. with Yii = Y)i-il»
i,j=1, ..., p, (22) can be written as

o =yo+PBoys (2.4)
and the first p equations in (2.3) as
rppp=-vp- (2.5)

The autocovariance sequence satisfies the ‘inversion formula
Y= jﬂ exp (ids)f(A) dA
where f(A) is the spectral density ;)f the process,
fA)= gx-;w(ﬂ.)rz —r<l<nzm (2.6)

where B(d) = Zf:uﬁ exp(—iAj). The correlation sequence is p; = ¥ /y0,5=0,

el
For purposes of inference we have a sample X, ..., X7 from (1.1). We shall

denote by 62,, k=1,2, ..., the various estimators that we consider in the
case of AR(p) models. We omit the identifier p, for simplicity.

3. Moment (yule walker) estimators -
A YW or MM estimator 62, is provided by the sample analogue of (2.2), namely
gy 3.1)

where 33” =1 and

T-—j. .,
c;%ZtXf—?}(XH;—th-j j=0L..p G2
=1

with X = iy = (1/?’)2521&. In (3.1) the B}” come from the sample analogue
of (2.5), namely

I = -, (3.3)
where I, = [cj_y), €¢p=(c1r .. ¢;)' and ﬁ‘;’ (B, ..., ﬁ‘P”)'. Equations

(3.1) and (3.3) are the sample YW equations.
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3.1. Asymptotic biases of coefficient estimators

Assume that the order p is known. In deriving the bias of 63,, the biases of the
YW estimators of the components of #, will be needed. They are obtained as
follows. Following Shaman and Stine (1988), let {X,} be given by (I.1) and
assume that the g, have finite moment of order 16 and that their Equation (2.5)
is satisfied. These conditions hold if the a, are independent and identically
distributed (i.i.d.) N(0, 62), 0 <a? <oc. Then

lim TE ~By) = by + by + by + by (3.4)
where the vectors b; are such that the following hold.

(i) The jth component of b is given by
£l
Z(ﬁr"ﬁp-r} J=L...,p.
r=0

{i'l) bZ = _(ﬁl‘ 2r82! “eny Pﬁp}’-
pl2-1 y :
—DPp-ilu; f
(i) b3 = 2:p~11f{:‘!‘8J ﬁi ,)u,. 1 , fs s
Z {ﬁj’!-l ﬁp-))vj if p is odd

where u; is a pX 1 vector with Is in rows j+2, Jj+4,...,p—j and Os

eleswhere, and v; is a p X 1 vector with Is in rows j+ 1, j+3, ..., p—jand
Os elsewhere. Note that f_; = 0.

(iv) by =F;'d, where d is a p X 1 vector with jth element

P
dJ=ZU-k|)’j-kﬂt f= Ty,
k=0

Note that if z =0 then b; = 0.
For p=1 (3.4) gives
£ l
EG )~ 5(1 -4y, (3.5)

For the case p =2 and other details, see Shaman and Stine (1988).
These approximations have errors o(T~'). If in model (I. [) we use the

parameterization ¢; =—f; (as in Box et al, 1994, for example), the
expressions for the biases will change.

3.2. Asymptotic biases of variance estimators

We now consider finding the asymptotic bias for the YW estimator of 2. In
what follows we assume that p is known and the {a,} are iid. N(0, o2).
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3.2.1. Expansions for the AR(p) model

From (2.4) we have, with ﬁ;) = ﬁ P

G = 0% = (0 = y0) + (Bpes = Byt p). (36)
If in the second term of (3.6) we use a Taylor expansion to O(T ') and take
expected values, we obtain (because all other contributions vanish)

E(6%, —02) = E(co—y0) + Z v,EB;— B+ Z BiE(c;— 7))

=1 j=1
P -
h Z E@B;—Bcj—yp)+o(T™). (3.7
J=1

The E(B i — Bj) are given asymptotically by (3.4), and
o2

TETW“‘T"" 68
Wi

E(CJ—?,J:_TM P=

(Fuller, 1996) so that
2

- a5,
E@h —00) = - T1+z,;_lﬂ +me, By~ TZuusm

P -
+ > E@;—Bej—y)+o(T™). (3.9)
j=1

The disadvantage of (3. T} or (3.9) is that we mix ¢;s with fs. lAnol}ger
possibility is to express ¢ as a function of (yo, fi, -+ Bp), by working with
the YW equations. A thlrd option is to express everything in terms of
covariances. For example, in the case p =1 we would have

02 =yo+Bin1 =1 = Byo = &1070, B1)
or

02 = yo+Biy1 =yo — ¥i/v0 = &(v0, 1)
respectively. We explore the third possibility now.

From (3.3)
8 B s e il
N, Al c [ ST = €2
BBl ers]) SN R : (3.10)
Cp| Cp-2 ..- €0 Cp

so that fi)- =f3}-(_cu, wom Calme 1 s i
From (2.4) the YW estimator is
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F - P -
dil =g+ Z Cjﬂj =g+ Z%ﬂ;‘(ﬁ‘u. e ('p]
= =1
which can be expanded in terms of the c;. Then

r i
E@Y, -0} = Y Ec;-ypgi+1) Ele;~v)gi

= =0
G.11)
P j=1 ;
+) ) Eley-vjler =gy +o(T™)
=1 k=0

where g; = d02/dy;, g; = 02/oy} and gy = 00%/0y4dy;. In fact, the
partial derivatives are those of 02 with respect to the c;, evaluated at the
parameter values. Hence we obtain an expression for the asymptotic bias of the
YW estimator of the variance in terms of asymptotic expressions for the biases
of the c;, their variances and covariances.

3.2.2. The special case of an AR(1) model
From (3.11) we obtain, for p= 1,
E(@}, - 0%) = E(co = y0)go + Elcr — 7)1 + }E(co ~ y0)’ g0
+1E(e; = 1) gu + Elcr = 71)(co - yo)go +o(T ™),
(3.12)

It is easy to verify that
2

0!
E(fu‘}’n)ﬁ——:,—————“+ﬁl)2

g3
E(C"y‘)“ﬁl_?r T A+f)

a 2,144
E(co — yo)* = cov(co, cg) ® =Y ——
- T -

4 5, =h
E(co — yo)er - y1) = cov(eq, €)) X =Vo——
: T T-B

21 44 -
E(ey = 1) = eov(er, @) “%T%ﬂ

and go=1+p}, g1 =2p), gw= =28} /7o, g1 = =2/v0, 801 = ~2P1/70-
Finally, substituting in (3.12) we have
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5 -20%1-282
E o Rl LR a L i -1
(0q —03) = T l—ﬁ? 4+o(T7"). (3.13)
This can also be written in terms of the root z; of (1.2), since z; = —f; in

this case.

3.2.3. The special case of an AR(2) model

Operating with (3.11) in the case of p =2 we derive

2
El62. — gty =Y 21 + 22)(1 + z1z3)
(Or —03) 7 {(z%— Ve EyEr—

+5} +o(T7™Y (3.19)

whel_'e z) and z; are the distinct roots of (1.2). This is the same result as that
obtained by Paulsen and Tjestheim (1985).

3.2.4. Available results for known mean

For completeness and to facilitate comparison with our results, the results
derived by Shaman (1983) will be briefly reviewed. They were obtained
assuming that X, is an autoregressive process of infinite order and known mean
(supposed to be zero). It is not assumed that the {a,} are normally distributed.
Approximate X, by an AR(p) model

Zp:ﬁpra—; =u Pop=1 (3.15)
=0
where the f3y,, ..., B, are such that
.ﬂ 3
E(uf):oi:E(Zo:ﬁij‘_j) (3.16)
=

is a minimum. Let B,(3) = Y7 B, exp(~ikj). Call §;, the YW estimator of
02. Then Shaman (1983) proves that

2. 14
ESip-00)=— > B -7 > L= kiBiBry -
J=1 Jk=l1

2w L

“F v i - o0ig,@F
jm A

+exp {iA( + K)}B,A)PL (A di+o(T ) (3.17)

where I';' = [y4] and
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P

phe 3 Bopfern he .,
I=max(j,k) o'l_l

Note that foo =1, and if X, is truly an AR(m), m < p, with ﬁjp=ﬁ;,

j=1,..,m and B, =0, j=m+1,.., p, then the last sum in (3.17)

reduces to —o2p/T and we get

,. —o0lp 2 I & ¢
ESip—0y,) = = "Zfﬂ;?’,-‘ 7 Z = kiB,Biyj-s +o(T ™).
= JE=1

T T4
(3.18)
In the special case m = p=1 (3.18) gives
021-34 ly
E(Sn-00)=-71 —ﬁiiﬂ(r D) (3.19)

and for m = p =2 we derive
202 14 B - 20} - 363 - 363 + 283ps 4

il 2 +o(T 3.20)
T OB +Ft i+ B py o )

In Shaman’s approach it is not required that the underlying model be
correctly specified. See also Bhansali (1981).

ESp-0l)=

3.3. Comments

We considered the model (1.1) with unknown mean g, estimated by X. The
assumption that u is known (e.g. equal to zero) has an effect over some of the
results. For example, (3.13) and (3.19) are not equal, and in fact they are related
by an ‘add 1 rule: the factor of —02/T in (3.13) is one plus that in (3.19).

In Section 3.2.4, with y =0, we started from an infinite autoregression and
then passed to a finite-order p. We can reproduce final results like (3.19) for
p =1 by starting with a finite p and g =0 and using approaches parallel to
those in Sections 3.2.1 and 3.2.2. Note that, when x = 0, terms involving the
spectral density disappear in (3.8). For the AR(2) model with x =0,
calculations parallel to those used in Section 3.2.3 produce

02{ 21+ 212)(1 +32)

T \@E-DE-Dan-)

+4}+c{r-1) (321
which is the same as (3.20), expressed in terms of the parameters of the model.
Again, we obtain (3.14) from (3.21) by just ‘adding 1 to the expression inside
braces.

The autocovariances y; are estimated by the ¢; defined in (3.2). Several other
estimators are often encountered in the literature. The ¢; have the property that
f‘p in (3.3) is positive definite, with probability one, and that the A"} also
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defined in (3.3) are such that (1.2) with f8; replaced by ﬁj,” has all roots less
than one in absolute value, so that the fitted model is causal.

In most cases, MM estimators are less efficient than LS or ML estimators.
For an AR(p) model, with p known, the YW estimator ") has the same
asymptotic distribution as the ML estimator. Moreover, the Durbin—Levinson
recursions can be used to compute AV, avoiding the matrix inversions in (3.3).
See Morettin (1984) for details.

One of our main findings, for the AR(p) model with unknown mean, is
the asymptotic expansion (3.11), which gives the bias of the YW estimator
of the variance in terms of the asymptotic evaluations of E(c;—y;),
E(cj—yj)ck — &), all of which are available in the literature. The error
term is o(T~").

As a final remark we should say that a corrected estimator of the form

= T s
e = mg 71

could be used, where the correcting factor is motivated by the finite-sample bias-
correcting factor used in standard variance estimation, assuming that the mean is
estimated.

4. Least squares estimators

The LS procedure for an AR(p) model can be taken to consist of estimating
u, B, ..., B, by minimizing

T T
Z art= Z (X =p)+ B X =) + ...+ ,E?:{X,_!I - M)
=p+1 1=p+l

(4.1)
among all relevant choices of u*, A7, ..., ;. An estimate of x can be taken to be

T+BX 4+ BT

= : > 4.2)
1+BD +...+ B9
where
LS
?'.H = «";- (4.3)
i e P pri-j

Let f2 =000 n ﬁg’)’ be the resulting estimator for f; then

adl

i - N2 2
O = 3 A= i) + B Xt = i) + o B X — )Y

1
T—2p— l:=p+|

(4.4)
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is an estimator for 0. The divisor T —2p— 1 comes from T — p summands
with p+ 1 parameters (see Priestley, 1981). A different formulation (see below)
was used by Shaman and Stine (1988) and Stine and Shaman (1990). We here
concentrate on a simplified approach often used in practice, in which u is
replaced by its standard estimate X, and the f3; are estimated by minimizing the
resulting sum of squares, giving

T P = = L
0= % {Zﬁ;{X;-;—X)}(X.-;—X)=(T—p)Zﬂﬁ;-c}l k=12...p

t=p+1 | j=0 J=
(4.5)
where By = f = 1, the B ; are the corresponding LS estimators of the f3; and

T
Ky =DXi=F) i k=01,..,p.  (46)
t=p+l

1
2o e

These sample covariances are different from (3.2) in that they all have T — p
summands and they do not form Toeplitz matrices, since, for example, ¢y and
¢z are different. Clearly ¢}, = ¢}, and so the resulting matrices are symmetric.
It is not difficult to verify that

Jim TE(ch —¥j-1) = Jim - TEX - ) = Jim — Tvar(X) = -27/(0).
4.7)

This result has to be used instead of (3.8), valid for YW estimators, i.e. all c;'-;
have the same asymptotic biases, namely
2

.—Ua
T(L+ +...+ 8,0

This asymptotic result is also valid for the covariances considered by Shaman
and Stine (1988, p. 844).
The resulting LS estimator of o2 is

+o(T™). (4.8)

E(c)—y-1)=

1 L A e, o S s
L Z . o ~- )12
UM_T—Zp—lf:PH{{X' D 4+PX o =) +...+ Xy — )

(4.9)

__ Stine and Shaman (1990) use the divisor T — 2p in (4.9), besides replacing
X by the ji; given above.

4.1. Asymptotic biases of coefficient estimators
Under the assumptions of Section 3.1 we have that

lim TEQ@, - B,) =Dy +by+by (4.10)
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where by, by, b; are as in (3.4). See Shaman and Stine (1988) for details.
For p=1

1-34
T

EB —p)~ (4.11)

and for p=2
E(Bn B - BB} 0 == Bo2-48)).  @12)

These approximations have errors o(T ™).
See also Kendall (1954), Yamamoto and Kunitomo (1984) and Tjestheim and
Paulsen (1983).

4.2. Asymptotic biases of variance estimators

In this and the following two sections, we assume that the a, are i.i.d. N(0, o),
0<ol<co.
From (4.9) we have, for p<T,

Pl 7 L LSRN
(T=2p =13} =(T=PY_Bch+ T =YD Bibick.
Jj=0 J=0 k=0
The second term on the right-hand side vanishes, and we can write
2 # L, - v
(T=2p— 1) = (T = plejg +(T = p)Y_Bicl- (4.13)
J=0
Therefore,
y -
03— 02 = (ch— o)+ Z(ﬂ;c}‘, - By)). (4.14)
=1

If we now use a Taylor expansion to second order and take expectations, we
obtain that the bias of the LS estimator is

etk
E(6}y — 02 = E(cgy— y0) + ) v,E(B; = B))
=1

d I <
+Y BBk -7+ Y E{(cly = 7)B; = B} + oT .
j=1 J=1

i (4.15)

4.2.1. The case of an AR(1) process
! For an AR(1) model, (4.15) with 8, = p, 3. =ﬁ reduces to
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E(6}; —0%) = E(ciy — y0) +BE(cly = 1) + 1 EG - B)
+ E(cly = y)B - +o(T). (4.16)
We can prove that

(i) E{c.n—y.)(ﬁ—ﬁ) = (-1/pEch-1? + M/DEChH-r) +

o(T-2;

(ii) E(cly— 1) = E(c1 — 1) + O(T2);

(iit) E(cly = y1)lcf;, — v0) = Eler = y1)(co = yo) + O(T~ %y

Using these results together with (4.8) and (4.11) we have, after substitution
in (4.16),

E(6%, - 02 }_-—2—-+0(T ) 4.17)

4.2.2. Available results for known mean

Let us return to the situation of Section 3.2.4. Call S3,, the LS estimator of o,
using the notation of Shaman (1983). Then

2 P
E(8),-0%) = - ?Zjﬁ;ﬂ’j Z max (j, K)BjpBis -4
=

;k!

Zw"j [exp {26 ~ D)} |B,(0)"

;k 1
+exp {id(j + b} BRI 2A)dA + o(T~"). (4.18)
If X, is truly an AR(1) we obtain
il : 4.19
E(Su - ‘”'rl_ﬁ*”‘r ) @.19)

We remember that g = 0 here.

4.3. Comments

For the case of =0, the bias of the LS variance estimator is given by
—a%/T +o(T"). For arbitrary (fixed) p we have

)
E(6%, —aﬁ)z—“:“ +o(T™h (4.20)
for the case y =0 and

360

—(p—fT—]ﬂJro(r"‘) (4.21)

By —03) =
for the case of unknown mean.

In the case of infinite autoregression, the summation to be minimized is
different from ours, since it ranges from 1 to T, with Xpo=X_,
= ...=Xj-p =0, so the result (4.18) obtained by Shaman (1983) is different
from (4.20). Stine and Shaman (1990) in their analysis of the LS procedure use
divisor T —2p instead of the T—2p — | that we considered; for fixed p, the
choice of divisors, as well as the use of X or j;, does not alter the asymptotic
results to order 1/T.

The asymptotic bias of the LS estimator of the residual variance will be seen
to coincide with that of the ML estimator, under normality. This is consistent
with the analysis in, for example, Brockwell and Davis (1991, Section 8.7).
They define the LS procedure as minimizing the weighted sum of squares

Lx; - X7

?‘j_;

v (4.22)

=1

where X are the one-step predictors and E(X; — X,)? = 02rj_. It can be shown
that (4.22) is the sum of squares in the exponent of the Gaussian likelihood.

It follows then that it is reasonable to assume that the LS estimator for o2 is

given by

: 1
ofs = T pS (4.23)

where this differs from (4.9) by the denominator and the number of terms in the
sum. For small p and reasonably large T this will have no essential effect.
Therefore, it would be reasonable to assume that

e

Oig =~ 7= paML' (4.24)
Hence, for an AR(p) model we have
- P in i - . T I 4
E@6ls—ol)~ E(T_Pa;"_ —oi) s pE{UiiL—Ua}TG“ =
(4.25)

In the simulations, we have taken ui = 1; hence for an AR(l) model, for
example,
BIAS(LS) = —?-—-—BIAS(ML) + —]—l =~ BIAS(ML) + = (4.26)

This result can be checked in Table II (later), where we can see that it holds
with a great degree of accuracy. The same is true for p =2, with 2/T as the
last term in (4.26).
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5, Maximum likelihood estimators

[n this section we consider ML estimation when the underlying process is
assumed to be Gaussian.

Let @ =By, .... Bp 0%, )’ be the vector of p+2 unknown parameters.
The likelihood for @ given X = (X1, ..., X7)' is

L(@) = 21) TP|E|" P exp :'2—1 (X =/ E (X - w)} (5.1)

where p = E(X)= (1, ..., )" is the vector of expected values and X' is the
covariance matrix of X. Let ¥, B and G}, be the corresponding ML
estimators. Asymptotic biases for the ML estimators of coefficients and residual
variance have been considered by Tanaka (1984) and Cordeiro and Klein (1994)
for the ARMA(p,q) model.

Cordeiro and Klein use a general expression for the bias of ML estimators
given by Cox and Snell (1968) to derive the bias correction of the parameter
estimators for any ARMA model.

Tanaka operates with Edgeworth-type expansions for the joint density and for
the marginal distributions of the ML estimators, from which the asymptotic
biases of the estimators of the parameters are derived.

In both approaches, it is difficult to obtain explicit expressions for higher
orders p and g. But at least numerically the approach of Cordeiro and Klein
can be implemented quite easily.

For the asymptotic biases of the variance estimators the results are, for
unknown p,

2
E(63y—02) = -3‘;,—“+o{r-') (5.2)

for the AR(1) model and
- 3o?
B - 0} = -2+ o) (5.3)

for the AR(2) model.
For the case u =0 the biases are

E@}, -0%) = -?-Ti+u(r—’) (5:4)
and
202

E(63—0%) =~ o o(T™") (5.5)
respectively. We see that, up to order 7', the biases only depend on the variance
a2, The general results are given by (4.20) and (4.21); therefore LS and ML
estimators have the same asymptotic biases, using the approach of Section 4.2.
De Gooijer and Pukkila (1994), using a method of Whittle (1954), consider
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approximating the maximization of (5.1). On expression they use involves the
spectrum of the process and the sample periodogram, while another is
expressed in terms of covariances.

6. Simulations

In this section we present a simulation experiment. See also Ansley and
Newbold (1981) and Paulsen and Tjestheim (1985).

Table 1 gives the models that were used in order to check empirically the
conclusions of the theoretical analyses presented in the paper. In all cases the
a, are iid. N(0, 1) and g = 0. Four different sample sizes were considered:
T =50, 100, 200, 400. For each sample size, 1000 replicates were taken, for
each model. For the computations, we used the software S-PLUS for MM and
LS and SCA for ML.

Tables IT and III give the main results of the simulations. A total of eight
models was used: four for each of the AR(1) and AR(2) models.

For each model, the following definitions are used: EST.BIAS, estimated
bias, the average of the 1000 replicates; STERROR, standard error of the
estimated bias, computed from the 1000 replicates; ASYM.BIAS, asymptotic
bias, given by the theoretical formulae, namely (3.19) and (3.20) for MM
estimators, (5.4) and (5.5) for LS and ML estimators.

The standard error is given be 5/(1000)'/2, where

1000 7 T2 1000 ¢

2 (b,-‘b) o ] P e bl
= W =1,..,1000 B=Y —
i Z Tai : ; 1000

and 62, is the variance estimate for each method.

To facilitate the interpretation of the tables of results, we computed the
intervals b £ 25/(1000)"/%, and marked with an asterisk those estimates for
which the interval does not include the corresponding asymptotic bias. The
results of this analysis is summarized in Table V.

The columns of Table III are ordered in increasing order of the modulus of
the roots of (1.2).

Some conclusions are as follows.

TABLE1
GENERATED MODELS: @, ~ ii.d. N(0, 1), £ =0

Farameters Model 1 Model 11 Model 111 Model IV

AR(l) B ~0.60 -030 0.90 0.98
AR(2) B -120 -0.40° ~0.95* -1.95°
f 0.30 0.70 0.90 0.96

Note: *Complex roots.
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AL ¥ 1. MM estimators tend to have larger biases than LS estimators, and these
-q"a_ £ ) st 2a38 perform .about lht? same as ML estimators, as expected. '
I gaog ¢eoc 2. Estimated biases tend to come closer to the corresponding asymptotic
73/~ : sponding asymp
o values, and hence to become smaller as T increases, also in agreement with
what is expected.
rman z3ng 3. Estimated biases can differ considerably from the theoretical values for
2 giis R2E3 small sample sizes
2SSS c39¢8 ; : ; it ; .
=== § == 4. For given sample sizes, the variability of the estimated biases, as
" measured by the estimated standard errors, tend to have similar values across
& 9252 € %28 methods.
35 §§§§ o §§§§ 5. More cases of lack of fit occurred when the method of moments was
R isena e ce an used. In the case of the AR(2) model with roots very close to unity, the method
IR | performed poorly, independently of the sample size. Larger sample sizes will be
o~ a o oo ool @ o | e 5 p S arg p
3285 <« 8£9C ; needed to render the asymptotic approximations useful.
x| 3328 © §hi3 b ol AR ;
. g L ote Eamw ; 6. For MM estimators and AR(l) with roots very close to unity, the
g F=8" s performance was poor, but there was agreement between estimated and
totic biases
ﬁ o e o haynIp Y i i
= g §§§§ o 885% 7. The fact that the biases of MM estimators depend on the parameter values,
%_: SRS o eS8 while those of ML are constant, is well supported by the simulation study.
I
I ofs 2RER = 3383
A dly m==g2 wW mo-=g - -
=T e o282 o Sgek 7. Variance and asymptotic distribution of estimators
- I
Ly
T S| 22858 = 3838 We know that, if X;...., Xr are i.id N(g, a?), then the variance of the ML
= ecce Scco estimator and the variance of the unbiased estimator of g2 are approximated by
gl % 3558 5 950 | ily 4 -
1 ' : .
E T wonn o mE—T Shaman (1983), using the approach that we discussed before (see, for
n e docic T wnw Io = . 2 s
I o ST S A g example, Section 3.2.4) was able to prove for YW and LS estimators of o; in
=], 8588 = g8g& P P .
o S8éc § d&dad the AR(p) model that
- I [uE ==t
b 2I88 <« BT84
2| &ss8 8858
cooco ocooo
TABLE V
nno — = vy o
o g388 J ¥IB5G ANALYSIS OF THE RESULTS
z M=-0C | TN O
e 2288 I 2588 :
& odce g Sdode Table Model Modulus of roots Analysis of results
['| fgag o Bmus 1 AR(1) 0.30 * for MM at T =50, 100 and for LS at T = 50
“Ale §§§§ T EEES 0.60 * for MM at T =50, 100 and for LS at T = 50
ge=s ) =333 090 * for MM at T =50, 100 and for LS at T = 50
e 0.98 * for LS at T =350
Lo =0
-0 T o o~ oo
§ ~ 8828 _ 3 ggu_‘jé . i} AR(2) 0.85; 0.36 * for MM at T =50, 200 and for LS at T =50
g 2928 8 589 g 084084  * for MM at T =50, 100, 200 and for LS at T = 50
< < 0.95; 0.95 * for MM at T =50 and for LS at T =50
~|z g888 = gssse 0.98; 0.98 * for MM at T = 50, 100, 200, 400
—— -l S T
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var(62) =1T(2af,+x4]+o{r" ) (7.2)

where k; is the fourth-order cumulant of the a,. In the case of normal errors we
obtain (7.1).

To check on the usefulness of this asymptotic result, in Table IV we present
the values of estimates of var(32) defined by $§%(G2) = 1000(ST.ERROR)?,
where the latter was introduced in Section 6. We see that the agreement
between 5%(G2) and 2/T for AR(1) and AR(2) models is good for LS and ML
estimators.

Shaman (1983) also showed that, under suitable conditions, the asymptotic
distribtion of T'/2(62 — ¢2) is normal, with mean zero and variance given by
204 + Ky,

8. Concluding remarks

In this paper we considered the estimation of the residual variance in AR
models, i.e. the variance of the white noise component of the models defined by
(1.1). This variance is a nuisance parameter, and its estimation is important
because estimates enter into prediction and confidence intervals, tests of
hypotheses, spectral estimates, and other inferential procedures.

It has been argued (see, for example, Simonoff, 1993) that in the estimation
of the variance of a statistic attention should concentrate on the bias: a
negatively biased estimator will lead to misleadingly short prediction or
confidence intervals, which is a dangerous situation in an inferential context.

We considered estimation by three standard methods, namely moments, least
square and maximum likelihood under normality. In the analytical part of our
study we concentrated on the study of the asymptotic biases of the estimators,
by using certain approximation procedures. In general, our approach is to rely
on Taylor-type expansions and use asymptotic results in the literature for
means, variances, autocovariances or autocorrelations of linear processes, under
different definitions of these sample quantities.

The large-sample results were reasonably well supported by our simulations
presented in Section 6. For example, the connection between LS and ML
estimators established in Equations (4.24)-(4.26), or the parameter indepen-
dence of the LS and ML results, were well fitted for all models, choices of
parameters and sample sizes.

In general we found that

&2
E@i-0Y) = -T“h(ﬂ) +o(T™h
where 8 = (a), ..., ag, B, ... )"

Then,
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E{ai + "—; h(e)} =02 +o(T™)
and hopefully also
E{éﬁ{l + lTh{fi)}] =0k +o(T7).
Hence
A ai{l +~:;h(é)}

is suggested as an approximately bias-free estimator of 02 up to O(T~").

Finally, some remarks about assumptions. In taking expectations in Taylor
expansions, some conditions must hold (see Fuller, 1996, p. 244). These are
satisfied in the normal case. For the non-normal case, under suitable
assumptions given by Bhansali (1981) and Brillinger (1969), the results of
Shaman (1983) and Shaman and Stine (1988) hold.
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Abstract
This paper reports on the use of a comparatively simple statistical methodology to study local short time series
rainfall data. The objective is to help in agricultural planning, by diminishing the risks associated with some
uncertainties affecting this business activity. > :

The analysis starts by assuming a model of unobservable components, trend, cycle, scasonal and irregular, that is
well known in many areas of application, When series are in the realm of business and economics, the statistical
methods popularized by the US Census Bureau and US National Bureau of Economic Research are used for scasonal
and cyclical estimation, respectively. The flexibility of these methods makes them good candidates to be applied in the
meteorological context, and this is done in this paper for a selection of monthly rainfall time series.

Use of the results to help in analysing and forecasting cyclical components is emphasized. The results are
interesting. An agricultural entreprencur, or a group of them located in a single geographical region, will profit b}r
systematically collecting information (monthly in our work) about rainfall, and adopting the scheme of analysis
described in this paper. Copyright © 2000 Royal Meteorological Society.

KEY WORDS: rainfall in Argentina; unobservable components; X-12-ARIMA seasonal procedure; US National Bureau of Eco-
nomic Research; dating cyclical turning points

1. Introduction

1.1. General

The purpose of this paper is to report on the use of a simple statistical methodology to describe local
records of rainfall data coming in short series. The aim is to facilitate agricultural planning by helping to
reduce some of the risks associated with the activity.

The records are local since it is desirable to differentiate among geographical locations which are
comparatively close to each other in space, in so far as they differ in their climatic experiences. The series
to be studied are short, in the order of 15 or 20 years of monthly data, which are shorter than those used
in other types of meteorological studies.

The statistical methods that we use arose historically in the treatment of empirical time series. For
them, it was found useful to propose models of components associated with distinctive systems of causes:
trend, cycles, seasonal and irregular. It is postulated that these unobservable components are combined to
form an observable time series, in a multiplicative way, T-C-S-I, or in an additive way, T+ C'+§' + 8
Other types of combinations have also been considered in the literature. See, for example, Nerlove et al.
(1979) for an interesting review, that includes early references to applications in astronomy, meteorology,
the study of diseases, and others.

Some authors have studied the presence of long-term trends in rainfall data, and tried to relate this to
more general issues of global climate change; see, for example, the analysis of annual data in Karl et al.

* Correspond to: Universidad Nadional de Tucuman and CONICET, Facultad de Ciencias Economicas, Casilla de Correo 209,
4000 Tucuman, Argentina.
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(1996). However, for rainfall series as short as those considered here, we can safely disregard the effect of
trend components. Our rainfall series have large seasonal and random components, and cyclical
components. The seasonal component is large, and the variability of the data is different in the different
seasons, in the extreme case the dry season contains zeros.

Simple statistical methods to study these components are, for example, moving averages to estimate a
trend component, and the so-called ‘ratio (or difference) to moving average’ to estimate a seasonal
component. For series arising in the economics and business areas, these ideas led to the development in
the USA of computer programs identified as the X-11 family, which have been used for many years, in
various countries and by numerous researchers.

In a manner that parallels these developments, in the US National Bureau of Economic Research
(NBER) a procedure was developed and made computationally available, to assign dates to business
cycles. It is also true that these methods have been in use for many years, and a considerable amount of
experience has been accumulated.

In this paper we analyse monthly rainfall series by using modern versions of the X-11 seasonal
procedure and of the NBER business cycle analysis program. One main purpose of our study is to explore
how useful these methods are to deal with time series other than those of the economic area, for which
they were originally developed. Our basic argument is that for rainfall data (as well as for other
meteorological variables), the indicated decomposition has full meaning, and that flexible methods can
work reasonably well, in spite of the different nature of the component sources.

We use the seasonal and cyclical procedures in a descriptive way, in the sense that no attribution of
physical causes is attempted.

1.2. Some alternative statistical approaches

In the analyses we present in the following sections we show that our choice of statistical procedures
is adequate for our purposes. Several other statistical methods have been used in the literature, to deal
with various aspects of the description and analysis of rainfall and similar types of series. It is useful to
keep in mind two dichotomies: (a) deterministic versus stochastic components or models; (b) time versus
frequency domain analyses, Note that those we discuss are not causal procedures; as such, they will differ
from causal models developed by meteorologists.

To start our presentation, let us consider a very simple deterministic regression model for monthly
rainfall data, formed by the addition of the following components: (i) trend, modelled by a low degree
polynomial; (ii) cycle, modelled by a sinusoidal term with a given period; (iii) a stable seasonal pattern
represented by 12 constants; and (iv) random independent error terms. This seasonal component can also
be written as the sum of sine and cosine functions. In general this approach will prove to be too rigid.
Variants to allow for more flexibility include using other smoothing functions of time to model trend, a
sum of sinusoidal terms to model the presence of more than one cycle, and time trending seasonal
constants,

Non-c_jctcministic trends can be dealt with by smoothing or filtering procedures, one of the most widely
used being moving averages, which can also be used in cyclical analysis. A stochastic formulation that is
frequfnlly used is that of seasonal autoregressive integrated moving average (ARIMA) models, as
described in Box er al. (1994); they will take into account trends and seasonal effects, ARMA models can
be used in the regression context to give more flexibility to the error terms.

The structure of an observed time series can often be seen more clearly in the frequency domain, by
studyipg the estimated spectral density of a series, or of some of its transformations. There are several
statistical procedures to obtain these estimates. The analysis of seasonality and the effect of seasonal
adjustments can be evaluated-in the frequency domain: spectral density estimates show peaks clearly at
seasonal frequencies, even in series with only moderately regular seasonal components (Nerlove, 1964). -

Combinations of some of these elements have been used in the literature to study monthly series of
rainfall or similar questions. Kashyap and Ramachandra Rao (1976) considered ‘the class of autoregres-
sive models with deterministic sinusoidal terms added to them’ (p. 249) to model monthly river flows.
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They compare their forecasting performances with ARMA and seasonal ARIMA models. These authors
present other case studies, some related to rainfall, and compare results of the analysis of daily, monthly
and yearly data. However, they do not emphasize cyclical analysis, Percival and Walden (1993) also study
river flows among other series, and emphasize the use of spectral methods, including tests of the
significance of periodicities. Burroughs (1992) considers studies of cycles based on monthly data, by ‘using
both spectral analysis and filtering techniques’ (p. 39); the results he studies are directly relevant to our
purposes, as will be commented on in Section 6.3.

There are many studies of trends and cycles based on annual data, that therefore do not have to deal
with the intra-annual seasonal variation. They use several of the types of models and methods we
discussed in the section, In general they search for cycles longer than those treated in our work.

Two useful sources of information are the book by Murphy and Katz (1985) and also the article by
Gani (1985).

2. Statistical methods

2.1. Seasonal analysis

To perform a seasonal analysis of a given series, we used the X-12-ARIMA (Beta Version 1.0) program
of the US Bureau of the Census, made available in 1996 on the Internet (see also Findley et al., 1998).
This program uses an iterative semi-automatic procedure that works in stages. In the first stage, an
ARIMA model can be attempted for the series, so that if a reasonably good fit is achieved, 1 year of
predicted observations are added at one or both ends of the series. Stages two to four consist of the
following: a ‘trend—cycle’ component (trend and cycle are not separated in these programs) is csltimalqi
by means of moving averages which are centred at a given observation for central data; this estimate is
used to define a detrended series, and this in turn to estimate a seasonal component mpondmg_ to an
additive or multiplicative model, which must be specified by the user of the program. '_'l'he estimated
seasonal component is used to define a seasonally adjusted series. In the second and third stages, the
seasonally adjusted series is the input of the following stage, and leads to new estimates of trend—cycle
and seasonal with procedures similar to those of the preceding stage. In the fourth and last stage, the
program uses the output of the third stage to automatically obtain the final estimates of trend—cycle and
seasonal components. In the third and fourth stages, trend-cycle moving averages can be of lengths 9, 13
or 23, a choice is made automatically by the program, but the user can alter this choice. ) ‘

Program X-12-ARIMA incorporates the so-called ‘sliding spans’ methodology, wh:chb is a dmgnc_usnc
procedure that compares seasonal estimates obtained from partially overlapping subseries of the given
series, and aims at evaluating the reliability of the final estimates by computing and analysing a set of
statistical measures. ;

The complete output of the X-12-ARIMA program for monthly series, contains more than 50 tables,
each with 12n figures, where n is the number of years that are processed, plus a set of graphs and‘a‘ set
of additional statistical measures. Some of the main results appear in the following tables: Bl, original
series; D10, final seasonal factors; D11, final seasonally adjusted series; D12, final trend~cycle; D13, final
irregular series; F, summary measures; S, sliding spans. It is very convenient for the user that the program
allows that the output tables be transferred to independent archives, so that other tables or graphs can be
developed using any kind of software.

Processing a series with the X-12-ARIMA program leads to a set of summary measures (table F) _w_be
used to evaluate the quality of the seasonal fit. There are 11 quality control measures, the M-statistics,
with values between 0 and 3, and acceptance regions between 0 and 1. Each statistic evaluates a certain
characteristic of the seasonal analysis, and gives the user a measure of success along this direction. All
measures are combined to define a Q-statistic, a global measure of the quality achieved by the program
with the given series.
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A summary of the available information is as follows:

State Location Period Average
monthly
rainfall (mm)

Tucuman Agricultural Experimental Station (EEAOC) 1975-1995 93.2
Agricultural Experimental Station (EEAOC) 1982-1995 88.8

La Ramada 1975-1989 96.0
Las Cejas 1975-1989 69.5
La Cocha 1982-1995 8Ll
Santa Fe 1975-1989 74.5
La Pampa 1975-1989 70.5

The first series has 21 years of monthly data, while the remaining series arc 14- or 15-years long. The
second series is just a segment of the first one.

4. Main findings on seasonal and cyclical analyses

1. Results of the exploration of certain power transformations under the additive version of the
X-12-ARIMA seasonal program, are given in Table I. For each series, the results of processing the original
and the power transformations for 1/2, 1/4 and 3/4 are compared. This analysis leads us to retain the original
data for analysis, since differences are small.

2. As indicated in Section 1.1, rainfall data are known to be highly variable, so that in our terms,
controlling or eliminating the irregular component is expected to be a source of difficulty. Qur results, in
terms of the goodness of it statistics, confirm this general idea.

3. About the goodness of fit statistics mentioned in Section 2, high values for the F-statistic for the
presence of stable seasonality, and low values for the F-statistic for the presence of moving seasonality,
are an indication of a strong and comparatively regular seasonal component. Hence, the part of Table I
containing these F-statistics shows in general that our series are satisfactory in this respect.

An often-used indicator of the quality of a seasonal adjustment of a serics, is the so-called ‘month of
cyclical dominance' (MCD), which comes from relating the size of the irregular to that of the trend—cycle
component: a large MCD means that the movements of the irregular component are large enough to make
difficult a reliable estimation of trend-cycle. In our work we often find values higher than 6 for MCD,
when small values are 1 or 2, with 12 being the largest possible, In Table I, all reported MCDs are equal
to 12, which is the least favourable value.

We note that the number of M-statistics that exceed the threshold value of 1 varies from 1 to 7. The
summary measure (J, a weighted average of the 11 M-statistics, has values either smaller than 1 or slightly
larger. Further, the M7 statistic is never found 1o be larger than 1: ‘Values of M7 larger than | are usually
ilrg.;ﬁrpreud as evidence that the seasonal component i evolving too rapidly for the X-11 procedure’ (Findley,

).

Finally, Table I shows the measures associated with the sliding spans, which indicate uniformly that the
seasonal fits are considered poor. This points to difficultiesin trying to predict or extrapolate seasonal effects.

4. In view of the preceding comments, we processed with the turning points program, not only the
seasonally adjusted series (D11), but also the final trend-cycle series (D12) in which the irregular has been
smoothed out.

5. A graphical analysis associated with the first (and longest) series mentioned in Section 3 is incorporated
as an example in Figures 1-4, Graphs are, in terms of the definitions introduced in Section 2, respectively,
those of series B, D10, D11, and D12 with its dated turning points and superimposed average (mean) line.
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6. For the same series, Table II summarizes the distances among dates presented in the graph of series
DI12. The mean, median and standard deviation of the cyclical durations are presented. Cycle durations
are measured peak-—trough-peak and trough-peak—trough, which in cases of asymmetries need not
coincide.

7. Table III facilitates the comparison among the available series, of the average durations of cycles
estimated in the indicated way.

8. For the series reported in Table II, Table IV summarizes the information in the graphs of series D12
in a different way: cycles are now defined as comprising consecutive periods of permanence of the series
over and under the average line, which is shown in all graphs. It is thought that this is a manner
reasonably easy to understand, to exhibit the results of the analysis.

9. Besides the preceding analysis, there is @ good deal of information in the graph of series DI12. For
example, comparing the graphs for La Cocha (Tucuman) in Figure 5, where the risks associated with the
behaviour of rainfall are well known, with La Pampa in Figure 6, part of the traditional Argentine
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Figure 1. Monthly rainfall in Agricultural Experimental Station (Tucuman). January 1975-December 1995, Original series
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Figure 2. Monthly rainfall in Agricultural Experimental Station (Tucuman), January 1975-December 1993, Seasonal factor,
additive model, X-12-ARIMA
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Figure 3. Monthly rainfall in Agricultural Experimental Station (T January 1975-December 1995, Seasonal adjusted
seriss, additive model, X-12-ARIMA
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Figure 4. Monthly rainf; all in Agricultural Experimental Station (Tucuman). January 1975-December 1995 trend-cycle component,
additive model, X-12-ARIMA, dated by CIBCR procedure, and superimposed mean line

prairies, we observe that the difference is not so much in the duration of the observed cycles as in the
amplitude of the movements of the series D12. Since the two graphs are drawn in the same scale, we
onnch_adc that the risks associated with the cyclical behaviour of rainfall are much higher in La Cocha
than in La Pampa, in agreement with experience. In fact, La Pampa is, in a large proportion, a part
of an important area known precisely as ‘la pampa himeda’ (humid prairics).
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5. Forecasting

In trying to forecast one of our rainfall scries, attention must be paid to its seasonal, trend and cyclical
components. The estimated seasonal components comprise table D10 of the output in the X-12-ARIMA
program, and appears in Figure 2 for one of the series. The corresponding analysis was presented in
Section 4. The X-12-ARIMA program also provides a ‘year ahead’ set of 12 estimates of the seasonal
component, that could be used in forecasting. In our case we recall a warning coming from the sliding
spans measures of fit (see Section 3).

More interesting is trying to forecast the other components. Trends and cycles are treated jointly in the
X-12-ARIMA program as the ‘trend-cycle’ component. The estimates appear in table DI2, and are
shown in Figures 4-6 and 11 for various series, We recall that we disregard the contribution of trend, in
view of the limited lengths of our series. Hence, we take the indicated estimates as representing cyclical
components only. We aim at forecasting these by extending or extrapolating the corresponding series.

Table II. Monthly rainfall in Agricultural Experimental Station Obispo Colombres (Tucuman), January
1975-December 1995, Final turning points of trend—cycle component, additive model, X-12 ARIMA
dated by CIBCR procedure

(a) Peak-trough-peak analysis

Peaks Troughs Peaks Duration in months

Year Months Years Months Years Months Trough-peak Peak-trough Total cycle

1975 10 1976 11 1977 4 13 5 18
1977 4 1978 5 1978 12 13 7 20
1978 12 1980 1 1981 2 13 13 26
1981 2 1982 2 1984 2 12 2% 36
1984 2 1984 11 1985 6 9 T 16
1985 6 1987 2 1988 1 20 1 31
1988 1 1988 12 1991 2 11 26 37
1991 2 1991 9 1992 10 7 13 20
1992 10 1993 4 1994 3 6 11 17
1994 3

Means 1.6 13.0 246
Medians 12.0 11.0 20.0
Standard deviations 4.1 74 82

(b) Trough-peak-trough analysis

Troughs Peaks Troughs Duration in months

Years Months Year Months Years Months Peak-trough Trough-peak Total cycle

1976 11 1977 4 1978 5 5 13 20
1978 5 1978 12 1980 1 7 13 26
1980 1 1981 2 1982 2 13 12 36
1982 2 1984 2 1984 11 M 9 16
1984 11 1985 6 1987 bl 7 20 n
1987 2 1988 1 1988 12 11 11 kX
1988 12 1991 2 1991 9 26 7 20
1991 9 1992 10 1993 4 13 6 17
1993 4 1994 '3 11

Means 13.0 114 254
Medians 1.0 115 230
Standard deviations 14 44 84
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Table 111. Final turning points of trend-cycle components, rainfall data, additive model, X-12-ARIMA. Dated by

CIBCR procedure

Locations Period Peak-trough-peak Trough-peak-trough
Trough- Peak- Total Peak- Trough- Total
peak trough cycle trough peak cycle
Agricultural 1975-1995 11.4 15.0 246 13.0 11.4 254
Experimental
Station Obispo
Colombres
La Ramada 1975-1989 15.6 15.8 328 158 16.5 323
{Tucuman)
Las Cejas 1975-1989 10.7 13.1 239 13.1 11.2 25.5
(Tucuman)
Agricultural 1982-1995 11.3 16.7 244 134 11.3 26.5
Experimental
Station Obispo
Colombres
La Cocha 1982-1995 142 14.2 284 142 153 30.3
(Tucuman)
Santa Fe 1975-1989 12.8 11.0 248 128 12.8 25.7
La Pampa 1975-1989 16.4 16.5 285 14.8 16.4 31.2

Table IV. Monthly rainfall in Agricultural Experimental Station Obispo Colombres (Tucuman), January 1975-
December 1995. Final turning points of trend—cycle component, additive model, X-12-ARIMA dated by CIBCR
procedure. Peak-trough-peak analysis referred to the mean

Over the mean Under the mean Months of rainfall
Start End Start End Over the  Under the  Total
mean mean cycle
Year Month Year Month Year Month Year Month
975 5 1976 7 1976 8 1976 12 14 4 18
1977 1 1978 3 1978 4 1978 6 14 2 16
1918 7 1979 9 1979 10 1980 4 14 6 20
1980 5 1981 10 1981 11 1982 5 17 6 n
1982 6 1984 7 1984 8 1985 3 25 7 32
1985 4 1985 10 1985 11 1986 6 6 7 13
1986 7 1986 10 1986 11 1987 8 k| 9 12
1987 9 1988 5 1988 6 1990 9 8 7 35
1990 10 1991 6 1991 7 1991 11 8 4 12
1991 12 1992 12 1993 1 1993 11 12 10 2
1993 12 1994 5 1994 6 1995 10 5 16 21
Mean 15 89 204
Medians 12.0 1.0 20.0
Standard deviations 6.3 7.1 7.6

To do this, we use the information given, for example, in Tables II and IV for one of the series. We
take as our main result the estimated average duration of the cycles. To agree with our purposes, we
resort to the duration reported in Table IV, which is based on periods of rainfall over or under the mean,
This average duration of cycles may differ slightly from those in Table II. At the end of a period of
observation (in our examples it is always the month of December), if the last dated turning point is a
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Figure 5. Monthly rainfall in La Cocha (Tucuman). January 1982-December 1995, Trend-cycle component, additive model,
X-12-ARIMA, dated by CIBCR procedure, and superimposed mean line
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Figure 6. Monthly minfall in La Pampa. January 1975-December 1989, Trend - cycle componeat, additive model, X-12-ARIMA,
dated by CIBCR procedure, and superimposed mean line
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Figure 7. Monthly rainfall in La Cocha (Tucuman), January 1982-December 1995, fi d cycle December 1994 - February 1997
and upper and lower 90% confidence limits (fourth degree polynomial)

peak, we extend from there for the estimated average duration of a cycle, and consider that in this period
a full cycle occurs ending in another dated peak. A parallel argument is used when the last dated turning
point is a trough. In another example, for the series appearing in Figure 5 we add a new cycle: this is
shown in Figure 8, and is calculated by the procedure we describe below. This will then indicate in which
months to expect extra high or low levels of rain, in addition to the seasonal pattern. This is what we
claim is of use in agricultural planning.

A ‘forecasted cycle’ is defined by the following steps: (i) two points are computed by averaging
amplitudes at peak dates and trough dates; (i) one of these is considered twice, as end of a cycle and
beginning of the next one; (iii) two points are computed by averaging dates at which periods of
permanence over the mean are started and ended, respectively; (iv) to these five points polynomials of
degrees four, three and two are [itted and analysed. The forecasted cycle is that showing best fit on an
inspection basis.

A further question is how to measure the reliability of this forecasted cycle. A confidence band is
computed by the following steps: (i) confidence intervals are set at each of the five points mentioned
above, considering that three of them are means of the amplitudes of certain quantities of peaks and
troughs, and the other two are means of durations as those calculated in Tables 11 and III; (i) for a
confidence coefficient of 90%, the Bonferroni procedure is used to set the confidence band, with the
t-table used to extract the needed values.

For La Cocha, Figure 7 shows the forecasted cycle which extends for 27 menths (26.6), beginning at
the observed peak of December 1994, and extending until February 1997, with a fourth degree fit. We also
show upper and lower 90% confidence limits. Figure 8 shows this same forecasted cycle drawn
immediately after the trend-cycle component values reach December 1995. We note that we took a very
simple approach to the important issue of timing the beginning of a cycle.

6. Analysis and conclusions

6.1. Comparing locations

An interesting question is how to compare results obtained for different locations. Two attempts in this
direction appear in Figures 9 and 10. Figure 9 is based upon the following idea: to stress the oscillatory
nature of the cycle component, graphs associated with it (e.g. Figure 4) are often presented with
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superimposed shaded strips covering the periods from one dated peak to the following dated trough. In
these periods we have decreasing parts of the graph. This is usually performed in business cycle analysis,
and will be used here for purposes of comparison.

In Figure 9 the dates assigned by the CIBCR cycle procedure to the turning points are compared for
six locations. The shaded areas for a given location, correspond to periods of decreasing rainfall, from
peak to trough. For example, for the series EEAOC (1975-1995), its diagram is an abridgement of Figure
4: most details are omitted, and only the dates appearing in Table IT are retained.

Two series are said to coincide in @ given month, if both are going from (dated) peaks to troughs, or
both from troughs to peaks. Figure 9 shows a good level of coincidence among the four locations in
Tucuman in the period when we have data for all of them (1982-1989), and among three locations for
another period (1975-1982). Santa Fe tends to coincide to some extent, but La Pampa shows larger
differences.

Figure 10 is based on the number of months of coincidence for the series in Figure 9, except La Pampa.
The measure reported is the proportion of the absolute difference between the number of series that
coincide and those that differ in a given month. For five series these differences can be | (three of a kind
and two of the other), 3 (four of a kind and one of the other) or 5 (all of the same kind), and hence the
proportions can be 0.20, 0.60 or 1.

6.2. Reference to El Nifio

In studying meteorological variables, it pays to consider what is known as the El Nifio phenomenon.
We have information about the Southern Oscillation Index (SOI), which is defined as the normalized
difference (i.c. difference divided into its standard deviation) between the pressure anomalies (monthly
means minus long-term means) in two locations, Tahiti and Darwin, as defined by Troup (1965).

Information about El Nifio is frequently used in meteorological studies in the place of a possible causal
factor. In our case, and in view of the descriptive approach used throughout, we will only apply to the
SOI series the same kind of methods we have discussed so far.

Figure 11 presents the final result of applying to the SOI monthly series, from January 1975 to
September 1997, the seasonal and cyclical methods described in the previous sections, and therefore it is
the estimated trend-cycle component dated by the CIBCR procedure. The mean duration of the eycle is

; WAV AVNILY
e Ve A

Figure 8, Monthly minfall in La Cocha (Tucuman). January 1982-December 1995, Trend-cycle component, additive model,
X-12-ARIMA, dated by CIBCR procedure. Supcrimposed mean line, forecasted cyele (fourth degree pelynomial). December
1994~ February 1997
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Santa Fe (1975-1989)

La Cocha (1982-1995)

La Ramada (1975-1989)

Agricultural Experimental

Station (1975-1295)
La Pampa (1975-19689)

Las Cejas (1975-1989)

s 11T

Figure 9. Final tuming points of trend -cycle component of six locations, January 1975-Di
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1 by CIBCR procedure. Shaded areas
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Figure 10. Proportion of coincidences among five series in Figure 9

35.7 months for peak-trough-peak and 34.2 months for trough-peak—trough, and the corresponding
median durations are 32 months in both cases. The means are comparable with those in Table I11. being
very slightly larger.

In general, and in relation to our cyclical analysis of rainfall in the locations that we considered, we
expect some degree of relation between the SOI and rainfall in La Pampa. The direction of this relation
is that the lower value of the SOI should coincide with periods of high rainfall in La Pampa.
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Figure 11, Monthly values of SOI January 1975-September 1997, Trend-cycle component, additive model, X-12-ARIMA, dated

by CIBCR, procedure, and superimposed mean line
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The dates assigned to the SOI are compared with those of La Pampa in Figure 12, where Tu-
cuman’s EEAOC is also included for comparison. In 1975 and 1985, the dated troughs for the SOI
occur when La Pampa is in periods of increasing rainfall (i.c. going from trough to peak). In 1980
and 1982 the dated troughs for the SOI occur shortly before the beginning of the period of increasing
rainfall for La Pampa. We find reasonable agreement of these findings with what was expected. The
last period of decreasing rainfall reported for La Pampa covers from 1986 to 1988, and its relation to
the SOI is less clear.

The coincidences between the SOI and Tucuman’s EEAOC is much less regular and interesting than
for La Pampa, in agreement with what is expected.

i by CIBCR procedure.

Agricultural Experimental

Station (1975-1995)

Southem Oscillation Index
(1975-1885)
i

La Pampa (1975-1989)

n of dates

6.3. Final comments

Information about weather variables and conditions are of great importance for agricultural man-
agement. Good forecasts of weather conditions are of real value since they help in reducing some of
the risks associated with the activity. Good forecasts may be used to program yearly agricultural
activities in such a way, that over a period of several years this anticipatory behaviour of the
programmers leads to important benefits, in comparison with a traditional program of some sort of
average behaviour over the years.

One important component of weather variables is the amount of rainfall, which in our case has
been observed monthly. Other (shorter) periods could also be considered, as has often been done in
practice. In our case we consider the description and analysis of monthly rainfall data for local areas,
understanding that, farms or groups of them may differ in weather conditions, even when they are not
too far apart. This has also been considered by other investigators, leading to the definition of areas
of certain radius, so that homogeneity of weather conditions holds within areas, and heterogeneity
between them. We have not explored this here.

The methods we have used deal, separately, with the seasonal and cyclical components, which are
assumed to enter as unobservables in a given time series, The new X-12-ARIMA package is a flexible
procedure for seasonal analysis, that can be very useful in the analysis of rainfall. Given the regularity

1994:

H and importance of the seasonal components, even in the presence of a large random or irregular
1 component, we expect reasonable results of the proposed seasonal analysis.
i The output of the seasonal adjustment program is an estimate of the trend-cycle component of a

Shaded areas correspond to periods from peak to trough

series, that for the case of rainfall can be safely associated with the cyclical component, since trend is
3 not expected 1o be of practical significance.
T The cycles that are considered through the use of the CIBCR program. are short in duration. This
is in agreement with the intuitive ideas behind our work, and is in agreement with standard meteoro-
logical analysis. In effect, Burroughs (1992), section 3.12, writes: ‘The QBO (quasi-biennial oscillation)
is the most widely observed feature in the records, and must clearly be regarded as a real feature of
almost all meteorological records’, The identification of the QBO is used for any periodicity in the
range 2.2-2.8 vears (26.4-33.6 months), and is then consistent with our findings in Table 1V and in
the duration of the cyeles found in the SOL
The analysis that we propose is then useful in interpreting the cyclical component of monthly
! rainfall data. We have come to the point where we believe that for one of the local areas, and having
available short series (say, of up to 20 years of monthly data), a systematic statistical analysis of the
data will prove useful. The average duration of the estimated cycles, and the inspection of the
i amplitude of the cyclical oscillations, will be useful indications for those engaged in the planning and
: management aspects of agriculture, One drawback lies in the variability of the observations: our
indicators of quality tend to detect in the present cases even more variability than that for economic
series processed for Argentina. Hence, a word of caution in the interpretation of the results should be
expressed, as we pointed out in various parts of this work.

Figure 12. Final wuming points of trend - cycle companent of SOI and two series in Figure 9, January 1975-D
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Abstract

The likelihood ratio test of the hypothesis of equality of sev-
eral variances is deduced for a sample of independent observations
from a multivariate normal population whose covariance matrix
has intraclass correlation. The resulting test, related to Bartlett's
test, is derived when all population correlations are zero. The ana-
lysis is related to a test in the mixed linear model. A numerical
illustration is provided.

Key Words: Likelihood ratio test; Equality of variances; Intraclass
correlation; Bartlett’s test; Asymptotic x? distribution.

1. Introduction
The well-known Bartlelt's test of equality of several variances in the case

of independent univariate sampling from normal populations, is a modification of
the likelihood ratio procedure, and except for constants, amounts to comparing the

*E-mail: rmentz@herrera.unt.edu.ar
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arithmetic and geometric means of the unbiased estimators of the variances. In this
paper a generalization of the likelihood ratio test is presented, in which samples
are not independent among themselves, but respond to an intraclass correlation
structure. This means that while observations within cach sample are independent,
pairs of observations in any two samples, with the same index, are correlated, and
the correlation coefficients for the various indices are equal.

An application of this situation was done in a simulation study: several
statistical methods were to be compared, and in order to control variation, the
same sample was used with all methods in a given replication. It then follows that
for a given number indexing the replication, the observations are dependent, and it
is reasonable to postulate that the correlation between pairs of methods are equal.
See (1), where the case of testing for the equality of two variances is presented.

The intraclass correlation model, in particular with homogeneous variances,
has a long history in statistics. Referring to problems in educational research,
Olkin (2) says that it is “...perhaps the fundamental model in test construction.”
He presents several inferential techniques about the intraclass correlation coeffi-
cient, including a “conventional estimate” going back to (3,4). The model with
homogeneous variances appears in the mixed-effects linear procedure, as will be
discussed hereafter.

For further general information, see the entries of “Bartlett’s test of ho-
mogeneity of variances” (5), and “Intraclass correlation coefficient” (6) in the
Encyclopedia of Statistics.

2. Main results

We consider the following set up: a k-variate random vector X has a normal
distribution with mean vector {2 = (i1, ..., jix)' and positive definite covariance

matrix
2
a poyoy -+ PO
po\o; 0-3 tee o PO
I=| : . (M
q\gy paop e ﬂ"iz

that is, variances ﬂ'f, J=1,....k, and corrclation coefficients py; = p, i, j =
..o ki # j. With a sample X, ..., X, of i.i.d. observations from this distri-
bution, it is desired 1o test

—

T L
of=aj=r=df, @)

againsl the alternative that at least one of the variances is different.
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Lemma 1. For X defined in Equation (1) with —(1 = k)™ < p < land o} > 0,
B =D pD, 3)

where D is diagonal with diagonal elements o}, ..., af, D'/ is diagonal with
diagonal elements oy, . .., o3,

L plises op
o S

20 | =a-pr+pd, @)
P g e

and J is a k x k matrix of 1's. Then,

IP= (1= p)"'[1+ (k= Dpl, ®)

L l p

Pl = I~ 6
l--p[ ]+(k—l)p']j] ®

and P has characteristic roots 1 + (k — 1)p and (1 — p) with multiplicity k — 1.

These results follow, for example, from (7) or (8).
Nole that P is a Toeplitz matrix, that can be written as

k=1
P=1+) pGj, (7
J=1

where G, has 1’s along the two diagonals parallel to the main diagonal at distances
cqual to j. Also note that J is singular, of rank 1, with nonzero characteristic root
cqual to k.

Theorem 1, Under the stated conditions on £ and T given by Equation (1), the
unrestricted maximum likelihood estimators are

ﬁ1=21=lzxm' ;= “Z:':an‘i;) '
ajl o a=1
Gl k(k!— 1= ;i‘fﬁ}_ o
i#
where
Gy = %g(xcﬁ —X)Xaj =Xy i j=1..k i, ©)
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and the maximum likelihood estimators under Hy are

K k ",\”
hio=X;, 55:{?2"’?- bo= 2 22U (10)

Under the unrestricted condition, u; and af arc estimated by the usual MLE of
the normal case; further, 6;/6;0 ; estimates p;;, and because p;; = p for each
pair (i, j), i # j, its estimator is the average over all such estimators. Under Hj,
the common variance o2 is estimated by the average of the &i’s. and then this
estimator is used to form the avrage of p.

The proof of Theorem 1 appears in Section 6.

Theorem 2.  Under the stated conditions, the likelihood ratio test rejects if and
only if

<0y (LY

- 1/k(6}+ - +87) | (1= po)='{1 + (k — 1ol

where ¢ is chosen to satisfy a level of significance a.

k
mz[ @}....o9)" ] (1= 91+ & = 1

Itis known that in multivariate independent normal sampling, the likelihood ratio
procedure for a given hypothesis, rejects if and only if

i (|i|)’“’2 y 4
== ez <c,
[Zg]
where Z is the sample covariance matrix estimaled without restrictions, and Zp
is the sample covariance matrix estimated with the restrictions defined by Hy. To
test Hy in Equation (2) against the hypothesis defined by Equation (1), we have
from Lemma 1,
IZI=0f,...,00IP| = o},..., 021 = p)"'[1 + (k = D)), (13)
[Zol = (*}'IP| = (6%'(1 = p)*~'1 + (k ~ D)p), (14)
and hence Equation (11) will be proved when we prove Theorem 1.

The k x n data matrix formed by the (independent) Xi, ..., X, can also
arise from the mixed linear model without interaction and with one observations
percell, namely X, = g+ 7; + fu + €ja, j = 1,... . k,a = 1,...,n, where u
is a constant mean, 1),..., T, are constants (the main effects for the fixed fac-
tor), By, ..., B, are independent N(U,o;'} random variables (the main effects
for the random factor), and e, are independent N(0, a?) errors, independent
of the B,s. Then E(Xjq —p— rj)z = E(B, + L*;.,)Z = a’j + 03, E(Xjo~p—
er(Xia —p-1)= E[ﬁa +Eju)(ﬁa +£J’n)=0§i“ 5& j- whereas E(Xjrx — K=
7)(Xip — i — 1) = 0if @ # . The covariance matrix associated with this model
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has o} + o along its main diagonal and o} elsewhere, so that in the notation pre-
viously introduced it can be written as 621+ 65 = (o7 + o)[(1 — p)I + p"J],
where p* = aj/ (e:r‘,2 + o2). In this model the nuisance parameter o2 > 0 corre-
sponds to the assumption of homoscedasticity, and interest is switched from Equa-
tion (2) to the null hypothesis that a3 = 0, which occurs if and only if p* = 0: p*
is the intraclass correlation coefficient; see for example, Donner (9), who reviews
the random effects model. Anderson (10) used this model as an illustration of a
patterned matrix corresponding to Equation (7). The example also follows from
((11), Example 1.3.3), as will be discussed in Section 3.2.

Once the results in Section 2 are established, it pays to consider some other
results related to them. The matrix in Equation (1) is a “patterned” matrix, and
we can consider other patterned matrices that are used frequently in multivariate
statistical analysis and elsewhere. In Table 1 we present several such matrices, with
the names they are frequently given in the literature. We use the notation introduced
in the Lemma of Section 2, plus R=o jll = lloij/oio;|| (which corresponds to
R = ||oy;|| = [lo3; /o307 1), and the notation for the maximum likelihood estimators
in Equation (8), (9), and (10).

In the case of independent sampling from a multivariate normal population,
these results can be used, in conjunction with Equation (12), to design various
tests, as will now be discussed.

3.1. Tests of Equality of Several Variances

1. In practice, a test procedure such as Equation (12) will be used with
the transformation —2log A, for which the asymptotic distribution is

Table I. Hypotheses About Covariance Matrices, and Corresponding
Maximum Likelihood Estimators Under Independent Normal Sampling

Covariance Determinant of MLE
Hypothesis Matrix of Covariance Matrix
H, a’l @
H, a’P @D = ol + (k= D]
Hy D 8300
Hy D'ZPD'? 8. 8701 - PV (1 + (k- 1)p)
Hs D!'2RD'2 6,2 _____ &.:|R|
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x2 with k — 1 degrees of freedom. We have that Equation (11) corre-
sponds 1o testing the null hypothesis H, clliptical against Hi (intraclass
correlation) in Table 1.

2. For the case of k = 2, the test statistic given in Equation (11) was
presented in (1), as

i 81030 =5
#21a2\2 %
(5E) (a-8)
3. If p =0 in Equation (1), we are in the case of i.i.d. sampling from a
N(jz, D) population, and Hy is again given by Equation (2). Then the
likelihood ratio is a power of the first factor in Equation (11), namely

Lk

AT "
(HL'&}) b |ﬁiut)’ ' (16)
ix.e | \iedy)

where D is diagonal with diagonal elements e &2 This agrees
with an expression used in (12, Sec. 10.7) when analyzing the likelihood
ratio lest for sphericity. We see that the acceptance or rejection of Hy
depends on the relation between the geometric (G) and arithmetic (X)
means of c‘ri : since for nonnegative quantities, G < X, and equality if
and only il all quantities are equal, Equation (16) will be equal to 1 if
and only if Hj is true, and otherwise smaller than 1, which means that
the rejection region has a clear interpretation.

Bartlewt (13) proposed to modify Equation (16) by using sf = nc‘rf 7
(n — 1) and modifying further the resulting statistic to achieve closeness
to the asymptotic x? distribution. In the case of equal sample sizes, his
test statislic can be written, after taking logarithms and multiplying
by -2, as 5

| k
_ 2 Zay 2
B= C(nklcgsu n E lng,\'j)

i=j

(15)

k

Iy 2

C ([-ILI S})m
where

(k/m) = (1/nk)
3(k-1) ’

Bartlett’s procedure is available for the case of uriequal sample sizes.

C=1+ (18)
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4. A multivariate analog of the problems treated here, is that of testing the
hypothesisthat £y = -+ = Z; withsamplesx,®), ¢ = 1,..., N,, g =
1,...,k (e.g., (12), Section 10.2). Bartlett’s procedure is related to the
solution of this case in the univariate case.

5. We conclude that we have two likelihood ratio test of homogeneity of
variances, one for independent samples (point 3), and another (Eq. (11))
for dependent samples under the intraclass correlation model. Stigler
(14) recalled that “To Galton, correlation meant what we might call
today intraclass correlation—two variables are correlated because they
share a common set of influences.”

3.2. Tests on Correlations

6. The information in Table 1 can also be used to design tests of cor-
relations. For cxample, taking H, (sphericity) as a null hypothesis and
testing it against H,, we have atestof p;; = O againstaconstant (unspec-
ified) pjj, in both cases with homogencous variances. The likelihood
ratio test rejects if and only if A, is small, where

Ay = {(1 = o) '[1+ (k= Dpol)™? (19)

Testing that the intraclass correlation coefficient is 0 was dis-
cussed briefly at the end of Section 2, as arising in the analysis of data
generated by a mixed linear model. Khuri et al. (11, p. 14) state that
“in the balanced case, the standard F-test based on the ratio of the treat-
ment sum of squares to the error sum of squares easily turns out to be an
optimum test.” This procedure was given, for example, by (2) that we
cited in Section 1. Khuri et al. (11, p. 16) also write, “Except in some
simple cases, the standard likelihood ratio tests (LRT's) are not readily
applicable in the context of mixed linear models, and often such LRT's
are neither exact nor easily available. For example, even in the simplest
case of a one-way balanced random effects model, the exact distribution
of the LRT statistic under the null hypothesis of no treatment effect is
not known and can only be simulated.”

3.3. Tests of Variances and Correlations

7. Another test situation is to consider the general covariance matrix with
components o;0; p;;, corresponding to H, (general), and testing the
null hypothesis He: 0y =+ =0y, pja = +++ = py_14 In Table 1, we
tested the ellipticity hypothesis against the general case of X, whereas
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in Theorem 2 we tested the ellipticity hypothesis against the less general
case designated as Hic in Table 1, in which the variances are allowed to
vary but the correlations are the same.

Under the general hypothesis, the maximum likelihood estima-
tors are the sample means and variances in Equation (8), and j;; =
& /66 ;. whereas under the ellipticity hypothesis they are the same as
given in Equation (10). Then the likelihood ratio test rejects if and only
if,

k -

o (83,00 R| o

> 1/k(63 4+ - +63) | (1= po)*"'[1+ (k= 1)fo]
(20)

This procedure was given by (15, Sec. 8.6.2) as

\
k- ”*_Iut.TE' < constant, @1

where V=n%, u =nt; and 1, = ¢*[1 + (k= 1)p], and v = n(k —
)8, and 12 = a(1 — p), and all estimators are by maximum likelihood.
If k = 2, Equation (20) coincides with Equation (11) because there is
only one correlation for the given pair of variables.

8. We also have what is known as the “sphericity test,” namely to test the
null hypothesis Hj against Hj. Using the results in Table 1, we find that
the likelihood ratio test statistic is

22 2y 17k k
| Lonf) g @
1/k(6} +--- +5%)

This expression coincides, except for the choice of notation, with one
given, for example, in (12, Sec. 10.7.2).

It can be shown that under the null hypothesis of sphericity, the
two factors on the right-hand side of Equation (22) are independent,
because they depend on the sample variances and correlations, respec-
tively (cf (12), Sec. 10.7.3). We note that the test statistics given in
Equations (11) and (20) are also products of two factors, one involving
a ratio of functions of the sample variances, and the other a ratio of
functions of the estimators of p. However, the underlying null hypothe-
ses in both cases are not that of sphericity, and it is not immediate or
intuitive whether the factors are independent under the corresponding
null hypotheses.

9. Finally we comment on the nested nature of some of these hypotheses.
In effect, referring to Table 1, H, is nested in H, and in Hy (diagonal),
which are nested in Hic, which is nested in Hy. Hypothesis H is nested

404

Likelihood ratio test of equality of several variances in the intraclass correlation model, pp. 75- 91

in hypothesis K if the parameter subspace defined by H is a subset of
that defined by K.

4. Using tests of equality of several variances
in a simulation study

In (1) the estimation of the (scalar) parameter of a Gaussian first order
moving average time series model [denoted MA(1)] was studied by means of sim-
ulations, as mentioned in Section 1 (Introduction). This model postulates that areal-
valued, observable, time series {y,} is generated by y, = £+ a&,_;, with unobser-
vable errors &, independent with zero expected value and constant variance, and
lee] < 1. For the simulation, pseudorandom independent normal errors were gen-
erated, and from them y, values responding to the model with given a's, Various
sample sizes were explored and 100 replications were done in each case.

Three procedures were subject to detailed analyses, namely those identified
as FORM1, FORM2, and FORM3, They are itcrative procedures for estimating, by
the exact maximum likelihood procedure, the main parameter, which in all cases
was taken to be the parametric function ee(1 + «%)~!, the first order autocorrelation
of the process. They differ in that FORMI is derived from the likelihood function
whereas FORM2 and FORM3 are derived, by using two different arguments, from
the concentrated likelihood function. Detailed discussion of the origin of these
procedures appears in (16).

When a given sample of 100 observations was generated, all estimation pro-
cedures were used with it to compute the estimates, in adesign aimed at controlling
the noise in the experiment. This leads to a correlation among the values obtained
with this sample. Since the three procedures are mathematically equivalent, even
when they may differ computationally, it is reasonable to postulate the intraclass
correlation model, in which all correlations between FORMs are assumed (o be
equal.

It was found that the results for & = 0.30 and a = 0.90 differ considerably
when they were compared for sample size T = 100, and this led to an experiment
with FORM1 and T = 250 for the larger value of the parameter. In view of this
fact, here we will only analyze the results for ¢ = 0.30 and 7 = 100, which are
complete.

In (1) the means of the three estimators were compared in detail. Also the
variances of pairs of procedures were analyzed. We now include the results obtained
in the same study from the BMDP computer program (17), which being a maximum
likelihood procedure is comparable to the three FORMS. The estimated variances
appear in Table 2.

In our study of the homogeneity of variances, we will use &, defined in Equa-
tion (11) [and in Eq. (15) for k = 2 groups] and also A defined in Equation (20).
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Table 2. Estimated Variances
of Four Estimation Procedures

for the Error Variance in the First
Order Moving Average Model

Method a =030
FORMI 0.0049318
FORM2 0.0049336
FORM3 0.0049334
BMDP 0.0049863

We recall that they coincide for k = 2.
W= A (23)
Each one of these test statistics is the product of two factors, one involving the

sample variances and the other the sample correlations. Let us denote where Ay is
the first factorand A» the second factor in the right-hand side of Equation (11), and

W= e 24
with similar definitions. Note that 4y, = A3;.

Table 3 presents an analysis of the test of homogeneity of variances for all
pairs of estimation procedures, It shows A1, A2, 4 Hn and gy = —2 log A, which
is asymplotically distributed as chi squared with one degree of freedom.

From the asymptotic chi-squared distribution we have that x2(1;0.05) =
3.84, whereas x2(1;0.01) = 6.63. When we compare the three FORMs in the first
three rows of Table 3, we find no significant differences at the 5% level. When we
compare the FORMs with BMDP, higher values of the test statistic are obtained
in all cases, all leading to the rejection of the hypotheses of homogeneity of the
variances at the indicated levels.

Itis clear that the factors involving the correlations determine the rejection of
the hypotheses of homogeneity when the FORMs are compared with BMDP. Also
note that neither the variances in Table 2 nor the factor Ay, show indications of the

Table 3. Numerical Values Associated with the Likelihood Ratio Test
Statistic Defined in Equation (15) for all Pairs of Estimation Procedures

Methods i A ir ¢r[

FORM1, FORM2 I 09493249 09493249  2.26
FORMI, FORM3 1. 0.9605563  0.9605563 1.75
FORM2, FORM3 | 09991810 09991810 004

FORMI, BMDP 0.9999698  0.7971065  0.7971065  9.85
FORM2, BMDP 0.9999717 07978803  0.7978803  9.81
FORM3, BMDP 0.9999716  0.7975602  0.7975602  9.82
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Table 4. Numerical Values of the Factors in A; and ¢;, j = 1, 3, for All Sets of 3 or 4
Estimation Procedures

a) Testing Homogeneity b) Testing Homogeneity
of Variances and Correlations
by Equation (11) by Equation (20)
Methods A.|] A [ lJI An ¢!
F1,F2,F3 1 0.92309 8.00 L. 0.57343 55.61

F1,F2,BMDP 099996  0.63427 45.53  0.99996  0.00807  481.90
F1,F3,BMDP 0.99996  0.63412 4555 0.99996 0.00943  466.36
F2,F3,BMDP 099996  0.63436 4552 099996 000324 573.06
FLLF2,F3,BMDP 099995 0.50431 6846 0099995 000006 978.82

heterogeneity. Finally, note that if no account is taken of the correlation structure,
the variances in Table 2 when compared with F-tests with 99 and 99 degrees of
freedom, will be declared equal in pairs at any reasonable level of significance.

With the test statistic Equation (11) we can now test the homogeneity of
variances for groups of three or four estimation procedures. Let ¢; = —2logi;
for j = 1, 3, be the transformations that are approximately distributed as 2. The
numerical results are given in Table 4.

We first analyze Part (a) of Table 4, where we lest homogeneity of vari-
ances in the intraclass correlation model by Equation (11). We have x%(2;0.05) =
5.99, x%(2;0.01) = 9.21, x%(3;0.05) = 7.81, and x*(3;0.01) = 11.34.

To compare FORM1, FORM2, and FORM3 we consider ¢,. Homogeneity
of variances is accepted at 1% level. When the results for BMDP are included in
groups with those for the FORMs, higher values of the sample test statistic ¢, are
obtained, leading to rejection of the hypotheses of homogeneity. Ref. (17) has a
computer program [or parameter estimation in ARMA models based upon ideas
coming from (18), which are different from those used to derive the FORMS. For
a comparison of these two approaches, see (19).

A different test situation is to test H. against Hy, in which not only vari-
ances but also correlations are allowed to be different. As discussed in point 7 of
Section 3.3, this can be approached by using the test statistic Equation (20). The
numerical results are given in Part (b) of Table 4.

The asymptotic distribution associated with Equation (20) is considered in
(15, Sec. 8.6.2). A simple approximation, which is adequate in our case, is to take
¢ as approximately x? with f = k(k + 1)/2 — 2 degrees of freedom. For 100
observations we have the results given in Table 5.

The interpretation of the results stemming from Table 4 is similar to that of
Table 3. We recall that small values of A; lead to rejection of the correponding
null hypotheses. For the test (11) of H, of ellipticity against H,. (under which
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Table 5. Significance Points of x* for Selected Degrees
of Freedom

Number of  Degrees of
Groups,k  Freedom, /  x*(/,0.05)  x*(/,001)

2 1 348 6.63
3 4 9.49 13.28
4 8 15.51 20,09

T is given by (1)), we consider the first two columns of numbers in Part (a) of
Table 4. We notice that the main contribution towards rejecting H, comes from
A1, the factor involving the sample correlations. The factor defined by the sample
variances cither equals 1 or is very closc to 1. We conclude that in those cases
where rejection is indicated by the test statistic, this is due mostly to the effect of
the factor depending on the correlations, over and above the effect of the differing
variances as captured by the other factor.

The same kind of analysis holds when we compare H, against H,, under
which the correlations are unrestricted: we find that Ay, is numerically different
from A3).

In summary, A; tests o = - - = of under a model of intraclass correlation,
in which p is treated as a nuisance parameter entering in both the null and the

| alternative hypotheses. On the other hand, A3 tests c,z =.=cladpp=--=
pi-1x (i.e., He against Hy), in which both the variances and the correlations vary
freely. In our numerical example, the test statistics ¢, and ¢ differ considerably,
by a factor of approximately 10.

5. Concluding remarks

Testing the homogeneity of k variances (k > 2) is frequently encountered in
the following format: There are k populations N(uj,07), j = 1,...,k, and the
null hypothesis o7 = - -+ = o7 is 10 be tested, with the ; nuisance parameters;
the test is being conducted with k independent samples each of size n. This can be
posed as amultivariate problem, in which a sample of n independent k-dimensional
random vectors is assumed to be generated by a Ny(jz, D) population, and Hy is
that D = oI for some unspecified o', where again g is a nuisance parameter. The
likelihood ratio test statistic Equation (16) is a power of the ratio of the geometric
1o the arithmetic means of the &}, and rejects Hy if and only if the ratio is smaller
than 1. A well-known procedure is Bartlett’s test, [Eqgs. (17) and (18)], which is a
modification of the likelihood ratio procedure.

A different problem arises when there is correlation among the univariate
samples, which corresponds to assuming a nondiagonal covariance matrix in the

408

Likelihood ratio test of equality of several variances in the intraclass correlation model, pp. 75- 91

multivariate setup. One case that we considered in detail is when there is “intra-
class corrclation,” under which the population is Ni(x, D'/?PD"2), and the null
hypothesis of homogeneity of variances is that the distribution is Ny (jz. o 2P). This
is what we labelled testing the null hypothesis H, against Hi., and now y and p are
nuisance paramelers. The likelihood ratio test statistic we found is Equation (11),
and it is composed of two factors, one is identical to the test statistic in the likeli-
hoaod ratio test of homogeneity of variances in the case of independence, and the
other is a function of the sample correlation coefficient computed under H, and
under Hi.. The numerical example that we presented in Scction 4 illustrates the
role of each factor of the test statistic in an empirical application, in particular that
of the factor involving the correlations.

Testing homogeneity of variances is considered in the literature of multi-
variate analysis in two other forms that are different from that of intraclass cor-
relation. 1) A test presented in (15) leading to Equation (20), considers that the
data is generated by a normal Ny (i, D'2RD"/?) population, and the null hypoth-
esis is that the covariance matrix is o2P: we are testing that o2 = - .. = o and
P12 = -++ = pr_1; with p a nuisance parameter. In our notation the null hypothe-
sis H, is tested against H,. In the numerical example of Section 4 this test statistic
takes values larger than those corresponding to the test of H, against Hi., as was
1o be expected because there are more conditions to be satisfied on the parameter
space. 2) The “sphericity test” also considers data generated by a Ny (i, D'/?RD'/?)
population, but the null hypothesis is that the covariance matrix is spherical, o*L.
Hence, we are testing that o = --- = o2 and p;; = 0 for all i # j, with only p
being a nuisance parameter. In our notation, the null hypothesis Hi is tested against
H, and the test statistic appears in Equation (22).

6. Proof of theorem 1.

The likelihood function is

ln
L(u, T)  |B|™? — - o~} 25
(1, 2)  |Z| expl 2;:':{&, W' (% #)] (25)

Taking logarithms, and using that the expected values are estimated by the sample
means, we can write using the notation introduced in Equations (8) and (9)

k
i n -
log L = constant — 5{ ,-E=1 l{:ogt:r,-2 +logl(1 = p)* {1 + (k — l]p}]l

n

T 1= p)+ (k- Dp]

L g gy
x‘11+(k—2)plz?—%—pzzﬂl. (26)
i=l

o; i=1 j=10;0;
R
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Then

dlogl n
d? 207 21-pll+ k=Dl

[+~ Z)pl(r—') pzo"‘;]
]

J#i

e e L
T 22| (-pll+E-Dp]

x[[]+(k 2}p]——pzw]} 0, @7
g et |

i#
which implies that
.«1 k
[+ 2)p]——pz (=Ml = Dpl, T= 12k,
¢ I#l

(28)

and hence that
il e
u+(k—2)p12“—‘~pzZi=k(l—p)[1+tk4)pl. (29)

2 :
) i #{ 1 0

9

Next,

dlogL _  nk(k —1)p(1 - p)'~? nl(k —2) - 2ptk - 1]

dp  21=pt1+(k=1pl 21— p[l+ (k- DpP
k k

k

[+ (k- l;plzg%—p;

o1 i Ij‘ lo‘a"r

0"”

M,‘_ ‘--—u-—-'

i)

k&
n UJ o
'2(1—p)11+(k—up1[ 2L = JFiag)

i=l ~4

1]

n

ST T e

W—pi+E—np  e—De
k=2)=2pk -

1=p)l+ (k-1
YT I}p}k( P+ (k- 1)p]
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k

+(k — 2)2 ZZ Ui

=i f_l ; Loia;
=0 (30)
where we used Equation (29). We then have
£ a. : : oy
(k- 2)2:}—2#;”1“ = —k(k — 1)p + k(k - 2). (31)

Combining Equations (29) and (31),
k
E L (32)

from which p in Equation (8) follows. Substitution in Equation (29) completes the
proof for the estimators of the variances in Equation (8).

Under Hy the maximum likelihood estimator of the j¢; are again the sample
means. We have to find the maximum likelihood estimators of ¢ and p in

log Ly = constant — %{log o +log(l — p)""ill + (k= 1)pl}
i, n
2(1 = p)l1 + (k = 1)plo?

k k
k
X[[l+(k-—2]p}26}—p§;€q ; (33)
= i

By a similar algebra than in the previous case, we can show that d log Lo/da* =0
leads to an expression that corresponds to Equation (29), namely

1+ k- 2)plza —pzzc‘h;—ka(l—p)ll (k—Dpl. (34

i=1 l#;

and that 3 log Ly/dp = 0leads to an expression that corresponds to Equation (31),
namely,

" k k
k-2 6! ;J_EI% = o [k(k — 2) — k(k — 1)p]. (35)
=i i

Operating as in the previous case, the results in Equation (10) are proved.
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Bias correction for estimators of the residual
variance in the ARMA(1,1) model
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Pedro A. Morettin and Clélia M.C. Toloi
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Abstract

We consider the ARMA(1,1) model and deal with the estimation of the residual variance.
General results are known for the maximum likelihood(M L) estimators under normality. both
for known and unknown mean, in which case the asymptotic biases depend on the number
of parameters (including the mean) and on the true residual variance, but not on the values
of the remaining parameters. For moment and least squares estimators the situation is
different: the asymptotic biases depend on the values of the parameters, besides the true
variance, Some simulation results are also presented.

Key words

Autoregressive moving average models, bias, least squares, maximum likelihood, method of
moments, residual variance, time series.
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1. Introduction

1.1. The Model

We consider the stationary autoregressive moving average model of order

(1.1), denoted ARMA(1,1), defined by

(X!—p)+3(xf—] "'!u')=5!+a€£—lf t=0vil|"'|

where g; is a white noise sequence with zero mean and finite variance o > 0,
jt, @, B are real parameters and |3| < 1. The model is then invertible into an

infinite moving: average and if || < 1 it is invertible into an infinite autore-

aression.

The autocovariance sequence is v, = E(X; — p)(Xeqps — p),5 = 0,£1,...,

following the equations

oy 14+ a? - 2af 2

WE=im O

L -ade-g) ,
(1-5) ’

% = =01, s> 2

(1)

(2)

The autocorrelation sequence is p; = ¥/, s = 0,%£1,... and from (2) is given

by
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1 ifs=0

Pa= 1_63 a1 oG . (3)
ﬁ%ml(—ﬁ) LoHaz1,

The autocovariance and autocorrelation sequences are two of the basic tools
in the time domain analysis of the model (1). The autocovariance satisfies the

inversion formula

t= [ M f)ax,

where

_ o? |1 + ae™|?

f()ugm, —T<AST (4)

is the spectral density of the process.

1.2. Objectives of the Paper

Model (1) is an important tool both in theoretical and empirical time series
analysis. In this paper we consider the estimation of the parameter . This
is important because estimates of the residual variance enter, for example,
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into confidence sets for parameters, in the estimation of the spectrum, in the
expression of the estimated error of prediction and in the determination of the

order of the model using some information criterium (as the AIC or BIC).

For purposes of inference we consider a sample Xj...... Xy from Eq.  (1).
Estimation procedures frequently used are the methods of moments (NM).
least squares(LS) and maxinmm likelihood (ML) under normality. Frequency

domain arguments have also been considered in the literature.

The wain purposes of this paper are: (1) to derive approximate expresions
for the hiases of MM and LS estimators: (2) to show through simulations the
hehavior of the theoretical results, in particular to show that the asvmptotic
formulas for the bias and variance of the ML estimator of a® apply also to the
LS estinsator(LSE). at least for values of the parameters far from the limits of

the regions of stationarity and invertibility.

To deal with (1) above we assume that the ¢ are independent identically
distributed with mean 0 and variance o%; to deal with (2) we add that they are
normal. It follows that our sinmlations are made with psendonormal random
numbers. Conditions for the asymptotic theory of MLE under which LSE have
the same properties are given by Brockwell and Davis (1991 Ch. 8 and 10)
or Fuller (1996 Ch. 8). Relevant questions as whether the LSE are consistent
under more general conditions than the MLE or whether LSE are more robust

than MLE to deviations from normality will not be addressed here.
The objects of the inference will be the antocovariances and autocorrelations

introdnced in (2) and (3). respectively. and the parameters a.,3 and o*. For

the first two sequences, large sample expectations. variances. covariances and
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distributions are available, for several standard definitions of the sample quan-

tities. This point will be briefly considered in Section 1.3.

Moment estimators are important, since they can be used as good starting
values for iterative procedures, as maximum likelihood. Least squares estima-
tors(LSE) are frequently considered in theory and practice of time series and
in many computer programs available. In our case we used SPLUS and SCA
statistical software. These programs consider the estimation of parameters like
@, and p in Eq. (1) by minimizing a properly defined sum of squares. ML
will be only briefly considered in Section 4, since results are available in the
literature.

Tanaka (1984) suggests a technique for obtaining the Edgeworth type
asymptotic expansions associated with ML estimates in ARMA models. He ob-
tains biases up to order 1/T" for AR(1),AR(2), MA(1),MA(2) and ARMA(1,1)
models with and without constant terms. Biases for the residual variance are

also considered.

Cordeiro and Klein (1994) present a general procedure to obtain the biases of
ML estimates in ARMA models. It turns out that the formula is difficult to
obtain for models other than the lower order ones, but numerically it is easy

to be implemented.

De Gooijer and Pukkila (1994) present a technique for obtaining expressions
for the approximate expectations of estimates in ARMA models. They derive
first and second order approximations, based on Taylor series expansions of
the log-likelihood in terms of the expected values of the sample covariances or

in terms of the expected values of the periodogram ordinates.
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For pure moving average and autoregressive models see Mentz, Morettin and
Toloi (1997, 1998, 1999).

1.3. Asymptotic Results for Sample Autocovariances and Autocorrelations

We consider estimating -, by

=3

R = B, w=l, T )

C =

2
T!

il
—

where X is the sample mean X = YT, X, /T.

Other estimators are considered in the literature, for example by changing in
(5) the denominator, the value to be subtracted from the X's or the range
of the sums; see, for example, Anderson (1971) or Fuller (1996). We use (5)
because for T >'1 the autocovariance matrix with elements .cjs_ﬂ is positive

definite, a fact that we shall use below.

With these estimators of the autocovariances, we form estimators of the auto-

correlations p;,

re=06c, §=01,...,T=1 (6)
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For LSE a different autocovariance estimator will be defined in Section 3.

Large sample moments of these estimators are available in the literature. They
are derived under the assumption that the process follows a general linear
model, of which (1) is a special case. Some useful results for the ARMA model
are, Fuller (1996), for h > g > 0,

I T - =
Blen =) =~ — - Var(%) + O(T), )
T—h R
Cov(e, ) = T Z('Yp']’p-h+q F+ YasaVonF HO(T %), (8)
3 P

E(n)=12"

1= == (1= pu)Var(X) + [y Var(co) = Cov{cns co)] + O(T),
©)

1
Cov(ra, 1) = T > (PoPo-htq + PoraPo—h — 2PaPoPp-h — 2PnPoPp—q + 2PhPq p3)
P

+0O(T-Y).
(10)
For the ARMA(1,1) model we have, using (7),
" - AR + 2
Bl =) = =Var(X) + 0(-%) » - 01 (1)
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2. Estimation by the method of moments

2.1. Estimation of the Residual Variance

Box. Jenkins and Reinsel (1994 p. 206) give a general procedure for ob-
taining initial estimates of parameters for an ARMA(p,q) model, which can be
viewed as moment type estimates. A related reference is Brockwell and Davis

(1991 p.250).

From (2) we find that an estimate for ¢” is given by

1§

e
T+ 8 —2%0

(12)

] =
Oanr =

where & and 3 are the moment estimators of @ and 3, respectively, defined

implicitly by the sample analog of (2).
In deriving the asymptotic bias of (12), the asymptotic biases, variances and

covariances of @ and 3 will be needed. We proceed as follows: from (3) we

obtain

_(1-ap)a-p)

— 13
T+a?-208 ' 7 P, (13}

from which we get a = f(p1, p2) and 8 = g(p1, p2).
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2.2. Asymptotic Theory for the Residual Variance Estimator

Asymptotic biases of the moment estimators & and 3 are obtained as fol-

lows. Let

af . #F s OB 4 &g

Qi ="z QG = s | et 1= .
o " Bpop; T op’ T Bpips

(14)

for 7, j = 1.2. Here, 8f/dp; is a shorthand notation for 8f(ry, r2)/dr|s, where
6 is the vector of parameters. The same holds for the other derivatives and

this simplification will be used consistently in the paper.

Then, using a Taylor expansion that retains terms contributing up to second

order and taking expected values we obtain

2 2

E(6-a) = Zd,-E(r,-—p.vH% S 6B (ri—p)* +é12E(ry—p1) (ra—pa) +o(T 1),
i=) =7

(15)

& 2 . 2 £ i =
E(B-8) = ZﬁiE(ri“pi)+% Y BaE(ri—pi)* 4512 E(ri—p1) (r2—p2)+o(T71).
i=1 =]
(16)

Using the expansions for & — a and J — 3 and taking expectations, we obtain
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2 . .
Bla-a)(3-8) = ¥ &BiE(ri—pi)*+(aahi+a1B) E(ri— 1) (ra—pa) +o(T ™),
i=1
(17)

E(@-a)= Zﬂjc'r?E'(ri = pi)* + 2816 E(ry — p1)(r2 = p2) + o(T ") (18)

i=1

2 * .
E(B-B) =Y BE(r; - p)* + 2BBE(r1 — pr)(ra — p2) +o(T).  (19)
i=1

We now consider finding the asymptotic bias of 43;,,. Using a Taylor expansion

up to second order and taking expectations. we obtain

. do® do* .
E(#ns = 0°) = 5—E(co =) + 5-E(a ~ )

0%
do® o? 18%?
+ 2 BB )+ 3o B~ o) + 35T E (-
(20)
a! 2 E a? 2 E

2 2

b aﬁE‘(a a)(B - B) +o(T™).
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In the Appendix we show that (20) leads to

—5? M(a. )
T A-a)(#@-1)(aB -1

E(oip — %) = +o(T™), (21)

with

M(a,) = -3+ 5a® - 2a° — 17a" + 4a° + 140° - 20 - 6a° — a'°
+203 + 203+ 2a%3 — 22" 3 + 120°3 — 2a°3 — 6273
+20%8 + 6a°3 — 2078 + 32" 3% — 11a°4* + 4a®F* + 2'5°
— 1008® — 2023 + 60 + 2013° — 40°3° + 2a°83 — 22733
—2083% — 68 + 5023 + 2033 - 601" — 4’3"

+5a8%3! + 2278 + 4088

In the special case of @ = 0, (21) reduces to

—g23 =53

?T_-Tf—_;-i-o(T"l). (22)

which can be compared with the bias of the residual variance estimator for the
AR(1) model, given by Mentz ef al. (1998) as
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—g? 9 —4p?

-1z T (23)

The difference between (22) and (23) arises from the use of derivatives. For
example, a term equal to a appearing in the analysis of the ARMA(1.1) model.
has partial derivative equal to 1 with respect to a; but, if a is set equal to 0
the derivative becomes 0. Expressions (22) and (23) are compared in Figure
1

In the special case of 8 = 0, (21) reduces to

—023 - 502 + 20° + 17a! — do® — 140® + 207 + 6a® + a'?
TR (1-a?)3

+o(T™Y). (24)

which can be compared with the bias obtained for the MA(1) model by Mentz
et al. (1997) as

—-0%2—60% — 20 + 150" + 40® — 40® — 20" + a®
T 1=

+o(T7"). (25)

Expressions (24) and (25) are compared in Figure 2.

In the special case of a = §, (21) reduces to

~023—3a® +9at — af

R (26)
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; o : : s
which can be compared with =7~ Expression (26) is shown in Figure 3 for
|a] < 0.6.

3. Estimation by least squares

One procedure that is often used in practice is to minimize the s

"I »
S 3) =Y (X = X;)% v (27)
J=1

with respeet to o and Ao where E(X, o — X,0)® = v,07 is the mean square
crror of prediction and the one-step ahead predictors \, of X, can be com-
puted reenrsively through the Innovations Algorithm (see Brockwell and Davis
(1991)). numely

L+ 26 + 6 .
S e it Sl A el
1 -0 i

1

: a . fl . . -
‘\l ==l '\J"i'lZO‘\!_LF__-{'\!_‘\FJ' J= 1.2 .....
1-1

The estimators obtained in this way will be referred to as the least squares

estimators(LSE) ap¢ and Jpe. of o and 3. respeetively. For the minimization

of S(a..J) it is necessary to restrict a and J to [a] < 1 and || < 1.
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To develop the theory we use the idea of Durbin (1939), approximating the &

in (1) by a “long autoregression”

g = ZJ;(X;_S - ), (28)

for some set of constants & with & = 1, and where By — oc as T — oc but
in such a way that By/T — 0 as T — oc. In fact, we use (28) together with

the substitution of x by X.

The corresponding LSE of the residual variance will be taken as

(29)

rhbh

taking into account the estimation of the parameters a and 3.

Defining u; = £, + ag,_; we have

(-a)Yu._; = i(—ﬂ)j[xr—j - p+B(Xiejr — )]

i
2

J=0 =0
= (Ko=) + (8 —0) if—aﬁ-'(xf_,- )

that can be approximated by
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By
e = (X~ ) + (8- ) Y (—a) N (Xi—; — p). (30)

=1

Thus the LSE of 0 using the long AR approximation is

.2 1 L
Oro = ——— o £y 2
LS T__ BT ¥ 3 t=BZT+l["l]
2 3-(-ap 2
T )+ (8-4) &y~ (Xe—; = X)P,
T-Br-3,. 5 2 t-i — X))
(31)
which is approximately equal to
By By
Gig=cun+(B-ay) Y (-a)+ 2,k+2(»’>‘—0)z e (32)
J=1lk=1 ¥=1

where & and 3 are the least squares estimators of a and 83, respectively and

. S - . -
ey EH(XH — X)(Xe—r — X), (33)

for j.k =0,1,...,Bp.
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These sample autocovariances are different from (5) in that they all have
(T — By) summands and they do not form Toeplitz matrices, sin¢e for ex-

ample ¢}, and c3, are different. It is not difficult to verify that

0% (1+a)?
T (1+8)

27 f( )
i}

E(cj = 1j-k) = oT™") = +o(T™). (34)

This result shows that all the ¢;; have the same asymptotic biases and this
has to be used instead of (7), valid for moment estimators. Using the fact that

3%- Tienpsléf]’ =0. we can rewrite (32) as

R -n Z( nJl;. (35)
Using (2) we have that
o' =0+ (3-a)) _(-a) ™y (36)

and taking 67 ¢ as a function of &, Fand ¢}y, j=1,.... By, we derive a Taylor

expansion in terms up to second order and obtain the asymptotic bias as

[§]
E(#s—0%) = ";81‘;; +24 +o(T), (37)

where
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= _ple=8p
Al = 1 = (1';6 {1} 1
Ay = 2(“_ QE(!LB) :

An—gz—a(“ A __gia-a)i-a),

(1-3%)(1 - af)
Bla—-38 2
b {"‘ ﬁ))z E(6-a)? .

Br
s = Y (=a)faj = 3 ~ DIEG— a)(co =) -

Brcl Fomdiie
As =Y (—af "' E(3 — B)(cjp — )-

j=1
See the Appendix for details.

The first term in the right-hand side of (37) is the sum of the contributions com-
ing from terms involving the (asymptotic) biases of the covariance estimators.
that is, approximations to E(¢jy —;).j = 0.1,.... The second term includes
two parts: (1) The contributions from the biases, variances and covariances of &
and /3, namely approximations to E(a-a), E(3-8), E(ﬁ-——a)"’. E(3- 8)? and
E(G — a)(3 - B); these can be taken as equivalent (asymptotically) to those
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of the maximum likelihood estimators, as given, for example, in Brockwell
and Davis (1991 Section 8.8). (2) The contributions from the asymptotic
covariances between the c}g 's and & and ﬁ for these there are no closed-form
approximations available, and we may resort to some numerical procedure,
such as the bootstrap, Efron and Tibshirani (1993).

4. Estimation by maximun likelihood

Here we assume that the & are normally distributed with zero mean and
variance 0. Then the likelihood of the observations X = (X;...., X7) is the

function of p, o, @ and 8 given by

L= (2x) 3|12 exp{—%(x — )Y X - )} (38)

where X is the covariance matrix of X,

A convenient way to treat the problem is by using the prediction error decom-
position of the likelihood. This avoids the direct calculation of the determinant

and inverse of the covariance function of X. We can also write

L= (2n0) PP M expl -5 (X~ WP (X - )}, (39)

where ¥ = ¢?P. Maximum likelihood estimators of the parameters are ob-
tained by maximizing (39) over the parametric space. No explicit formulas for
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these estimators are known, not even in the case p = g = 1. For the moving
average case see Cryer and Ledolter (1981) and Godolphin and De Gooijer
(1982). However, asymptotic expressions for the biases of the estimators are
known: Tanaka (1984) and Cordeiro and Klein (1994) give for the ARMA(1,1)
model,

E(a—a)= f'Ti +O(T™), (40)
E(-B) =%+O(T-1). (41)

’___302 -2 : 3
B S+ O0(T~%), if p unknown;
(GarL) = et (42)
—=?-—+0(T‘2). if p=0,

where Ay and By are complicated expressions of a and 3.

The MLE of the residual variance is then

i 1 s b
Uiu, = T(X = #);P I{X - ft). (43)
or
-9 S (.ir.j
i m S (49)
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where S(a. 3) is given by (27) and &, 3 are the values of . 3 which minimize
the reduced likelihood

{nS(a. g

3
if(n.d):—:r,——)-i-il:an{e'J_l)‘ (45)
j=1

In our simulations the program SCA gives the MLE of the variance.

In the case of invertible models (Ja| < 1), and if the determinant of the co-
variance matrix appearing in the Gaussian likelihood function is asymptoti-
cally negligible compared with the sum of squares in its exponeiit, then the
minimization of the sum of squares is equivalent to the maximization of the
likelihood and LS and ML estimators have the same asymptotic properties.
Brockwell and Davis (1991 Section 8.7).

5. Simulations

To verify empirically the conclusions of the theoretical results presented so
far, we report in this section the findings of a simulation study. Twelve sets
of parameters are considered for model (1), with x = 0 and pseudorandom
a; ~ iid N(0,1). Sample sizes T' = 100,200,400 and 1,000 replications for
each case were taken. For the computations we have used the SPLUS and
SCA packages.

For moment estimators, the relation § = —ra/ry yields, for some samples,

values greater than one in absolute value, which violates the assumption of

434

Bias correction for estimators of the residual variance in the ARMA(1,1) model, pp. 1- 40

stationarity. For these cases we computed a restricted estimator, denoted
3 xr» With the results of the first 1,000 replications having || < 1 reported.
The generation of the samples and the computations were done with SPLUS.

For MLE and LSE the simulations were carried out with the SCA package,
“option exact likelihood” and “conditional”, respectively. Conditional LSE
within SCA, denoted 6%, are asymptotically equivalent to our estimators.

Tables 5.1 and 5.2 report the findings. The first shows the models that have at
least one parameter close to the non-stationarity or non-invertibility bound-
aries; the second brings the models for which both parameters are far from

these limits.

In each cell we present the estimated bias (EST. BIAS), the asymptotic
bias (ASYM. BIAS) given by the theoretical formulas (for LS we used the
same formula as for ML), the studentized bias (STU. BIAS) cumpute;d as
(EST. BIAS -ASYM. BIAS)/(ST. ERROR) and finally the standard error
(ST. ERROR) of the estimated bias, computed as s//1,000, where

1000 _
&= Z(bi —5)2/1[}00.

i=1

In this formula, b; = 62 -1, b = 5190 ;/1000 and 67 is the variance es-
timated for each method. For example, for MM estimators, g = Fiatir
i=1,...,1000.

The results of this analysis can be summarized as follows:
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jii.

For the models with parameter values far from the boudaries (Ta.bie
5.2), namely, values with absolute values not greater than 0.5, most of
the estimated biases agree with the asymptotic theory, for all values
of T (|STU. BIAS|) < 2.0. Some exceptions occur for the method
of moments, when 7' < 200 and o near 0.5. For MLE and LSE the
constancy of the biases over changes in parameter values, and their
fit by —=3/T is well supported by our results for all T, and further
|STU.BIAS| < 2. This kind of behavior holds for MM only when
T =400 or a < 0.3.

For the model with a = —0.90 and # = 0.95 (Table 5.1), that is,
values near the boundaries, the results are bad (|STU. BIAS| > 2.0)
for all methods and all sample sizes. Moreover, STU.BIAS tends to be
smaller for MLE.

For the models with only one parameter near the corresponding bound-
ary, the behaviors were different:

a. For a = —0.8 (Table 5.1) the estimated bias of MM does not
agree with the asymptotic theory, even for T = 400. For |a] =
0.9, that 15, very near the noninvertibility limits, all methods
behave badly, for all sample sizes. Sample sizes with 7' > 400
are probably necessary to get better results.

b. The previous behavior does not occur when only || is near

one. The first three models in Table 5.1. indicate that, for
this situation, all methods work well, except LS, for a = —0.5,
£ =09and T = 100.
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iv. The asymptotic bias for the variance estimators are always negative,
for LS and ML methods. The estimated biases in general follow this
pattern, with a single exception for LS (see Table 5.1).

v. Moment estimators, as expected, are more sensitive to values of & near
one, in absolute value, showing disagreement with the asymptotic the-
ory for |a| > 0.8. Moreover, the asymptotic values for MM estimators
are, in most situations, bigger than those for LS and ML estimators.
For some combinations of a and 3 values (see Figure 4), the biases are

positive.

vi. We also notice that the numerical values of estimated standard errors,
for a given sample size, tend to be similar across methods, a trend that

does not hold for estimated or asymptotic biases.

6. Concluding Remarks

In this paper we considered the estimation of the residual variance in the
ARMA(1,1) model. This variance is a nuisance parameter and its estimation
is important because estimators enter into prediction errors, confidence
intervals, tests of hypotheses, spectral estimators and other inferencial

procedures.

In spite of the indicated usefulness, not many results are available about prop-
erties of estimators of the residual variance in ARMA models, except for max-

imum likelihood estimators under normality.

437



Publicaciones - Raul Pedro Mentz

We considered estimation by three standard methods, namely moments, least
squares and maximum likelihood under normality. In the analytical part of
our work we concentrated in the stﬁdy of the asymptotic biases of the estima-
tors by using Taylor-type expansions and asymptotic results in the literature
for means, variances. autocovariances and autocorrelations of linear process-
es. Small sample behavior of the estimators in terms of biases were studied

through simulations.

Method of Moments. For the MM we obtained a closed-form expres-
sion for the asymptotic bias in the estimator defined by (12), namely (21).
which is a function of a and 3 (besides ¢ and T). This expression
is studied graphically in Figure 5 for =09 < 4 < 09 and
selected values |a] = 09, 06 and 0.3. The graphs are of
T (ASYM.BIAS)/o?, and they are computed with the corresponding val-
ue for the ML estimator. namely —3. for all values of the parameters. The
three graphs show that:

i For [a] = 09 and =09 < 3 < 09 the value of T/&g.
ASYM.BIAS is large and negative, indicating an underestimation of

9

a5
ii. For |a| = 0.6 and —0.7 < 3 < 0.7, the above quantity assumes values
which are smaller (around —9), indicating also an underestimation of

a?, but with a smaller bias;
iii. For || = 0.3 and —0.65 < 3 < 0.65, T/o?. ASYM.BIAS assumes neg-

ative values, but very small and often smaller than the corresponding
ML ones.
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The estimated bias of the variance by the method of moments will be always
positive when 3 approaches the nonstationarity limit, || > 0.70, and if a is
away from the noninvertibility region, |@| < 0.70. But this asymptotic bias

will never be positive if both parameters are negative.

For values of |a| not very close to one, |a| < 0.6, we have reasonable values
for the asymptotic biases, when compared with the ML estimators biases,
for —0.65 < 8 < 0.65 (not too close to the nonstationarity region). Figure
6 confirms the above conclusions. When a approaches the noninvertibility
limits, large sample sizes are necessary to give estimates compatible with the
asymptotic theory. In our simulations we showed that the behavior of the MM
estimator is comparable to LS and ML in terms of our proposed figures of
merit, provided both parameters have small values, and T = 400 (Table 5.2).
For |a| > 0.8 (Table 5.1) samples larger than 7 = 400 are necessary for all
estimation methods work properly. This important and not well known fact

holds independently of the values of 3.

Least Squares. Our analysis for the LS estimator is less complete. We
obtained an asymptotic closed-form representation of the estimator, namely
(35) and an asymptotic closed-form expression for the bias, namely (37), for
which we lack analytical approximations for the covariances between the sam-
ple covariances and the estimators of the parameters. We performed some
simulations with LS estimators available in standard computer programs, and

found that their behavior is reasonable.
The simulations confirm expected results, that ML and LS estimators perform

better than MM or that better fits are obtained for large sample sizes. The fit
of the simulated results is much better for ML and LS than for MM procedures.
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In conclusion, correction for biases when using ML estimators is simple, since
the correction does not depend on the values of the model parameters. For
LS and MM estimators the correction will include a more complex function of
all parameters, which, in practice will have to be estimated. We should also
expect considerable biases near the limits of the admissibility regions for MM

estimators.
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Appendix
Al. Proof of (21)

Expression (12) gives a formula of 62 as a function of ¢p.& and 3, and is
the sample analog of ¢ defined in (2). We now consider (20): E(co — 7o) is
given by (11) and the expectations E(a — a)'(;’; — 3P, for0<r+s<2are
given by (15)-(19).

The necessary inputs to apply formulas (15)-(19) are:
(a) Calculate the first and second-order derivatives of a and 3 with respect

to pi; this can be done by (13) where p, = F(a.3).p2 = G(a.B), s0 @ =
I(Plusz!.S = !}({)1._,02).
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Denoting the various derivatives with subindices, the first and second-order

derivatives of the inverse functions f and g are determined by the matrix

relation AB = I where

F B Ry Ry Fy Fo
Gy G Gun Gip Ga G2
A_|0 0 B ER BR B
{0 0 RG FGy FG, FG,
0 0 GF GE GF GR
0 0 G GG GG G
and
h o lun fu fa fao
1 92 gu iz 4z 923
g=|? O f hf kA f
|0 0 fAg fig S fage
0 0 gfi afp @h 9f
0 0 ¢ 9% 20 %

The results can be checked by repeated application of the chain rule.
(b) From (9) and (10) evaluate E(r; — p;), E(r; — p;)%j = 1,2 and

E(ry — p1)(r2 — pa).

In (20) it remains to evaluate E(co — 70)(d — ) and E(cp — 70)(3 = 3). From
(13) we can expand (& — a) in a Taylor expansion up to order O(T~') and

multiplying by (co — 7o) we have that, to this same order,
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— )@ —a) =~ (e —)(ry — p1 ) —70)(r2 — p2)cea. ; B x ]
(co = 70)(& = a) = (g = 70)(r1 — 1)1 + (o = 20)(r2 — p2) 2 T o i d)i(+d)3“1c;0 —(B=d) ¥ (~ap
=1 j=1

Also,
Hence, an expansion of up to second order terms leads to

= ps = =(co=70)7i/% + (0= 20)* %/ +75 (¢ = 1) =15 *(co = 0) (€ — 1) ,
X 7 1010 1 0\ 7 0 1 ] { E(&E3—02)=E(C(;o—']!uJ-f‘BE(&-O)‘i‘CE(ﬂ—B)
and finally
Br By Br N
0 1 +3D,B(cjy - ) + 3. MiE(elo — )& — @) + 3 FE(B — B)(c5o — )
E(co — 0)td —ﬂ)=[?E(cﬂ—70}2+75(q>—”r|:)(61 —m)léy i = et
0 10
(A.1)
= 1 : .
+[?E(Cn-'m)”+ :};E(m =) (e2 = 7)]az +o(T), +GE(& - a)(B- ) + éE{d —al+o(TY), (A.2)

which can be evaluated using (8). where the needed derivatives are
The same procedure is used.to find an entirely similar expression for E(cy — | 502 Ba? dc?

A , o
%)(8 = ), replacing in (A.1) &; by B;,i = 1,2. _ Sl B

0)( ), replacing in (A.1) & by 8,1 = 1, %o a0 = o
Finally, substituting all these expressions in (20) leads to (21).
| 2,2 2,2 o2 502
.E Jn'“{j='aaer=aUrG=_?’_r :_i')'
A.2. Proof of (37) | Oady; 080; 0ad3 da®
By (35) and (36) we have that Replacing E(c}, = 7j-x),5. k =0,..., By, we obtain (37).
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Note: The computations were done with the Mathematica program (Wolfram,

1988).
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Figure 3

Bias correction for estimators of the residual variance in the ARMA(1,1) model, pp. i- 40
Figure 5

(T/0*) Asym. Bias for MM Estimators in the special case of a = 3.
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Figure 6

(T/d®) Asym. Bias for MM, Estimators for |a| < 0.6 and |8 < 0.65.
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Robust estimation in time series
Ratil P. Mentz and Carlos I. Martinez

Facultad de Ciencias Econdmicas
Universidad Nacional de Tucuman and CONICET, Argentina

Abstract

The main purpose of this work is to study empirically by means of simulations, the
robustness of a set of proposals to estimate the parameters in the MA(1) time series
model. The non-normal populations are mixtures of normal distributions, defined
by g(z) = pN(0,k) + (1 — p)N(0,1), where the proportion of contamination most
frequently used is p = 0.10 and k is the variance of the distribution used in the
contamination; & is taken to be 0.90, which is close to the region of non-invertibility.
Key results are that the estimation procedures used in the study provide good
results in terms of biases in the estimation of the parameters, and that the biases are
not changed when contaminated errors (mixtures) are considered. The estimation
of the variance of the contaminated errors is also studied through simulations.

Key Words: Maximum likelihood estimation, contaminated errors, robustness,
estimation of error variance, biases. .

AMS subject classification: 62M10, 62F35

1. Introduction

Many estimation procedures used in time series analysis are deduced under
restrictive assumptions. For example to estimate the parameters in ARMA
models, frequently it is assumed that errors form a white noise process:
they are independent (or at least non-correlated), with constant expected
value (usually taken to be 0), and constant, finite variance. Under these
assumptions, or similar ones, they are used computationally and their basic
theoretical properties are studied; this applies, for example, to the method
of moments or similar procedures (Burg's algorithm, for example), or some
version of the least squares procedure.

“Correspondence to: Rail P. Mentz, Casilla de Correo 209, (4000) Tu-
cumdn, Argentina, Fax 54 (381) 4364-105, phone 54 (381)4364-093. E-mail:
rmentz@herrera.unt,edu.ar
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With the additional assumption of normality, the method of maximum
likelihood is frequently considered. Experiences in the use and analysis
of this procedure are in general positive: asymptotic results are known
covering various types of investigations, and studies conducted through
simulations have frequently shown that the asymptotic results can be used
with moderate and even small samples. In general, simulation studies use
values generated by normal distributions.

The assumption of normality is often too demanding for applications.
Several approaches have been used in the literature to deal with departures
from this assumption in the case of ARMA models. We shall briefly review
some of them.

One possibility is to apply methods to deal with outliers. The pres-
ence of outliers is an indication of the normality of the series. Fox (1972)
discussed the idea of additive (AO, Type I) and innovations (I0, Type II)
outliers. The former are the effect of external or exogenous causes and
the latter of internal or endogenous causes. Chang et al. (1988) used the
technique of intervention analysis (Box and Tiao (1975)) to deal with both
kinds of outliers. Pefia (1990) dealt with measuring the influence of outliers
(Cook and Weisberg (1982)): in this approach observations are deleted and
the effect of such deletions on the estimates is measured: a high influence
means that the deletion strongly affects the estimates.

The treatment of outliers can also be approached through the use of ro-
bust statistical procedures. An exposition is Martin (1980) who dealt with
autoregressive models. The basic idea is to replace the common weighting
schemes (quadratic or absolute value), by more elaborate ones. A collection
of these procedures is in Andrews et al. (1972), as will be discussed below.

Another approach is to use for the error term some non-normal distri-
bution. Tikku et al. (2000) considered autoregressive models with errors
terms modelled by a symmetric family of distributions, namely Student’s
t. These are known to have heavy tails for small degrees of freedom. These
authors derive a modified maximum likelihood estimation procedure and
show that it has good properties in estimation and testing problems.

An alternative related to the previous paragraph, is to use mixtures
of normal distributions as models for the error term. In the frequently-
quoted study Andrews et al. (1972), the behavior of a collection of as many
as 68 point estimators of location was studied, but not in the context of
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time series. These authors used simulation and considered a wide variety
of distributions. In particular, they used mixtures of normal distributions
with equal expected values and differing variances, which are known in the
literature as robustness models (Lindsay (1995), Section 1.3.12, Aitkin and
Tunnicliffe (1980)).

In the present study we consider the first order moving average model
with errors generated by robustness models. Through simulations we com-
pare an iterative estimation procedure presented in Anderson and Mentz
(1993b) with methods available in five well-known computer programs. Our
main objective is to evaluate whether the use of mixture in the error term.,
affects the outcome of the procedures by introducing biases in the estima-
tion of the moving average parameter.

2. The first-order moving average model and mixtures of
two normal densities

The MA(1) (first-order moving average) model assumes that an observable
time series y; is generated by

Yt =1 +c‘ﬂf—17 (2.1}

where the u; are Gaussian white noise, that is, independent N(0.¢?) ran-
dom variables. Instead of the parameters (a,0?), often the pair (a9, p)
is considered, where oy = ¢2(1 + a?) = E(y?) is the variance of y;, and
p = a/(1+a?) = E(yy-1)/E(y?) is the first-order autocorrelation co-
efficient. The relation between these parameters is p = a/(1 + o®) and
a = {1-(1-4p*)"?} /(2p). The invertibility regions are |a] < 1 and
lp| < 1/{2cos[x/(T +1)]} (Anderson and Takemura (1986)). In general r
is used to designate an estimator of p. The results are given in terms of p
and only by exception in terms of a.

Instead of normal errors we consider the mixture of two normal den-
sities, with the same expected values and different variances: N(6,0%) y
N(0,ka?), where k > 0. Following Lindsay (1995). we write the mixture as
PN (6,ka®) + (1 - p)N(6,0?), where 0 < p < 1. Without loss of generality
we take§ =0yo=1.

The simulation procedure consists in generating pseudorandom inde-
pendent numbers, uniformly distributed on [0, 1], and to consider this in-
terval divided by p. The experiment is interpreted as the selection of the
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0.45
. ; 0.40 | NO.1) l
N(0,k) density with relative expected proportion p, and density N(0,1) 5 i
with relative expected proportion 1 — p. When p is small, this is a model D‘m_ ek
for the generation of a proportion p of outliers. it
Hence, the model density can be written as 020
T -
k) = expi—=—¢++ (1-p)—¢ {*—-}: ]
g(z:p, k) P 13{ 2!:} ( p)m Xp g % | =
—00< T < 00 (2.2) 000 ———r )

W04 Ba4 A0S 4EEE S
where p and k are the model parameters.
Figure 1: Comparison of the densities N(0,1) and N(0,5) with the mixture

The central moments of this density are obtained by integrating over z, 0.5 N(0,1) + 03N(0,9).

so that they “may be expressed as weighted sums (using the same weights)
of the expectations calculated using fixed numbers” (Andrews et al. (1972),

Section 4D3). Hence, the density 2.1 has 0 expected value and variance 045

f 0,40 ND,1)
Var(X) = B(X?) = pk + (1 - p) (2.3) i 035 wvevra).1 N0,9) + 0.9 N0, 1)

- 0.30

depending on the sampling fraction p and the scale factor k. i 0.25 1
| 0,20 1

Given that the selection of the uniform random variables is done inde- il

pendently, it follows that the random variables with the mixture distribu- #id d

tion are also independent. In the time series terminology, if X; denotes the : 0,05 |

stochastic process generated in the indicated way, it constitutes a white { 0.00 ¥ - . . - ~ v

noise process: independent random variables with 0 expected value and {

constant variance pk + (1 — p). '
ph+(1=7) ! Figure 2 Comparison of the mixtures used in Table 1. N(0,1) and mixture

Following Andrews et al. (1972) (Section 5.4, Table 5-2), we take k = _ 0.1 N(0,9) + 0.9 N(0,1)
1,9 and 100: the first value gives random variables which are indepen-
dent and identically distributed N(0,1), and the other two correspond to

standard deviations of 3 and 10, respectively. 3. Estimation procedures in time series analysis

In Figure 1 three densities are compared, namely: the standard normal
N(0,1), t‘hc mixture 0.5N(0,1) 4+ 0.5N(0.9) (which has variance t.ec.lual to In terms of the parameters of the MA(1) model, the likelihood function of
5, according to (2.3)), and the N(0,5) density. The three densities are 8l vector of oheervations § = (g1, Yo} B
symmetric with respect to 0, but while the first and third ones are normal, i
the mixture is clearly non-normal, has “heavy tails”, that is to say, it assigns
high densities to values far from its 0 expected value.

L{0o0,p) = (2r00) T2 |R|™? exp {~y'R~'y/(200)} (3.1)

where R is the T x T" autocorrelation matrix: R = I + pG, and G has 1's

Figures 2 and 3 compare de N(0, 1) density with mixtures having k = 9 ik
in its two diagonals adjacent to its main diagonal and 0's elsewhere.

and k = 100 respectively.

460 461



Publicaciones - Rail Pedro Mentz

Robust estimation in time series, pp. 385- 404

045

—MN{0,1)

0,40 +
0,35 4
0,30 A
025 4
0,20 4
0,15 4

<= v=es 0,1 N0,100) 4 0.9 NO,1)

0,10 4
0.05 4

0,00 7 T T T T T 7
4 -3 -2 -1 0 1 2 3 4

Figure 3: Comparison of the mixtures used in Table 1. N(0,1) and mixture
0.1 N(0,100) +0.9 N(0,1)

One iterative estimation procedures, identified as FORMI, is written
= i~1) (i~ i-1) (i~ 1) E=1) g
PORM1 : {5 - e} = g Vol V-5, (3:2)

where R -
g =y R56hy, (3.3)

are quadratic forms, and

i-1 - k X
o =trR7Le (3.4)

are traces. The computational details and other analyses of this proposal
can be found in Anderson and Mentz (1993a).

This iterative procedure is derived from the normal likelihood function
when the method of scoring is used in the expansion of the log-likelihood.
Other procedures are derived in Anderson and Mentz (1993b) by expanding
the log-likelihood by the Newton-Raphson method, and also by using the
two expansions with the concentrated likelihood functions. These proce-
dures are mathematically equivalent, but they lead to different estimating
equations, and hence often to different values of the estimates.

The estimation procedure defined by (3.2), (3.3), and (3.4) was com-
pared in a simulation study with the following five:

1. BMDPCls. (Cls stands for conditional least squares) This is a prelimi-
nary estimation procedure, a variant of the method of moments, available

462

in BMDP (1990). The estimate of the main parameter minimizes the sum
of squares appearing in the exponent of the Gaussian likelihood function,
assuming certain initial values for the error terms. See Box and Jenkins
(1970)(Chapter 7).

2. BMDPBak. (Bak stands for backcasting) In the previous procedure,
the term corresponding to the Gaussian likelihood function is omitted. In
the present one the full expression is considered. The initial values are not
assumed to be fixed values, but they are “forecasted”: this originates the
expression backeasting (back-forecasting).

3. S-PLUS. Estimation procedure available in the package with this name.
The procedure minimizes a likelihood function conditional on a set of initial
values (Venables and Ripley (1997), Section 15.2). The program includes
a set of alternative computations for the case of missing observations.

4. ITSM. (Interactive Time Series Modelling, Brockwell and Davis (1991)).
This package includes two types of estimation procedures, preliminary and
final, and this in turn can be least squares or Gaussian maximum likelihood:
we only use the latter. The maximization is done by using the “innovations
algorithm”, which is a recursive procedure to compute the one-step ahead
predictors and their mean square errors.

5. MINITAB. Estimation procedure for time series that follow an ARIMA
model. MINITAB (1996).

The iterative procedure defined by (3.2)-(3.4) was studied by means of
simulations in Anderson et al. (1996). In this paper the procedures men-
tioned above, were compared with the preliminary estimator of p given
by the first-order sample autocorrelation r, and with the preliminary es-
timation procedure BMDPCls. Considering only pseudorandom normal
numbers, the study by simulations detected that (3.4) operates quite sat-
isfactorily for T = 100 when a = 0.30, a value not in the non-invertibility
region given by |a| > 1; in this case, (3.4) substantially improves the simple
estimator r, and BMDPCls provides results of a quality comparable with
(3.4). However, when a = 0.90,T = 100 was insufficient to justify the
use of the asymptotic approximations known for the estimators and their
standard errors. T = 250 was used and the fit to the asymptotic theory
improved considerably. In the analysis the use of standard errors coming
from the asymptotic theory was emphasized, as a means of evaluating the
statistical significance of the simulation results; n = 100 replicates were
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done in each case. 4.2. Structure of table 1

The present paper has a structure similar to that in the cited publica- B o i h e
tion, but here non-normal errors in model (2.1), generated by mixtures of Considering ry,i = 1,2,...,n, the values coming from the n repetitions,
normals as defined in (2.2) are used. Table 1 contains in its columns: (1)m = m(r) = Y i, ri/n, the estimates

average, whose estimated standard error is s//n, where s is in column (4);
(2) bi(r) = m~— p, the average bias, whose standard error is also s//n, and

4. Description and analysis of the results is included in this column; (4)s = s(r) = {T0, (i — m)/(n — 1)}1{2,
the standard deviation of the r;, whose estimated asymptotic standard
. : . o
4.1. Simulation design error is 5/ {2(n — 1)}112; (5) asm(r) = {T—l [1 '02]3/ [1 _mg]q} / e
We consider samples sizes T = 100 or 250 and repetitions n = 100 or estimated asymptotic standard deviation of r; (6) rsp(r) = s/as(r), the
500. We take the pair (T,n) = (100,500) as an example empirical standard deviation of the r; divided into its asymptotic standard
; i) = ; i

deviation, whose estimated standard error is the standard error of r divided
by the value of (5); (7) mse(r) = s*(r) +bi*(r), the estimated mean squared
error. The average estimate of a m(a), is also reported.

To generate the MA(1) observations with errors defined by (2.1), for
each repetition the following steps produce the desired result:

1. Generate independent pseudorandom N (0, 1) numbers, by using Wol-

In columns (2) and (3), dividing the average estimates by their esti-
fram (1991). These are denoted uy, ua, ..., %100-

| mated standard errors, we obtain asymptotic tests of the null hypothe-
9. Generate a value j from the uniform distribution on (0,1). | ses that the true values are 0. For example, in the case of FORMI and
k = 1,bi(r)/ {s/\/n} = —0.00093/0.00040 = —2.325 indicates that for this
sample of n = 100 replications, the bias is not significantly different from
4, Model: y; = zf +0zf_;, i=1,2,..,100. 0 at the 1% level. In column (6) we are interested in knowing if the sam-
ple quantities differ significantly from 1; for example, for BMDPBak and
k = 1,(1.01029 — 1)/0.00432 = 2.381, which means that the hypothesis

6. Repeat n = 500 times. that the ratio does not differ from 1 is not rejected: the estimated standard

To approximate the idea of independence, between each set of 7' ob- deviation does not differ significantly from its asymptotic value.
servations, 50 were discarded. With a given set of g's, all the estimation
procedures were applied; this design tries to control variability, at least in
part: if the numbers were changed from the calculations for one method
to the next one, differences due to these numbers will be added to the
simulation process itself.

3. Transform by defining 2{ = VEu;, ifu; < p, 2f=uw ifuw > p.

5. Use the y; to estimate the parameters of the MA(1) model.

4.3. Numerical results

Numerical results coming from simulation experiments are summarized
in Table 1, which follows the structure described in Subsection 4.2.
Calculations were done for three values of k, the variance of the contam-

The table has three parts, for k = 1,9 and 100, respectively. In each
inating distribution N(0, k). We choose k = 1,9 and 100, as was indicated

part the following elements remain constant: (1) The MA(1) parameters,

in Section 2. in particular a = 0.90, to which p = 0.49724 corresponds; (2) Sample size
In the following subsection we describe the structure of Table 1, which T = 100; (3) The number of repetitions, n = 100, and (4) The contamim%-
contains many of the basic findings of our simulation study. ! tion proportion p = 0.10 which is adequate for a robustness study, and is

frequently used as such in the literature.

. Results are given as functions of p and its estimators (denoted in general
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Parta. k=1

(1) [E3] (3) (1) (5) (] M)

mia miri=m bi(r) rhi(r) s(r) asmir) rsa(r) sl

059739 FORMI 048631 -0,00083  -0,00187  0,00396  0,00264 1,50644 0,0030:3
0,00040  0,00080  0,00028 0,00670

0,91832 BMDP Bak 0,49740 0.00025 0,00050 000255  0,00183 1.01029  0,00280
0,00026 0,00051 0,00018 0,00432

0.88043 BMDP Cls 0.49451 -0,00273 -0,00548  0,00628 000338  2,48458 0,00356
0,00063 0,00126  0,00045 01063

090426 S5-PLUS 049671 -0,00053 -0.00106 000202 000236 1,15699 0,00240
0,00029 0,00059 0.00021 0,00485

0,590410 ITSM 049671 -0,00053  -0,00107  0.00264 000236 1,16131 0,00240
0,00029 0,00059 000021 000487

0,91321 MINITAB 0,49727 0,00003 DO0006  0,00273  0,00201 1,079649 0,00276
0.00027 000055 0,00019 000462

Parth. k=9

) (2) (3) () (5) (4] ]

mfa) mr rbi(r) s(r) asmi{r) rsn(r) mae(r)

0,505289 FORMI 049705  -0,00019  -0,00038 000262 0,00220 1,03480 000243
0,00026 0,00053 000019 0,00443

0,92470 BMDP Bak 0, 49780 0,00056 0,00113  0,00228 000160 090324 0,00285
0.00023 000046 0,00016 0,00387

0,88587 BMDP Cls 049492 -0,00232 -0,00467 0,00540 000313  2,13731  0,00308
0,00054 0,00109 000038 0,00815

091278 S-PLUS 049713 -0,00011 -0,00022 000266 0,00203 1,05136  0,00255
0,00027  D,00053  0,00019 0,00450

091228  ITSM 049712  -0,00012 -D,00024 0,00267 000205 1,05428 0.00254
0,00027 0,00054 000018 0,00451

0,92043  MINITAR 0,49758  0,00034  0,00068 0,00256 000175 101198  0,00200
0,00026 0,00051 0,00018 0,00433

Part e. k =100

(1) (2) 4 (4) (5) (O] (7)

m(n) m{r)=m hir) rhifr) s{r)  asm(r) rsa(r)  mse(r)

001111 FORMI 049708 -0,00016  -0,00032  0,00289  0,00209  1,14333  O,00273
0,00029 0,00058  0,00021 0,00489

0,93017  BMDF Bak 049790  0,00066  0,00133 000238 000142 094122  0,00304
0, 00024 000048 D,00017 0,00403

0,89318 BMDP Cls 049394 -0,00330  -0,00665 001617 0.00281 G,39648 001287
000162 0,00325  0,00115 002737

091583  S-PLUS 049724 0,00000 0,00001 0,00284  0,00191 1,12333 0,00284
0,00028 000057  0,00020 000481

0,91562 ITSM 0,49723  -0,00001 -0,00001 0,00285 000192 1,12844 0.00285
0,00028 0,00057  0,00020 0,00483

0,92601 MINITAB 049772 0,00048 0,00087 0,00268  0,00156 1,05984 0,00316
0,00027 0,00054 0,00019 0,00454

Table 1: Simulation results with the MA(1) model with parameter a = 0.90,
(p = 0.49724), T = 100, contamination of p = (.10, and 3 values of k

by r). Estimation results in terms of a are also presented to facilitate
understanding.

Each part has 6 rows corresponding to the estimation procedures. The
contents of each part was described in Subsection 4.2.

The main observations coming from the analysis of this information,
are the following:

1.Bias in the Estimation of p. Column (1) contains the estimates aver-
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age of p, column (2) the bias in the estimation of this parameter and (3) the
relative bias. In column (1) we observe that the 5 procedures, except for
BMDPClIs, show non-significant biases, since these biases, divided by the
corresponding standard errors (printed in parenthesis) are (approximately)
less than 2. BMDPClIs shows a significant bias, which is in agreement with
its condition of being a preliminary estimation procedure.

These remarks are valid even when errors contaminated with N(0,9)
and N(0,100) are used.

It is interesting to note the proximity of the results obtained by use of
the programs S-PLUS and ITSM. This is understandable, since maximum
likelihood estimation procedures to be used with ARMA models are widely
available in the current literature.

In conclusion, the 5 programs provide good results in terms of biases
in the estimation of p, and these biases do not change when we consider
contaminated errors (mixtures) in the MA(1) model.

2. Estimating the Variance of p’s Estimators. Column (4) contains the
estimates of Var(r) for the given methods. These values can be compared
with those coming from the asymptotic theory, as given in column (5).
There exists a clear similarity between these two values, except in the case
of BMDPCls (which was already discussed) and for FORM1 when k = 1.

The standard error of s(r) in column (4) is computed, as indicated in
Subsection 4.1, by means of the asymptotic expression s/+/2(n — 1). For
k = 100 and FORM]1, this ratio is 0.00021, which is exactly the value in
the table. In general, except for BMDPCIs, the asymptotic approximations
work very satisfactorily, with or without contamination.

To complete this section, we now ;:'ompare the results obtained in An-
derson et al. (1996) with those in the present paper. Table 2 summarizes
these results.

We observe that the estimates coming from FORMI are, in general,
smaller than those of the other methods. This is due, in part at least, to
the fact that this procedure, being an exact maximum likelihood, forces the
estimates to be less than 1 in absolute value. This, in turn, comes from the
fact that the likelihood function takes the same values in a given value of
a and in its reciprocal. See, for example, Anderson and Mentz (1980).

Results in Table 2 show that the pairs of columns are quite similar,
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MA(1), @ = 0,90 (p = 0.49724), T = 100, = 100,k = 1

k=1
Figures of Merit FORM 1 BMDP Bak N Tep T _a p  HHCE (SRS S e
2 . T 100 100 090 0.0 1.0442 L0081 10014
This Paper Anderson This Paper Anderson (0.1711) (0.1596)  (0.1573)
M(r)=m 049631 049682  0.49749  0.49750 TR 0o G
Bi(r) -0.00093  -0.00042 0.00025  0.00026 3 500 20 090 0.0 10139 0.9052
(0.00040)  (0.0041)  (0.00026) T T —TT5 (ﬂﬁﬂgg.f; tﬂ-ggggl
Rbi(r) -0.00187 -0.00084  0.00050  0.00052 oy (0.1337) (0.1336)
(0.00080) (0.00082)  (0.00051) | 020 (Dnim (oui?s?
S(r) 000396 000406 000255  0.00367 530 £.0004 o
(0.00028) (0.00029)  (0.00018) 4 b (Ris
Rsa(r) 0.00264  0.00282 0.00183  0.00234 ; (0.1441) (0.1422)
Mse(r) 1.56644 1.605 1.01029 1.452 0 et epia
0.1466 0.1461
(0.00670)  (0.115)  (0.0432) o e e
(0.1287) (0.1286)
5 100 100 040 0.05 1.0200 1.0163
Table 2: Comparison between simulation results in the present paper and those 0.10 wif::g; mi:;’m
in Anderson et al. (1996) (0.1484) (0.1483)
0.20 0.9774 09743
(0.1342) (0.1335)
except for the estimated mean square error for procedure BMDPBak. A - (e!iﬁ? (o%iua?;r!;
consequence of this similarity, is that in both works, biases and relative 0 (ulil-]iiazg) w‘ﬂg;
biases in the estimation of p are not significantly different from 0. The 0.50 0.9683 0.9648
differences among estimated means square errors are due to the differences P (D168 o
among the estimates of variances, since the contributions of the squared : (0.1582) (0.1570)
biases are small. =
N° Rep T & __p _ BMDP(CLS) BMDP (BAK) _ ITSM
. T 100 100 000 0.0 1.9086 20002 1.8302
4.4. Other numerical results (0.568) (vsy (054
2 500 100 090 0.10 18544 17844
i (0.5038) (0.4838)
Table 5 is similar to Table 1, except for the following: (1) Only 4 programs 3 500 250 000 0.0 1.8267 17964
were analyzed, since BMDPCls was excluded (its behavior was inferior to 50100040 0.0 (ﬂfgg;% (nf:;,?;
that of BMDPBak), and ITSM (it was similar to S-PLUS, which is easier to (Ot} {a00)
use computationally); (2) a = 0.90 (p = 0.49724) were used again, sample - (Ug-lliisﬂgl) tﬂzbi“-'?}
size T' = 100 and three values of k (1,9 and 100); (3) n = 500 repetitions U 8. 6s) S50
were done and the contamination percentage was p = 0.50: this value is 0.40 (ﬂfgggg wf;nb:z)»
not associated with the usual ideas in robustness studies, but it was used oo i‘-;’(‘;':;‘} U;'gi‘ﬁ
as an extreme value to analyze its effects on the results. . (0.9219) (0.9170)
h . , 0.75 6.9365 68488
A comparison of the results in Tables 1 and 5 is made in Table 7. The {1.1903) (1.107)
main observations stemming from this table are the following. K

1. Estimates coming from FORM] are in general smaller than those of Tuble 3: Si ; i ik i A Jat kit '
ik tther methods. See S benction 42 nble 3: unm'ut.u‘m results W.lt ) the MA(1) model, estimation of the variance of
the error term defined as a mixture: average and standard deviation.
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Table 3. Continued

Robust estimation in time series, pp. 385- 404

N° Rep T _a p BMDP(CLS) BMDP (BAK)  ITSM
5 100 100 040 005 14578 1.4535
(0.4370) (0.4377)
0.10 1.8581 1.8523
(0.5011) (0.5000)
0.20 25462 2.5383
(0.6137) (0.6130)
0.30 34686 3.4549
(0.7846) (0.7794)
0.40 4.3017 4.3681
(0.9300) (0.9200)
0.50 4.8003 4.7832
(1.0838) (1.0831)
0.75 6.9926 6.9545
(1.2268) (1.2180)
k = 100
N° Rep T a p BMDP(CLS) BMDP (BAK)  ITSM
T 100 100 0.0 0.10 11.6665 11.2029  11.2742
(6.2579) (6.1470)  (6.0732)
2 500 100 0.0 0.10 11.1083 10,7577
(5.4224) (5.3152)
3 500 250 090 0.10 11.0699 10.9078
(3.2999) (3.2530)
4 100 100 040 0.05 6.4369 6.4230
(4.6777) (4.6791)
0.10 11.4051 11.3766
(5.4712) (5.4687)
0.20 20.4162 20.3548
(6.8408) (6.8412)
0.30 31.4441 31.3293
(8.9559) (8.8902)
0.40 42,6038 42.4690
(10.4204) (10.3216)
0.50 48.4238 48.2631
(12.2090) (12.2041)
0.75 74.9865 74.5799
(13.6208) (13.5185)
470

sty

N Hep T o p _ DMDP (CLS) BMDP (BAK)  ITSM
T 100 100 0.90 0.10 1.0442 10081 L0014
2 500 100 090 0.10 1.0367 0.9964
| 500 250 090 010 1.0139 0.9952
4 100 100 040 010 0.9805 00861

0.20 0.9946 0.9914

0.30 1.0085 1.0055

0.40 1.0051 0.9999

0.50 0.95875 0DO9841

0.75 0.9634 0.9609
5 100 100 040 0.05 1.0200 1.0163

0.10 1.0203 1.0161

0.20 0.9774 0.9743

0.30 1.0055 L0015

0.40 1.0239 10180

0.50 0.9683 0.9648

0.75 1.0157 1.0107
k=9
N° Rep T @& p _ BMDP (CLS) BMDP (BAK)  ITSM
1 100 100 090 010 1.9086 2.0092 18302
2 500 100 090 0.0 1.8544 T.7844
3 500 250 080 010 1.8267 1.7964
T 100 100 040 0.10 1.8205 1.5295

0.20 2,5811 25811

0.30 3.4589 3.4450

0.40 4.9258 4.9052

0.50 5.0561 5.0444

0.75 6.9365 6.8488
a5 100 100 040 0.05 © 1.4578 14535

n.1o* 1.8581 1.8523

0.20 2.5462 2.5383

0.30 34686 3.4549

0.40 4.3917 43681

0.50 4.8003 4.7832

0.75 6.9926 6.9545
k=100
N° Rep T @ p _ DBMDP (CLS) BMDP (BAK) _ ITSM
1 100 100 090 010 11.6665 11.2929 11.2742
2 A00 100 0590 0.10 11.1083 10,7577
3 500 250 0.0 0.0 11.0600 10.9078
44 100 100 040 0.05 6.4369 64230

0.10 11.4051 11.3766

0.20 20,4162 20,3548

0.30 J1.4441 31,3203

0.40 42.6938 42,4600

0.50 48.4238 48,2631

0.75 74,9865 74,5799

Table 4: Simulation results with the MA(1) model, estimation of the variance of

the error term defined as a mixture; summary of average estimates.
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Parta. k=1
s m 2) (3 1) 6] (6) [ 4] 4 ; s 5
mie) mir)=m bi(r) hi(r) a(r)  asm(r) _rsa(r) mse(r) that we consider are mixtures of normal densities, defined in general by
0,90230  FORMI 0,4U641 -0,00088  -0,00166  D,00457 0,00109  3,03951  0,00374 g : : -
0.00020  0.00041  0,00014 ot g(x) = pN(0,k) + (1 — p)N(0,1), where the contamination proportion is
091847 BMDP Bak 049722 -0,00002 -0,00003 0,00411 0,00081 3,63660 0,00409 | o 7 A i
D008 000087 | G000 .. taken to be p = 0,10 or 0.50, the variance of the contaminating normal
0.5907T67 S-PLUS 0,49638 -0,00076 -0,00153 0,00472 0,000 i | i X » E 4 )
§ 0,00021  0,00042 000015 e distribution k = 1,9 or 100 (Andrews et al. (1972)), and the estimation
MINITAB 0,48709 -0,00015 -0,00029 0,00432 0,000 3877 o,0041 e W < ) X
o 000019 0,00039 _ 0,00014 0.00325 procedures are Cls (conditional least squares) and Bak (“backcasting”)
of BMDP (BMDP (1990)), SPLUS (Venables and Ripley (1997)), ITSM
Partb. k=9 3 y
T €] ()] @ )] (03] ) . > 0
m(x) m!r).—l:.n:: bilr) rhi(r) s)  asm(r) _ma(r)  mae(r) (Brockwell and Davis (1991)) and MINITAB (MINITAB (1996)).
090505  FORMI 049661 -DO00G3 000120 000420 000108 316011 D,00364 o :
0,00019 0,000 N : ! L . 5 i i
092158 BMDP Bak 049740  0,00016 g.nnnag 0,037 000076 347258 0,00403 i lc other COIPpon:'ntb of the simulations Prograﬂt:lal‘& the MA(1)
0.00017 L0003 0.00012 i n = .
090920 S-PLUS 0AU670  -0,00054 -000108 000426  0,00007 377224  0,00873 mode paramet[:l.' is taken to be a = 0.90, 'except m ']E‘a 95‘3‘a'.nd 4 where
Gguoie e 0le0s s a = 0.40 : 0.90 is a value close to the region of non-invertibility (o] < 1
0,91869 MINITAB 0,49725 0,00001 0,00002 0.00412 0,00081 3.64629 0,00413 £ £ i ; 4 . >
000018 _ 0,00037 0.00013 0.00311 for the MA(1) to be invertible into an infinite autoregression), sample size
Part . k=100 is T' = 100, while some partial experiments were done with T = 250, and
(6] @ (€] @ 75 (] ™ f e
m(a) m{r)=m bi(r) thi(r) s(r)  wsm{r)  rsa(r)  mse(r) the number of repetitions is n = 100 or 500.
090501 FORMI 0,49668  -0,00055  -0,00111  0,00378 000104 334737 0,00323
5 2 0,00638 - » x % =
oo SDRBR S Oy 3333:1 0003% 000072 296039  0,00363 The results obtained in the estimation of a or p are presented with
0,00015 0,00030 0,00011 0,00564 . . . . o o " ;
091084 S-PLUS 049686 -0,00038 -D,00076 0,00370 0,00094 3,27483  0.00332 the format designed in Anderson et al. (1996), which is a simulation study
0,00017 0.00033 0,00012 0,00624 57
092080 MINITAB 049739 000015 000030 0,00354 0,00078 3,13142  0,00369 using only FORM1 and BMDPBak.
000016 0,00032 0.00011 0,00267

The empirical results (Table 1) show that the programs (except for

Table 5: Simulation results with the MA(1) model with parameter & = 0.90 (p = BMDPClIs, as expected) give satisfactory results in terms of biases in the
0.49724) T = 100,n = 500, contamination of p = 0.50 and 3values of k estimation of p, and that these biases do not change when contaminated
errors (mixtures) are used in the MA(1) model. These results are compared,

partially at least, with those in Anderson et al. (1996), having found a great

2. For p = 0.10, relative biases are non-significant at the 5% level, in deal of similarity among them, also as expected (Table 2); this similarity
all cases of Table 7 (which includes the two columns headed this paper in exists even when the sources of generation of the pseudorandom numbers
Table 1), except FORM1 when k = 1. are changed.

3. Estimates of S(r) range from 0.00228 to 0.00292 for all procedures Since the error variance changes when we consider different mixtures,
and values of k, except that FORM1 has the value 0.00396 for k = 1. and is given by Var(u) = pk + (1 — p), Tables 3 and 4 show the results

of some experiments done with BMDPBak. This procedure is selected
because it provides complete results, and it improves the estimation by
BMDPClIs. The following values are taken: a = 0.40,T = 100 or 250,n =
100 or 500 and p = 0.05,0.10,0.20,0.30,0.40, 0.50 and 0.75. A summary
of these results, compared with the corresponding theoretical or expected
5. Final comments, summary and conclusions ' Values, constitutes Tabile 6

4. As a consequence of these observations, the estimated mean square
error rme(r) takes values similar for the various procedures, except FORM1
as indicated.

The good agreement of the empirical results with the underlying theory
The main objective of this study is to perform an empirical analysis by is observed.
means of simulations, the robustness of different proposals to estimate the

: : : - Finally, in the experiment done by changing p from 0.10 to 0.50 (and n
parameters in the MA(1) time series model. The non-normal populations

from 100 to 500), good stability of the results is observed.
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Partn. k=1

) ; . _ Forml BMDBPBak S-PLUS MINT
Contamination k=1 k=1 k=9 ’l =9' k=100 k— IBP Item P = 0.10 p =050 p=0.10 p;‘l.ﬂ p=0. p = 0. =1 T:z B
(») Var(u;) Estimation Var(u:) Estimation Var(u;) Estimation n=100 n=50 n=100 n=500 n=100 n=50 n=100 n=500
BMDPBak BMDPBak BAMDPBak m(r) = m 049631 049641 040749 0,49722  0,49671  0,A0648 04575 00700
0.05 1.00 1.0163 1.40 1.4535 5.90 6,4‘230 bi(r) -0,00093  -0,00083  0,00025  -0,00002 -0,00053 -0,00076 000003  -0,00015
0.10 1.00 1.0161 1.80 1.8523 10.90 11.3766 bi(r) bﬂhﬂ‘ﬂﬂé‘? -D'cuf;s .g gg:,a -0,00018  -0,00029  -0,00021 -0,00027 -0,00019
g ; 20,9548 rbi(r -0, -0,00 00050  -0,00003 -0,00106 -0,00153  0,00006  .0.00029
0.20 1.00 0.9743 ARG 2:;33 ig _?g S oo -0,0008  -0,00041  -0,00051 -0,00037 -0,00059 -0,00042 -0,00035  -0.00039
0.30 1.00 1.0015 3.40 3. . - s(r) 0,00396 0,00457  0,00235  0,00411 0,00292  0,00472 000273 0,00432
0.40 1.00 1.0180 4,20 4.3681 40.60 42.4690 -0,00028  -0,00014  -0,00018  -0,00013  -0,00021 -0,00015 -0,00019  .0,00014
0.50 1.00 0.9648 5.00 4.7832 50.50 48.2631 asm(r) 0,00264 0,00100 0,00183 0,00081 0,00236 0,00059 0,00201 0,00084
0.75 1.00 1.0107 7.00 6.9545 75.25 74.5799 rsa(r) 1,56644 4,00951 1,01020  3,63660  1,15600  4,17675 107960 381777
-0,0067  -0,0077  -0,00432 -0,00603 -0,00405 -0,00796  -0,00462 -0.00323
mus(e) 0,00303 000374 000280 0,00409  0,00240 000396 000276  0.00417
- 4 . . . b : Part b. k=9
Table 6: Comparison between simulation with the MA(1) model, in estimating the = Forml BMDBPHak S-PLUS MINTTAD
" . L . : i Ite =010 p=0. =7 =T =0 =T =0 =
variance of the error term defined by a mixture: comparison between empirical i Pl hesi asim il e
averages and theoretical Values mir) = m 049705  0,30661 09780 0409740 049713 0,39670 04975 08T
bi(r) -0,00019  -0,00063 000056 000016 -0,00011 -0,00064 000034  0,00001
-0,00026  -0,00019  -0,00023 -0,00017 -0,00027 -0,00019 -0,00026 -0.00018
rbi(r) -0,00038  -0,00126  0,00113  0,00033  -0,00022 -0.00108  0.00069 000002
References -0,00053  -0,00038  -0,00046  -0,00035  -0,00053 ,-D,00035  -0,00051  -0,00037
s(r) 0,00262  0,00426  0,00228 000387  0,00266  0,00426 000256  0,00412
000019  -0,00013 -0,00016 -0.00012 -0,00019 -0,00013 -0,00018  -0.00013
AITKIN, M. and TUNNICLIFFE, W. G. (1980). Mixtures models, outliers asm(r) 0,00220  0,00104  0,00160 000076 000203  0,00097 000175  0,00081
; : . 295 _ rsa(r) 103480  3,76011 090324 342288  1,05136  3,77224 101195  3.64620
and the EM algorithm. Technometrics, 22:325-331. -0,00443  -0,00718  -0,00287 -0,00652  -0,0045  -0,00719  -0,00433  -0,00811
msa(r) 0,00243 _ 0,00364 __ 0,00285  0,00403 000355  0,00373  0,00290  0,00413
ANDERSON, T. W. and MENTZ, R. P. (1980). On the structure of the A
g : 5 B j M Form] BNDBPBak SPLUS MINITAD
likelihood function of autoregressive and moving average models. Journal . T e R TN L11£V.1: N
. 2 P n=100 n=50 n=100 n=50 n=100 n=50 n=100 n=3500
of Time Series Analysis, 1:83-94. mir) = m 049708 049669  0,40750  0,A9753 049724  D,1968 049772 0,45739
. . b -0,00016  -0,00055  0,00066 000029 000000 -0,00038 000048  0,00013
ANDERSON, T. W. and MENTZ, R. P. (1993a). Evaluation of quadratic ) .0,00029  -0.00017 -0,00024 -0,00015 -0,00028  -0.00017 .nmr -0,00018
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On confidence bands for time series problems
in the time and frequency domains

Radl P. Mentz, Aldo J. Viollaz and Carlos |. Martinez

Universidad Nacional de Tucuman and CONICET

Abstract: The construction of (asymptotic) simultaneous confidence
bands for some time series problems is studied, typically for the sample au-
tocorrelogram and windowed spectral density estimate. The following ap-
proaches are explored: (1) To use the close-form results available in the lit-
erature; (2) To use the asymptotic independence of the sample quantities
to derive new procedures; (3) To resort to inequalities. As expected, the
bands turn out being wider than those frequently encountered in the litera-
ture, based on point-by-point confidence intervals. Numerical values of the
necessary constants are given for selected values of the joint confidence coef-
ficient and various numbers of sample quantities. The use of confidence sets
of non-uniform width is also briefly explored. Monte Carlo simulations are
presented, for problems in the time and in the frequency domains.

Key words: Asymptotic independence; autocorrelogram; Bonferroni in-
equality; simultancous confidence bands; windowed spectral density estimate.

1. Introduction

Given an observed time series yi, . . ., yr, two useful data-analytic techniques are to
compute, plot and interpret the sample autocorrelogram in the time domain, or a
(windowed) spectral density estimate in the frequency domain. These are just two
instances among several sample quantities often considered: in the time domain,
the sample partial, inverse, and partial inverse autocorrelograms for univariate
series, and the cross correlogram for bivariate series; in the frequency domain, the
sample coherence and phase for bivariate time series.

From an empirical point of view, and in agreement with what the theoretical
sampling properties indicate, it is often the case that the sample autocorrelogram
and sample spectral density tend to exhibit fluctuations that must be accurately
interpreted. The question then arises as how to set “control lines” or “confidence
bands” on these sample functions.

Setting control lines in the sample autocorrelogram has been defined to mean
that (asymptotic) point-by-point confidence intervals are plotted for the whole set
of sample estimates. In a simple case, straight control lines at &c& have been
suggested by Box and Jenkins (1976, page 185), and used by many authors and
practitioners. Here ¢ is a constant (often taken to be 1 or 2) and &7 is an estimate
of the residual variance of an underlying linear model.
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Similarly, control lines for spectral density estimates have been often recom-
mended and used in the literature: see, for example, Granger and Hatanaka (1984,
page 66). The technique used here is also to derive an {asympt_utic) confidence
interval for one ordinate and to use it for the whole sample function.

The approach of control lines has the advantage of its simplicity, but has the
obvious shortcoming of using a point-by-point inference tool to make inferences
about the whole set of values under consideration. This means that control of
the confidence coefficient is lost. To avoid this difficulty a joint or simultaneous
confidence approach is need, and that will be discussed below.

In this paper and in terms of frequency analysis, we consider estimation of
the spectral density function by means of estimators related to the sample spec-
tral density or periodogram. We consider smoothing the periodogram by using
adequate “windows” (that is, systems of weights) defined in the time or in the
frequency domain.

An alternative approach to estimate the spectral density of a stationary time
series, is to use an autoregressive estimator, defined as follows: the given series is
approximated by a finite-order autoregression, denoted by AR(p), whose order is
suitably estimated. Then all parameters are estimated, and the resulting values
are “plugged-in” the formula of the spectral density of the AR() model. The re-
sulting estimator possesses some good properties, and is, in general, quite smooth,
in comparison with the sample periodogram.

This approach is closely related to what is called the mazimum entropy spec-
tral estimator. On these topics, see, among others, Akaike (1969), Parzen (1974),
Priestley (1981), Beamish and Priestley (1981), Newton and Pagano (1984), Kos-
lov and Jones (1985), Sakai and Sakaguchi (1990), Hrafnkelsson and Newton
(2000).

In Section 2 we review point-by-point confidence intervals; in Section 3 we
consider simultaneous confidence sets; in Section 4 we present some simple or ele-
mentary approaches to solve or approximate the simultaneous inference problem.
Sections 5 and 6 contain simulation results, and Section 7 is of discussion and
conclusions.

2. Basic definitions and point-by-point confidence bands

According to one standard definition, the sample autocorrelogram is the set of
sample quantities

o St e =Tt =)
£= T e
L= (e —7)?
where m is usually taken to be considerably smaller than T'. Other definitions of

the sample autocorrelations are considered in Mentz (1983a) in connection with
their roles in the sample autocorrelogram.

s=1,2,...,m, (2.1)

1
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The sampling properties of (2.1) are usually studied in terms of asymptotic
results, when T' — co while m remains fixed. If the underlying stochastic process
is stationary and linear (y, = p+ )52 _ ., 7jt~j, Where the innovations u; are
independent, identically distributed, with 0 expected value and finite fourth-order
moment, and ¥, |v;| < 00) it can be shown that ry,rs,...,7; is asymptotically
normal around the true parameter p;, p2,...,pm, with variances and covariances
given by

1 5
Toh = Z (Pr+gPrih + Pr-gPr+h = 2PhPrPrig = 2PgPrPrih + 209PhPr)s
rT=—00
gGih=12 000 (2.2)

See, for example, Anderson (1971). Whenever (2.2) can be evaluated numerically
(i.e., whenever the p; can be expressed as functions of some set of parameters)
we have a way to solve problems of inference, in the sense of approximating the
needed distributions by their asymptotic normal limits. In particular, a confidence
interval for p; is then

rekcfl? s=1,2,...,m, (2.3)

where ¢ is chosen from standard normal tables to give the desired confidence
coefficient.

One standard definition of the (windowed) spectral density estimator is
f'(v‘) = = i k (i) cos(vjs)es, J=0,1,...,1, (2.4)
¥ 2 Mome bl

where ¢; = T} 23:15(!!1 — 7)(yess — §J) = c—s, and k is a “kernel function™:
it is normalized, bounded, symmetric about 0, and sufficiently smooth (see, for
example, Anderson, 1971, Section 9.4). Note that in (2.1) rs = ¢s/cq.

The sampling properties of (2.4) are usually studied in terms of asymptotic
results, when T' — oo and m = my — oo in such a way that m$./T — 0 for some
suitable d. If the underlying stochastic process is stationary and linear (see above),
it can be shown that f(vo), f(v1), ..., f(v;) is asymptotically normal around the
spectral ordinates f(vg), f(v1), ..., f(v) with variances

() = ;2;‘2(0] j: K*(z)dz, v;=0, (2.5)
= —;12_,‘2(1.-) ./: k2 (z)dz, v; =, (2.6)
. g () /_ 11 k(z)dz, v #0,%m, @.7)

and covariances equal to 0.
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Since these integrals are known for the standard windows proposed in the
literature, we have a way to construct confidence intervals at each frequency. One

such form is

flv) R L g 2.8
vi.Hc—J- mgf{u_,)ﬁ lchmu UJ #Driﬂ'! ( )

where 72 = f_l: k?(z)dz, and ¢ is chosen from standard normal tables. It can also
be shown that to the transformation In f(v;) confidence intervals can be set by

i) =70, [ <10 (0) <o) 70 (29)

Two important differences between the two cases that we considered in this section
are the following: (a) Asymptotic theories are developed in such a way that the
final results are comparable, but while in (2.1) m is treated as fixed when T" — o0,
in (2.4) m = mr — oo with T; (b) The asymptotic covariances for (2.4) are 0,
while (2.2) is not necessarily equal to 0 when g # h.

In fact, it is well known that sample spectral density or periodogram obtained
from (2.4) by setting k = 1 and m = T'— 1 is such that for independent y1, ..., yr
normal the periodogram ordinates at different frequencies are independent for a
finite sample size T'.

3. Simultaneous inference

The comments in the last part of the preceding section about the asymptotic un-
correlatedness of spectral density estimators at different frequencies contribute to
explain why detailed (asymptotic) results for simultaneous inference are available
only for the frequency domain. An early contribution is by Walker (1967).

Woodroofe and Van Ness (1967) proved that under certain conditions on the
underlying process and the kernel function, the asymptotic distribution of the
(normalized) maximum of the windowed spectral density estimator’s ordinates
can be found in an explicit form useful for statistical inference. Their main result
can be written as

<az+b| =exp(-e7*), (3.1)

where a = [2In(2m)]~*/2, b = ¢~ — a[InIn(2m) + In 27] /2.
Some remarks about this result follow.

(a) Assumptions of the theorem. It is assumed that the underlying process is
linear and the innovations have finite eighth-order moment. Some other
regularity conditions are set on the coefficients of the linear representation,
on the spectral density, and on the kernel function.
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(b) Nature of the result. Expression (3.1) shows that a key consequence of
this approach is that the limiting extreme-value distribution function exp|
—exp(—z)] is used to determine the constant in the confidence set, instead
of the standard normal distribution function of our Section 2. Tables of sig-
nificance points of this extreme-value distribution are given by Owen (1962).

(c) Asymptotic order of the result. Woodroofe and Van Ness (page 1558) indi-
cate that “the difference between the maximum deviation and the deviation
at a single frequency point ... manifests itself in the factor (Inm)~1/2, Thus
in practice a confidence band for all frequencies is O(In m)'/2 times that for
a finite set”. This observation has also been recorded by Priestley (1981,
page 486).

It should be noted that the comment refers to the “asymptotic order” or the
result, and should not be interpreted to mean that, for example, in (2.8) ¢ should
be replaced by c¢(In m)lf 2, In effect, even when the order of magnitude is correct
in an asymptotic sense, the constant for a finite set of observed values may have
to be altered. See Appendix 1.

(d) Usefulness of the result. Referring to this result, Hannan (1970), page 294,
wrote: “These results are important in principle but surrounded by some
doubt in practice, of a greater magnitude than that accorded to results of
earlier sections, because of their asymptotic nature. It is known that such
extreme value formulas are relevant only in enormously large samples, when
the largest of a series of independent and identically distributed random
variables is under consideration. Here further approximations are involved
and for the relevance of the formulas it is evidently m as much as T whose
magnitude is of importance. One conjectures that the formulas are the
roughest of approximations only.”

(e) Other problems in the frequency domain. Hannan (1970), page 294, notes
that the approach of Woodroofe and Van Ness can be used to derive simul-
taneous probability statements analogous to (3.1) for sample coherence and
phase in multiple time series analysis.

All these results and remarks correspond to estimation in the frequency do-
main. It is important to discuss what can be said about a close-form asymptotic
result similar to (3.1) for the sample autocorrelogram and other quantities in the
time domain.

One can conjecture that the extreme-value distribution function exp(—e~%)
used in (3.1) should be also relevant for the sample autocorrelogram, under suit-
able conditions on the underlying process, and after suitable normalization. From
general results in Cramer and Leadbeter (1962), for example, it follows that the
normalized maximum of a stationary Gaussian stochastic process follows the dis-
tribution attained in (3.1). However, the sample autocorrelations can be regarded
only as an asymptotically Gaussian stochastic process; this will then require an
explicit treatment, that we have been unable to trace in the literature.
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4. Other approaches to simultaneous inference

4.1. Introduction

The solution studied in Section 3 has two main shortcomings or difficulties: (a) Its
derivation is quite complicated, and it will not be easy to extend the approach to
other cases of interest, in particular, to those in the time domain; (b) The sample
sizes implied by the result may be too high for some fields of application. These
and other reasons indicate that it pays to study further the problem, with simpler
tools, and to derive exact or approximate results that may be useful,

In general, we want to study what can be said about joint probabilities that
in the case of the sample autocorrelogram have the form

P(VTi|ry| <e,...,VT|rm| < c|H) = P (:2‘?5“ VTiry| < .:[H) ; (4.1)

where H is some suitable hypothesis on the underlying process.

4.2. Using the asymptotic independence

Mentz (1983b) evaluated (4.1) when H is that the underlying process is white
noise. Then if the probability in (4.1) is set equal to 7, ¢ is defined by

B(e) - 8(~0) = ¥, (42)

where @ is the standard normal cumulative distribution function.

This approach was applied to the joint inference based on ry,...,7m to test
the null hypothesis that the process is white noise. It uses the fact that the set
of sample autocorrelations is asymptotically normal, as indicated in Section 2.
However, in view of (2.2) the independence of the r; has to be assumed.

The approach can be extended to the frequency domain as follows: the set

fv) = £luy)
E.[-—%f{vﬂ_}' vy ?é U,:E‘rT,

is asymptotically unit normal, that is, multivariate normal with means 0, variance
1, and covariances 0. Hence, the constants defined by (4.2) are also those needed
for simultaneous confidence intervals for f(v;). These will then be of the forms
given in (2.8) or (2.9).

Note that the main difference between the results in the time and frequency
domains is that in the former the asymptotic independence of the sample quan-
tities has to be assumed, while in the latter is given as part of the asymptotic
distribution.

4.3. Some useful inequalities

In Section 1 we discussed the fact that the accurate interpretation of the fluctua-
tions exhibited by a set of sample quantities, requires the evaluation of the prob-
abilities of some events in the joint distribution of the sample quantities. This is

484

often difficult due to two main reasons: (1) In general, the joint distributions are
not known for finite sample sizes; (2) Even that the asymptotic joint distributions
often turn out being multivariate normal, the evaluation of probabilities for the
events of interest is complicated.

In this section we present three inequalities useful to construct confidence
bands for a set of parameters. The inequalities will be presented in general form,
for a random vector X = (Xi,...,Xp)’; then in Section 4.4 they will be used to
derive confidence bands for the problems discussed so far.

Theorem 1 Let X = (Xi,...,Xn) be distributed as multivariate normal
N(0,X). Then foralla; >0,i=1,...,m,

P(lelSﬂh---rlxm|sam)anflxilgai)- (4.3)

i=l1

The inequality is strict if T is positive definite and at least one pair (X;, X;) has
non-null correlation.

This theorem was proved by Dunn (1958) for m < 3, and by Katri (1967)
and Siddk (1967) for arbitrary m. The hypothesis of normality can be relaxed as
follows.

Corollary 1 Let X = (X1,...,Xm)" be a random vector. Assume that there
erist Borel measurable and monotone functions g;: : R — R, i = 1,...,m, which
are symmetric in the sense that gi(z) = —gi(—x) for all real z, end such that
Y = (W1,...,Yn)' the vector has a normal distribution, where V; = gi(z;), i =
1,...,m. Then the conclusion of Theorem 1 holds.

Theorem 2 Let X = (X1,...,Xm) be distributed as N(0,6°B), where B is a
positive semidefinite matriz, and let S be independent of X such that nS?/a® has
a x*(n) distribution. Let T; = X;/S,i=1,...,m. Then

m
P(T1| € a1y, |Tm| S am) 2 [[ PUT < a0), (4.4)

i=1
foralla; >0,i=1,...,m.

The proof of this theorem can be found in Siddk (1967) and Tong (1980), page
37.

The inequalities for probabilities of rectangles of the type (4.3) are basic for
constructing confidence bands for a set of parameters. In this sense, Theorem 1
and Corollary 1 are useful. They are limited, however, because they require the
assumption of a normal (or closely related) joint distribution.

Finally, we present Bonferroni's inequality which does not require any assump-
tion about the distribution of the random variables involved. In spite of its gen-
erality, Bonferroni's inequality if quite sharp and hence very useful.
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Theorem 3 Let X = (Xq,...,Xm)' be a random vector and let Ay,..., An be
Borel measurable sets of the real line. Then

k Q2 m I ’ )
Ta +12c32 2P (Q(Xu € A:J) 21-Qn (4.5)
where
Qi = ) P(XigA) (46)
i=1
m i-1
Q@ = Y Y P A, X ¢ 4) @7

i=l j=1

For a proof of this theorem see Chung and Erdos (1952).

4.4, Evaluation and comparison of simultaneous confidence bands

4.4.1. Introduction

We now evaluate the constants needed to set confidence bands in the sample
autocorrelogram and a windowed spectral density estimate. We shall continue
with the general notation introduced in Section 4.3. In fact, it should be clear
that the constants to be evaluated to use in (2.3) and (2.8), correspond to the
following set up.

Let X = (X1,...,Xm)" be a random vector with which we want to construct
a confidence band for the set j1y,. .., ttm of expected values. We assume that the
corresponding variances a7, . .., 0>, are known, and that the confidence band is of
the form

P (ﬁ |Xi — ] £ Cﬂi) 2. (4.8)

i=1

Without loss of generality we assume that g; =1,i=1,...,m.

When dealing with the autocorrelogram, we have that in general p; is not the
éxpected value of 1y, and that the variance of r; is not known since it depends on
the unknown p;, see (2.3). In this case the constants to be determined below still
apply in an asymptotic sense, and the variances will have to be estimated on the
basis of the sample observations (as indicated in (2.3); this will be another source
of approximation.

In the case of the spectral density, forms (2.8) and (2.9) are such that the
component 7y/m/T" is a constant for a given window.

Using the inequalities introduced in Section 4.3 we now evaluate the constants
to be used in the bands.
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From (4.3) we have that

P (ﬂ | X — il < C) 2 [[PUXi—pil <o) = [8() - B(-0)|" =7,  (49)

i=1 i=1

where we assumed that the joint distribution is normal. Solving (4.9) for ¢, that
we may denote as ¢, () to emphasize its dependence on m and ~, we have that

n(y) = 8 (1_12_,/_7) : (410)

This set of values was presented in Section 4.2 for the case of asymptotic indepen-
dence.
Using Bonferroni’s inequality we have:

p (ﬁ |Xi = il Sb)

=1

l—ipﬂx;—,u,‘l > b)

i=1
—mP(| X1 — pa| > b) (4.11)
1-2m[l1- &) =1,

v

and from this we deduce the constant
= L=,
b =@ L= ;
i =271 (1-327) (412)

In the case of the frequency domain we can also use the asymptotic distribution
of the maximum. This can be written as

Jor (g mad] e ay e
where z = az + b, and a and b are given below (3.1). Explicitly, the constants to

be used here are
zm(7) =b—aln(-In7y). (4.14)
Note that even when 7 is the confidence coefficient of the joint procedure, the
evaluation in the marginal normal distribution of (4.13) is done as if the level were
1— (1 —+)/2m; a similar argument holds for (4.11). This means that the normal
density is used far apart in the tails, and hence that the use of the resulting values
should be done with care.

4.4.2. Numerical results

We now evaluate and compare numerically cm(7), bm(v) and z;,(v) introduced
in Section 4.4.1. We recall that z,(7) is only justified in the case of the spectral
density function estimator,

Table 1 presents values of the indicated expressions for selected values of v
and m. To facilitate the writing «y is often omitted.

Detailed tables are appended to the present work; see Tables 3 and 4.
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Table 1 Constants to be used in (asymptotic) joint confidence bands Table 3 Constants cm(7) to be used in (asymptotic) joint confidence band
derived under different assumptions

Confidence level Pl 66 0.7 0.8 09 | 095 | 099 | 0.995 | 0.999
il i 0% 0,99 1 |0.84162]1.03643] 1.28155 | 1.64485 | 1.95996 | 2.57583 | 2.80703 | 3.20053
Cm b Zm Cm bm Zm Cm bm Zm
111645 | 1.645| - | 1.960 | 1.960 | - | 2.576 | 2576 | - 2 [1.212281.39303 | 1.61842 | 1.94882 | 2.23648 | 2.80623 | 3.02296 | 3.48069
2 | 1.949 | 1.960 | 2.367 | 2.236 | 2.241 | 2.799 | 2.806 | 2.807 | 3.778 3 |1.41671|1.58884 [ 1.80113|2.11405|2.38774 | 2.93416 | 3.14349 | 3.58783
5| 2.311 | 2.326 | 2.572 | 2.569 | 2.576 | 2.908 | 3.089 | 3.090 | 3.667
10 | 2560 | 2.576 | 2768 | 2.800 | 2.807 | 3.062 | 3.280 | 3.201 | 3.728 4 |1.55524|1.72068 | 1.92477 | 2.22627 | 2.49002 | 3.02220 | 3.22668 | 3.66216
20 | 2.791 | 2.807 | 2.966 | 3.016 | 3.023 | 3.231 | 3.480 | 3.481 | 3.831 _ 5 |1.65898|1.81940|2.01746 | 2.31066 | 2.56876 | 3.08904 | 3.28996 | 3.71892
50 | 3.075 | 3.090 | 3.222 | 3.283 | 3.201 | 3.459 | 3.718 | 3.719 | 3.996 | :
el oot e | Dl Dl B el ool By~ ; 6 |1.74140(1.89787]2.00123 | 2.37800 | 2.63104 | 3.14276 | 3.34090 | 3.76472
200 | 3.467 | 3.481 | 3.588 | 3.656 | 3.662 | 3.796 | 4.055 | 4.056 | 4.266 ; 7 |1.80948|1.96273 | 2.15229 | 2.43386 | 2.68280 | 3.18757 | 3.38345 | 3.80306
500 | 3.706 | 3.719 | 3.815 | 3.885 | 3.801 | 4.009 | 4.265 | 4.265 | 4.447 : 8 |1.86732|2.01787 | 2.20424 | 2.48148 | 2.72701 | 3.22596 | 3.41993 | 3.83600
1000 | 3.878 | 3.891 | 3.980 | 4.050 | 4.056 | 4.165 | 4.417 | 4.417 | 4.583 ;
2000 | 4.043 | 4.056 | 4.140 | 4.209 | 4.214 | 4.317 | 4.565 | 4.565 | 4.717 | 9 1.91747|2.06571 | 2.24937 | 2.52292 | 2.76553 | 3.25950 | 3.45183 | 3.86484
5000 | 4.253 | 4.265 | 4.343 | 4.412 | 4.417 | 4.511 | 4.751 | 4.751 | 4.801 10 |1.96168|2.10791 | 2.28921 | 2.55955 | 2.79963 | 3.28926 | 3.48015 | 3.89048
| 20 |2.23805|2.37234 | 2.53969 | 2.79102 | 3.01509 | 3.47948 | 3.66165 | 4.05552
Table 2 Relative differences of the constants to be used in (asymptotic) : 30 |2.38924|2.51751 | 2.67781|2.91951 | 3.13675 | 3.58665 | 3.76422 | 4.14930
Joint confidence burids deriued wnder different ussumptions 40 |2.49237|2.61675 | 2.77248 3.00791 | 3.22009 | 3.66101 | 3.83551 | 4.21469
- C‘mﬁd‘g‘;; level y - . 50 |2.57018|2.69174 | 2.84416 | 3.07500 | 3.28348 | 3.71777 | 3.89000 | 4.26478
m : . ;
En=En 100 | om0 | o150 | B 150 | ma 100 | 5100 60 |2.63243|2.75180 | 2.90164 | 3.12893 | 3.33450 | 3.76359 | 3.93401 | 4.30531
ey P Egn Ten Sy I
3| 177 172 2901 2199 -95.7 2957 70 |2.68417|2.80176 | 2.04052 | 3.17391 | 3.37712 | 3.80194 | 3.97089 | 4.33931
a1 -102 -9.6 -1L.7 -114 -15.8 -15.7 80 |92.79836 | 2.84447| 2.90048 | 3.212443.41366 | 3.83489 | 4.00258 | 4.36857
10| 75 6.9 -8.6 -8.3 118 117
20| -59 54 67 64 9.9 i 90 |2.76687|2.88171 | 3.02622 | 3.24610 | 3.44561 | 3.86374 | 4.03035 | 4.39423
50| -46 41 5.1 -4.9 7.0 6.9 100 |2.80095 |2.91460 | 3.05790 | 3.27596 | 3.47398 | 3.88939 | 4.05505 | 4.41707
00| -39 35 43 4.1 5.8 5.8 - 5| 4.05446 ] 4.21: 4
S yix i B 0 X | 200 |3.017243.12438 | 3.25075 | 3.46682 | 3.65575 | 4.05446 | 4.21424 | 4.56468
500| -2.9 25 31 -3.0 A3 4.1 - 300 | 3.13796 | 3.24170 | 3.37300 | 3.57432 | 3.75846 | 4.14826 | 4.30487 | 4.64903
1000{ -2.6 2.3 2.8 2.6 3.6 -3.6 400 | 3.221273.32277 | 3.45139 | 3.64890 | 3.82984 | 4.21367 | 4.36813 | 4.70803
2000 -2.4 2.0 2.6 2.4 33 3.2
5000 -2.3 18 24 21 31 ki s 500 | 3.28464 | 3.38440 | 3.51114 | 3.70583 | 3.88440 | 4.26377 | 4.41663 | 4.75332

600 | 3.33565 | 3.43421 | 3.55931 [ 3.75178 | 3.92848 | 4.30431 | 4.45590 | 4.79004

About by, and ¢y note that we consider the variance as known (cf. Section | 700 | 3.37825 | 3.47576 | 3.59958 | 3.79024 | 3.96540 | 4.33832 | 4.48885 | 4.82088
4.4.1); this is reasonable in our case since we have in mind large sample sizes for ;

practical applications. For b,,, when the variance is unknown and replaced by an 800 |3.41478|3.51141 | 3.63416 | 3.82327 | 3.99713 | 4.36758 | 4.51722 | 4.84744
estimate, Miller (1966) presents a table of percentage points of the corresponding 900 | 3.44673 | 3.54258 | 3.66441 | 3.85220 | 4.02494 | 4.39325 | 4.54211 | 4.87077

(Student) distribution; our constant correspond to Miller’s table for a number of
degrees of freedom tending to co. However, even for small numbers degrees of 1000 | 3.47508 | 3.57027 | 3.69129 | 3.87792 | 4.04966 | 4.41609 | 4.56426 | 4.89154

freedom the approximation is very good.
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For z,, in Tables 1 and 4, we note that for example for v = 0.99, z,, first
decreases and then increases. This behavior is contrary to expectation, and we

Table 4 Constants 2m() to be used in (asymptotic) joint confidence band ' interpret that for the corresponding values of 7 the asymptotic results should not
be used for very small m.
e e A 0.7 0.8 0.9 0.95 0.99 | 0.995 | 0.999 Table 2 presents values of the relative differences between c¢p,, by and zn,
respectively.
9 [1.418561.63429| 1.91595 | 2.36663 | 2.79893 | 3.77782 | 4.19561 | 5.16338 | e S L e
3 |1.608391.79814 | 2.04590 | 2.44232 | 2.82257 | 3.68360 | 4.05109 | 4.90235 | values are small, in the order of 10% or less, ¢y, and by, are always less than z,,
| and ¢, is always less than by,; see Section 4.4.3 below.
4 |1.73862 | 1.91476 | 2.14474 | 2.51271 | 2.86569 | 3.66494  4.00607 | 4.79625 The first line of Table 1 contains the standard normal deviates. For m = 50 the
5 |1.83644|2.003832.22238 | 2.57207 | 2.90751 | 3.66705 | 3.99122 | 4.74214 constants bear to those in the first line the following relations: they are about twice
| for v = 0.90. It follows that joint confidence bands are considerably wider than
6 [1.91426|2.07539 2.28578 | 2.62239| 2.94529 | 3.67644 3.98849 | 4.71133 point-by-point confidence bands, for the usual values of v, and for the frequently
7 |1.97861|2.13496|2.33911 | 2.66575 | 2.97907 | 3.68854 | 3.99135 | 4.69276 i encountered values of m.
; : § 70370 | 3. .70156 | 3.99698 | 4.68129 S -
8 |2.03331(2.18585 |2.38502|2.70370 | 3.00938 | 3.7 4.43. Analytlc and asymptotic results
. . : . 67424 , {
9 |2.08077|2.23017 | 2.42524 | 2.73736 | 3.03675 | 3.71468 | 4.00402 | 4.67 ! Since for 0'< < 1 it holds that YA<l- (1 —4)/m, we have that
10 |2.12263|2.26938 | 2.46099 | 2.76757 | 3.06164 | 3.72754 | 4.01175 | 4.67009
20 |2.38490 |2.51715 | 2.68982 | 2.96610 | 3.23111 | 3.83120 | 4.08731 | 4.68058 1+2""ﬁ = 12"7, (4.15)
m
30 |2.528902.65443 | 2.81833 | 3.08057 | 3.33212 | 3.90171 | 4.14482 | 4.70795 : 2 J !
40 |2.62736|2.74870 | 2.90713 | 3.16061 | 3.40376 | 3.95435 | 4.18934 | 4.73367 | o dluce I de mamofng Jusees U
50 |2.70179|2.82015 | 2.97469 | 3.22196 | 3.45915 | 3.99623 | 4.22545 | 4.75643 | em(7) < bm(7) (4.16)
60 {2.761412.87750 | 3.0207 | 3.27158 | 3.50421 | 4.03096 | 4.25578 | 4.77655 : biv il ot sl Dy ok
70 |2.81103 | 2.92520 | 3.07447 | 3.31318 | 3.54215 | 4.06062 | 4.28190 | 4.79448 ) As m increases, it is interesting to study the behavior of the constants. In
Appendix 1 we derive asymptotic expressions for them, and show that
80 |2.85344|2.96619|3.11340 | 3.34894 | 3.57488 | 4.08648 | 4.30484 | 4.81063 |
90 |2.89043|3.00189|3.14742 | 3.38028 | 3.60364 | 4.10941 | 4.32527 | 4.82530 ]' lim Em _ lim b_’“ = lim Cm =1, i (4.17)

! M—=00 Z, M=o 2,  m=oo by

100 |2.92320|3.03354 | 3.17762 | 3.40815 | 3.62928 | 4.12999 | 4.34370 | 4.83873 i
|
200 |3.13163 | 3.23539 | 3.37088 | 3.58766 | 3.79561 | 4.26647 | 4.46743 | 4.93295 !
i
|

Moreover, these as well as the various constants themselves, are asymptotically
independent of the confidence coefficient 7.

The interpretation of these asymptotic results should be done with care, due
to the very large values of m (and hence of the sample size T') involved. We recall
the comment by Hannan that we reproduced in Section 3. This fact motivates

300 |3.24832| 3.34874 | 3.47986 | 3.68966 | 3.89091 | 4.34661 | 4.54110 | 4.99162
400 |3.32809 | 3.42723 | 3.55550 | 3.76074 | 3.95761 | 4.40339 | 4.59365 | 5.03437

500 | 3.39043 | 3.48707 | 3.61326 | 3.81515 | 4.00881 | 4.44734 | 4.63450 | 5.06804 : our inclusion of values as large as m = 5000 in Tables 1 and 2.

600 |3.43993 | 3.53532 | 3.65987 | 3.85915 | 4.05031 | 4.48316 | 4.66789 | 5.00583

700 |3.48131 [ 3.57568 | 3.69889 | 3.89604 | 4.08515 | 4.51337 | 4.69613 | 5.11949 5. A simulation study: frequency domain, estimation
800 [3.51680 | 3.61032 | 3.73241 | 3.92777 | 4.11516 | 4.53949 | 4.72059 | 5.14009 : by confidence bands

900 |3.54786 | 3.64063 | 3.76177 | 3.95558 | 4.14150 | 4.56248 | 4.74215 | 5.15835 " " o ) : o Bkl o
o study empirically the performance of some confidence bands for the spectr

1000 | 3.57544 | 3.66757 | 3.78786 | 3.98033 | 4.16495 | 4.58300 | 4.76142 | 5.17472 density function, we carry out a Monte Carlo experiment. We take three au-

toregressive models considered by Beamish and Priestley (1981) and Newton and
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Pagano (1984), namely,

Model I  y — 04y—1 — 0.45y;—2 = uy,
Model I y; + 1.7ye—1 + 2.4ys—2 + 1.63dy,—5 + 0.872y, 4 + 0.168y;_5 = uy,
Model Il y; — 2.7607y;—1 + 3.8106y;—2 — 2.6535y—3 + 0.9238y¢—4 = ue,

where u; is a Gaussian white noise with unit variance. These models are used
because they can be classified as being easy, moderately difficult and very difficult
to fit, respectively, and also because they were studied by the indicated authors.
Models will be identified as I, II and III. For each model we simulate N=1000
replicates of trajectories of length T = 100, 200 or 400, and for each of them we

construct joint confidence bands.
Instead of the spectral density estimator defined in (2.4) by using the lag
window, we use the average spectral density estimator defined by

fw))=@m)" Y Walk)a(vj4x),

[k <tn

where I, is the periodogram, [, = [ is a sequence of integers, and W, is a sequence
of weight functions. We take | = 2 and W(-2) = W(2) = 1/8, W(-1) = W(0) =
W(1) = 1/4. Then, the asymptotic variance of f(v;) for v; unequal to 0 or 7 is

given by
2= ) Wik =
Ik|<2 32

This choice corresponds to modified Daniel’s window w(z) = sine(rz)/(wz) for
-1<z<1,and m=T/5.

Five dlfferent definitions of the confidence bands are considered, where loga-
rithms are decimal, namely:

(i) 108f2(;{}2+ I;gr:j + log Xy _y (), log f(;) + logu; — log X2 /5(v), where
v =9.14.

(ii) Conﬁdence band for log f (v;) defined in the S-PLUS program, which is based
on x? with 8.29 degrees of freedom.

(iii) log f (v_:-) & z(4-1)/20, based on a normal approximation to the distribution
of log f(v;).

(iv) log f (vj)+ 8722+ Z(y—1)/20, based on a normal approximation to the dis-
tribution of log f(v;) corrected for (asymptotic) bias.

(v) Iogé(g?} log(1+4), log f(v;)—log(1—p). This is based on taking logarithms
in

Bands are computed with a joint confidence level of 0.95. They will be iden-
tified by (i) to (v).
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Table 5 shows the results when the calculations are done at 7'/10 frequency
points, which is the number used in the design. We also considered shown the
results when all T/2-2 frequencies, 47 < v < 2n(T/2 — 1)/T are used in the
calculations; this, however, is too demanding, and only the approach in Table 5
is shown.

Table 5 Frequency distributions of points out of the 0.95 confi-
dence band and percentage of coverage (0 or 1 points)
(v; = 27j10/T, j =3,8,...,T/10-2)

Sample Model Points out of the band | percentage
Size and Method i at e e dor| ofQor1 Hperag
more

I (8-PLUS) B76[123[ 1 99.90% 0.125

T =100(I (df =9.14) 795(191( 14 98.60% 0.219
I (Normal) 662|282| 54 | 1 94.40% 0.397
I (Normal corr.) |[860]|135| 5 99.50% 0.145
I (S-PLUS) 9221 71| 7 99.30% | 0.085

T =1200(I (df = 9.14) 836|149 14 | 1 98.50% 0.18
I (Normal) 609|311 72| T 92.00% 0.48
I (Normal corr.) |865/125] 10 99.00% | 0.145
I(S- PLUS) 936[ 63 | 1 99.90% | 0.065

T=400|1 F =9.14) 861|124 14 | O 98.50% 0.156
I (Normal) 5711314 96 | 14 88.50% 0.569
I (Normal corr.) [864)123]| 12| 1 98.70% 0.15

82.40% | 0.936
81.60% | 0.919
86.90% | 0.782
93.50% | 0.637
97.60% | 0.442
95.00% | 0.486
90.50% | 0.541
97.80% | 0.325
93.80% | 0.192
98.30% | 0.248

TT (S-PLUS) 276|548 | 142 | 32
T =100|II (df = 9.14)  |290|526|160| 23
II (Normal) 365|504 |115| 16
II (Normal corr.) [433]502| 60 | 5
I ES—PLUS) 582[394| 24
T =200 |II (df = 9.14) 567|383 47 | 3
II (Normal) 569336 82 | 12
IT (Normal corr.) [698]280] 21 | 1
I %S-PLUSJ 820[168] 12
T =400 |II (df = 9.14) 7720211 14| 3
IT (Normal) 579|325 88 | 8 90.40% 0.525
II fNormal corr.) [844|145| 9 | 2 98.90% | 0.169
III (S-PLUS) 13 [122]291]331[ 243 | 13.50% 274
T =100|1II {df: 9.14) 20 [144|336|316| 184 | 16.40% 2.552
IIT (Normal) 60 |1226|412|229| 73 | 28.60% | 2.039
III (Normal corr.) | 64 |236(418{217| 65 | 30.00% | 1.991
I {(5-PLUS) 4821382[116 19 | 1 86.407% 0.675
T =200 [III (df = 9.14) 4441403123 28 | 2 84.70% 0.741
III (Normal) 416417139 23 83.30% | 0.785
IIT (Normal corr.) [ 644|300 50 | 5 94.40% | 0.419
IIT (S-PLUS) 886108 6 99.40% 0.12
T =400 |IIT (df = 9.14) 8421145 13 98.70% 0.171
IIT (Normal) 6211298/ 63 | 16 91.90% 0.48
III (Normal corr.) | 880|114 | 6 99.40% | 0.126

Coooo~HOCOOoO~ Mo Oo—Oo oo~ o o

L=l Sl e ]
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Table 5 shows the frequencies of coverage of the bands in N = 1000 replica-
tions. Method (iv) based on the normal approximation corrected for bias, and
method (i) based on the x? approximation available in S- PLUS, give the best
results. Method (v) produced poor results and it was discarded. Method -(iii)
based on the normal approximation without correction for bias is clearly inferior.

Even when the frequencies of strict coverage are not too close to the 95% the-
oretical level, we can accept the performance of the confidence bands as providing
a correct frequency of coverage, if we are willing to allow up to one point out of
the band. Figures 1, 2 and 3 show that methods (i), (i) and (iv) give almost the
same confidence bands. Figures 4 to 8 show bands for five replicates calculated
with method (iv) for each model and selected sample sizes. In the case of Model
111, Figures 6, 7 and 8, it is clear the effect of increasing sample size, in that the
bands tend to show less bias and are more concentrated among them,

40

20

-20

-40

0.0 0.1 0.2 03 0.4 0..5
frequency

Figure 1 0.95 confidence bands for the spectral density, AR(2) model
I, T = 400, methods (i) to (iv)

494

-20

0.0 0.1 0.2 03 04 0.5
fequaoncy

Figure 2 0.95 confidence bands for the spectral density, AR(5) model
II, T = 400, methods (i) to (iv)

40

0.0 0.1 0.2 03 0.4 05
froquency

Figure 3  0.95 confidence bands for the spectral density, AR({) model
III, T = 400, methods (i) to (iv)
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5 -
& -
8- g
$- . _ ¥
ﬂ.IU [*A ] 0.2 03 0.4 0.5
Irequency -
Figure 8 0.95 confidence bands for the spectral density, AR(}) model A u e et e
III, T = 400, method (iv), 5 replicates Sy

(a) Spectral density series

6. A simulation study: testing hypotheses

In this section we explore the use of confidence bands to test the hypothesis that a =
given time series is white noise. The procedures in the frequency and time domains
are compared with the use of the modified Ljung-Box-Pierce portmanteau statistic =
(Box, Jenkins and Reinsel, Section 8.2.2), defined by

~t3

T "
T—‘f- ' (6‘1) < X

K
Q=T("+2))
i=]

where the r; are the sample autocorrelations of the given series, and K is asuitably s o B e I e o
chosen time lag so that little is lost by omitting r's with £ > K (Box et al., op. " | : | [ 1 1 1 [
cit.) z T T I l — ™ T

Figure 9 shows the kind of situation that we are studying. Represented are . . cree ae ae e e SAT pE smals_JSa) m)ny
the logarithms of the spectral quantities, the center straight line corresponding to o < t :
log[2m(0? /27)) = log(c?) = log 1 = 0, where o? /27 is the spectral density of white L
noise. The solid line is log[27 f(v)], where f comes from the S-PLUS program, and
the broken lines are the 95% (joint) confidence bands for white noise compute by (b) Correlogram
S-PLUS. The spectral densities are computed at T'/10 frequency points; at none
of these the estimated spectral density falls out of the bands. However, the plot is
made at T'/2 frequency points, and at some of these the solid line lies out of the Figure 9 An example of a simulated white series T = 200, tested for
bands. B3 dlig b A

o: white noise. Level of significance 0.05
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Figure 9 also shows the sample autocorrelogram of the generated white noise ; Table 6 100 simulated white noise series, T = 200, tested for Ho: white

series, with the 95% (joint) confidence bands calculated with th; Zo:s]tanti t:‘lo;rg- noise by siz procedures, level of significance 0.05
sponding to the Bonferroni inequality, as discussed in Sections 4.3, 4.4.1 and 4.4.2; ; .
tﬁg numgcrical values is 3.023/v/T. We find one autocorrelation out of the bands. drf:':fn Frequency domain d:;‘ma?n
Table G shows the results of 100 rcpetition§ of these calculations. In the ﬁr_st O [S-PLUSDF = 9.14 Normal Normal correc.[Correlogram
column the values of @ are shown, ordered by size. The next four columns contain R o — . " — D
the counts of the points of the sample spectral density falling out of the confidence 11.006| 0 0 0 0 0
bands: they correspond to the four estimation procedures considered in Table 5. 11.526| 0 0 0 0 0
The last column contains the counts of values of the correlogram falling out of i%ggj g g g g g
the corresponding confidence bands. Since the critical value of Q is x30s(K) = 12395 o 0 0 0 0
X3 05(20) = 31.41, we find that 8 of the 100 repetitions have () larger than 31.41, }%ggg g g {I) g g
a result consistent with the level of significance a = 0.05. Table 5 also shows that 12604] o0 0 0 0 0
the empirical level of significance of the S-PLUS and of the correlogram bands, 12.626| 0 0 0 0 0
are consistent with the 0.05 level: in effect, there are 3 series with point falling out %g%g g g 0 0 0
of the bands in the frequency case, and 5 points in the correlogram. At the same 13774 0 0 g g g
time, the other spectral estimates give empirical significance levels of 0.11, 0.30 13.994| 0 0 0 0 0
and 0.10, respectively. As in the analysis of the bands for estimation purposes, {jéﬁg 0 0 1 0 0
the results are in favor of the S-PLUS bands. 14 ﬁg é (1) é il} g
We next apply the indicated procedure to gain some indication of the dis- 14.483| 0 0 0 0 0
criminatory power of the procedures. For this purpose, we test whether simu- 14516 0 0 0 0 0
lated AR(1) series, lead to rejection of the white noise hypothesis. We generate igggg g g g g g
by Monte Carlo, 100 AR(1) series of lengths T' = 200 using the S-PLUS pro- 147861 0 0 0 0 0
gram arima.sim (simulate a univariate ARIMA series), estimate their parameters 14.880| 0 0 0 0 0
with 8-PLUS program arima.mle (ARIMA modeling via Gaussian maximum like- }ggéﬁ g g g g g
lihood). We used 0.30 and 0.60 for the model parameter, and 1 for the innovations 15443 o 0 0 0 0
variance, Then we proceed as in the analysis of the white noise series: we compare 15.445| 0 0 0 0 0
the @ statistics with x3 g5(] — 1), and we determine the numbers of points falling }\5'3 gé; g g g g g
out of the confidence bands for the spectral density as compute by the S-PLUS 15858 0 0 0 0 0
program under the hypothesis of white noise. Figures 10 and 11 are comparable 162431 0 0 1 0 0
ta e 4 el o 6 o 0 D
Table 7 is a summary of these empirical power calculations. In this table we 16770 0 0 0 0 0
find that the empirical power of the procedures are estimated as follows: when 16.787| 0 0 0 0 0
the model parameter is set at 0.30, the values are 0.76 for @, 0.34 for the S-PLUS igg{fg g g g g g
spectral estimate, and 0.90 for the sample autocorrelogram; when the parameter 17.069| 0 0 0 0 0
is set at 0.60, the 3 estimates of power are equal to 1. 17.130| 0 0 0 0 0
Table 7 also reports the results when the simulated series corresponds to the };ggg g g {l] g g
AR(2) model introduced in Section 5, and the finding is that the empirical power 18.075| 0 0 1 0 0
is also equal to 1. 18.284| 0 0 0 0 0
It is interesting to note that for the AR(1) model with parameter 0.30, the }gggg g (l} g [13 g
empirical power of the correlogram for this particular set of series is 0.90, which 18751 0 0 0 0 1
represents an improvement over the value of 0.76 corresponding to the use of the 18.767| 0 0 0 0 0
Q statistic. More detailed studies should be conducted to investigate the power el 3 g 5 v §
of the various procedures considered in the present study, but this is beyond the 18.016| 0 1 1 ] 0
19.258 0
scope of the present paper. I g ? g g
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Table 6 Continuation

[Tmm Frequency domain Time 3
domain domain

0 S-PLUSDF = 9.14 Normal Normal correc.|Correlogram

A2 1] u

19.595| 0

19.615| 0

19.868| 0

19877| 0

20203) 0

202171 0

20506 0O

20663 0

21396 0

21409 0

21563 0

2013 0

22195| 0

22197 0

22.368) 0

25291 0

22733 0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

1

e I P L

S2rim,

(a) Spectral density series
23.192
23.303
23.655
23.694
23.761
23.765
24.134
24475
25379
25.560
26.289
26.426
26.887
26.896
27.258
27.625
28476
29,354

0
30051 0
30419 0
31.109
31318 0
31.483) 0
3L7931 0
3237121 0
327921 0

0
]
0
0
3
.0

33.748
34.513
42475
50.619

(b) Correlogram

(=R=R =l =l -l —F = = H = = f = e H e P B e = e e e F e e e e R e H e F e P e B e f e Y= F =Y = = = T L= L= =
OO OO =N O = OO0 OON OO~ =D~ OO OO N OO OO DO

SES = == === =R = ==l = === ==Y === f = Y e P e P e B F e e e B e o B e e B |
[ R e Tl o B e R oo oo . o o e o B e e o e e e e e e e e o o F e o o o e B e B e R o B e e I o O o o B e e

Number of
0

rejections of Hp
Levels | 0.00 T 0.03 011 0.30 0.

—
—
]
(=]
—
(=]

Figure 10 An erample of a simulated AR(1) series with parameters
0.80, T = 200, tested for Hy: white noise. Level of signifi-
cance 0.05

o
=
[= |
f=L3]
=
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Table 7 Summary of results obtained in testing Hy: white noise in simu-
lated series of length T = 200. Empirical power, level of signifi-

B cance 0.05
; Time domain Frequency domain
¢! fesins Q |Correlogram|S-PLUS|DF = 9.14|Normal | Normal correct.
SRR ‘White noise 0,08 0.05 0.03 0.11 0.30 0.10
e e e s T AR(1), 0.30 |0.76 0.90 0.34 0.37 0.58 0.25
8“1 AR(1), 0.60 |1.00 1.00 1.00 1.00 1.00 1.00
' AR(2)[Sect.5]|1.00]  1.00 100 | 1.00 | 100 1.00

7. Discussion and conclusions

Y "3 The question was raised about how to construct simultaneous confidence bands in

time series problems, typically for the autocorrelogram in the time domain and for

0 Spociret devalty st the spectral density function in the frequency domain. Simultaneous procedures
a) Spectral density series

are such that control of the confidence coefficient is given to the researcher, who
then knows what probability level (either exact or approximate) is associated with
the simultaneous inferencial statement he makes on the basis of his observations.
A formal solution to one such problem was given by Woodroofe and Van Ness
(1967) for the spectral density, as discussed in our Section 3. With some adequate
: general assumptions on the underlying stochastic process, and assuming that as
& the sample size T — co the number of ordinates m = mr — o0, an asymptotic
. probability statement was derived that uses one of the extreme value distributions
== known in the literature.
s It was noted by Hannan (1970) that this result may be “the roughest of ap-
\ l [ 1 gify ] 1

proximations only”, as we discussed in Section 3.

A close-form result of similar nature is not available for the time domain quan-
tities, at least to the knowledge of the present writers.

At least for the two previous arguments, it pays to investigate further the
ceeee problem. In this note we considered two possibilities: (1) To use the asymptotic
: | l independence of the sample quantities; (2) To resort to inequalities.

i R I The use of asymptotic independence is explored briefly in Section 4.2. It turns

-— out that the asymptotic joint distribution of windowed spectral estimators at a

: - | set of frequencies is independent multivariate normal, so that the evaluation of
constants to be used in simultaneous confidence bands is straightforward. We
denote these constants by em(y). These same constants can be used in the time
domain for the autocorrelations, but here the asymptotic independence has to be
assumed; then we interpret that the confidence band is directed to a comparison
against a white noise hypothesis.

(b) Correlogram

Figure 11 An ezample of a simulated AR(1) series with parameters The constants ¢, () evaluated under the asymptotic normality and indepen-
0.60, T = 200, tested for Hy: white noise. Level of signifi- dence can also be justified on the basis of asymptotic joint normality only, as
ct.mc’e 0.05 ? follows: For a multivariate normal density there is an inequality (4.3) that leads

to the use of the ¢;,(7) in the construction of conservative simultaneous confidence

504
505



Publicaciones - Raiil Pedro Mentz

bands for m quantities, with probability level ~.

The need to use the asymptotic joint normality can in turn be relaxed: Bonfer-
roni’s inequality is used in Section 4.4.1 to derive (conservative) constants bm ()
that use the asymptotic marginal normal distribution of each sample quantity
under consideration.

In terms of assumptions we see that the three approaches (for the frequency
domain) can be interpreted as follows: (a) Bonferroni’s inequality, and hence the
use of the associated constants by, (), requires only that the marginal distribution
of each sample quantity be approximated by its normal limit; (b) The inequal-
ity in (4.3), and hence the constant em(7), require that the joint distribution of
the sample statistics be approximated by its normal limit; (c) The approach of
Woodroofe and Van Ness and the corresponding constants, denoted zm(7) by us,
requires not only that the sample size T — co but that m, the sample quantities
under consideration, satisfies m = mp — 00, in such a way that g(mp)/T — o0
for some suitable function g.

We conclude that the use of inequalities in the way we we did in Section
4.4. has several advantages: (1) It requires less assumptions on the set up of the

problem; (2) It is simpler, since for example the proof of the results in Woodroofe
and Van Ness is quite complicated; (3) It provides more flexibility, in particular,
can be used to derive bands of non-uniform width.

About this last point, the results we presented so far are for bands of uniform
width. This is not what is always recommended in the literature. The BMDP-81
package, for example, produces a "control line” for the sample autocorrelogram
of the form given in (2.3), where the approximation

1 5=1
%ss = T Z T‘? (7'1)
3=0 E

is used, as suggested originally by Bartlett (1946). This then produces a band
that in general has increasing width, and that in the computer appears with
nondecreasing width, due to rounding.

The idea of nonuniform significance levels was also considered in multiple de-
cision problems by Anderson (1971). In our case this will lead to allowing m to be
considerably large, but still small compared with T', and letting the width increase
with the index of the sample statistics. This appears as a reasonable procedure,
and will make less important the exact determination of m in the definition of the
sample autororrelogram.

The numerical values of zy,(7), em(7y) and by(y) derived for the result of
Woodroofe and Van Ness, the inequality in (4.3), and Bonferroni's inequality,
respectively, were evaluated and compared. They differ for very small values
of m, for which in fact z,(v) is not recommended. For about 20 or 30 sample
quantities, which may be a useful number for practical use, ¢y, (7) and by () differ
only slightly, and their differences with zp,(v) are also small.

For standard values of 4 (0.90, 0.95, 0.99) and for m in the order of 30, the
constants are roughly in the order of 1.5 times those of the univariate confidence
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intervals. Hence, simultaneous confidence bands will be wider that those formed
with point-by-point constants.

To see how well this kind of procedure works for finite sample sizes (T), Monte
Carlo simulation experiments were conducted. In terms of estimation, four proce-
dures are compared for T' = 100, 200 and 400 with 1000 replications. The results
are interesting: defining as satisfactory coverage of the true spectral density by
0.95 confidence bands, the accurrence up to one point out of the band, three of
the procedures work reasonable well. As expected, they are wider than point-by-
point bands of the same probability level. In terms of using some of the results to
test the hypothesis of white noise, the joint confidence bands for the correlogram
showed to perform better than using the @ statistic, and also that the bands in the
frequency domain. The study of power presented in this paper is, however, quite
limited, and further studies are required to evaluate the corresponding empirical
measures.

Appendix

In this Appendix we prove some assertions made in Section 4.4.3. For m — oo we
derive asymptotic expansions for by, ¢, and zy,, show that they are independent
of the confidence coefficient «y, and that they are asymptotically equal.

The following inequality holds for z > 0 (Pickands, 1969),

1
¥(z) (1 - ;) <1-8(z) < ¥(2), (A1)
where ®(x) is the standard normal distribution function, and
1 1 2
/ = ot s ke ; A.
¥(z) = 29() = S —=e (A2)

Lemma 1 Let 0 < 8 < 1, and z1, 2o and z3 be respectively the roots of the
equations

¥{e) (1 = I—lg) =5 (43)
1 Bl) =8, (A4
Ylzs) =0 . (A.5)

Then =1 > zg > 3.

To find asymptotic expansions for b, and ¢, we find asymptotic expansions
for ) = z1(m) and z3 = z3(m) by setting f = (1 —7)/2m and 8= (1 - 1/7)/2,
respectively.

Lemma 2 Let by, be the root of the equation

=5

]_--EIJ(bm).-_- om )
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from (A.4) and (4.12). Then b}, ~ 2In(2m) as m — oo, where the notation ~
means asymptotically equal.

Proof. Equation (A.5) is now

L
T3V 2m 2m
it follows that
z2 = —2Inz3 — In27 — 2In(1 — ) + 21n(2m). (A.6)
Equation (A.3) is now
1 _é:'{ ( 1 ) 1- i |
I—— 1
zl\/ﬁe o7 2m
it follows that
I
2 = —2Inz; — In2r —2In(1 — 7) +2In(2m) + In (1 - ;2—) ; (A.7)
1

From (A.6) and (A.7) it follows that both z7 and 3 are asymptotically equal
to 2In(2m). From Lemma 1 it follows that b2, ~ 2In(2m).

Lemma 3 Let ¢,y be the root of the equation

o l'gw,

from (A.4) and (4.10). Then c%, ~ 2In(2m) as m — co.

Proof. Equation (A.5) is now

2
: e“*‘g=1_ﬂ‘ﬁ=1_7+ﬂ (1_7)
V2rzs 2 2m m

and therefore

= 1-7\7]
=473 V27z3 (-—’I +0 [(——7) ) ;
2m m

5 —2Inz3 —In2x(1 —9)+2In(2m) +0 (IT;E) . (A8)

Il

8
@
Il

Equation (A.3) is now

On confidence bands for time series problems in the time and frequency domains, pp. 179- 211

and therefore
2 = —2Inz; —In2r—2In(1 —4) +21In(2m) + 0 (1—;7-) +In (1 - %) . (A9)
1

Hence, from (A.8), (A.9) and Lemma 1 it follows that ¢2, ~ 2In(2m) as m — cc.
Lemma 4 Let zm be defined by (4.14). Then z2 ~ 2In(2m) as m — co.

Proof. From the definitions of @ and b following (3.1) we have that

Zm = 4/21n(2m) — m\/]‘;—@

and the conclusion of the lemma follows.
By using Taylor’s theorem, the following asymptotic expansion can be derived,

22 ~2In(2m) — Inln(2m) — In27 — 2In(—In+), (A.11)

[Inln(2m) + In27 + 2In(—In~)). (A.10)

which compares directly with those for 7 and 23 derived in the proofs of lemmas
2 and 3.

The results in (4.17) follow immediately from Lemmas 2, 3 and 4. Further

€m, bm and z, are asymptotically (as m — oo) independent of the confidence
coefficient «.
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Correlaciéon, simetria y variabilidad

Raul P. Mentz
Introduceicn

En muchos problemas de estadistica aplicada, las observaciones numéricas
disponibles para el andlisis forman pares, un par de nimeros asociado con cada
individuo. Por ejemplo, podemos tener los pesos de nifios antes y después de un
tratamiento, calificaciones escolares al comienzo y al final de un experimento
educativo, altura y peso de atletas, cantidades compradas y precios unitarios
pagados por una persona en varias compras o por diferentes personas, etc. Una
técnica 1til del andlisis de datos para conjuntos bidimensionales de la forma {(x,,
Y1)ses(Xns Ya) ], €8 construir un gréfico de “puntos” P; = (x;, y;) en un sistema comun
de coordenadas cartesianas ortogonales, con sus cormrespondientes ejes x o de las

abscisas e y de las ordenadas. Esta representacion grafica del conjunto de puntos o
pares serd llamado un diagrama de dispersion.

El diagrama de dispersién es adecuado para estudiar problemas de correlacion.
Mas adelante definiremos el concepto de correlacién para un diagrama de
dispersién, pero previamente trataremos de desarrollar un sentido intuitivo para este

concepto y para r, la medida de correlacién. Una alternativa es leer la Seccidén 1T
antesdelal

1. Ejemplos
Significado de correlacién

Para ilustrar el significado de la correlacion, se presenta a menude un argumento
ardfico como el siguiente. En el Grifico 1 se muestran cinco diagramas de
dispersién, cada uno con 100 puntos o pares. Cuando algunos pares coinciden se
usa una marca mas gruesa. Los pares en la parte (a) del grifico son
aproximadamente no correlacionados, r es aproximadamente igual a cero. A medidag
que descendemos en el grafico, la correlacion aumenta, y en la parte (¢) tenemos e®

valor extremo de r=1, los pares estdn todos en una recta, en este ¢aso una que pasa
por ¢l origen del sistema de coordenadas.

El lector puede suponer que en todos los casos, a medida que los puntos se
concentran alrededor de una recta, Ja correlacion aumenta y se aproxima a 1. En
primer lugar, si la concentracién ocurre a lo largo de una recta de pendiente
negativa [por ejemplo una que pasa por el origen y por el punto (X, y) = (-1, )], #
no se aproxima a | sino a —1. Mds importante adn es que si la concentracién ocurrs
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con relacion a una recta paralela al eje x (o coincidente con €l), r no se aproxima a |
o -1 sino que lo hace 2 0.

Por o tanto ¢l signo y el grado de la correlacion (y el valor de r) son diferentes
segun el diagrama de dispersion se concentre con relacién a una recta o a otra, y
debemos diferenciar las rectas con pendientes no nulas de aquellas con pendiente
nula: pendiente 0 de la recta de concentracién significa que r = 0. Si denotamos por
b la pendiente de la “recta de concentracién™ (que se definird con precisién en la
Seccién II), tenemos que en la parte (a) del Gréfico 1, r=b=0, enla parte (e} r=
+ 1 con b > 0, mientras que en las partes intermedias de (b) a (d), r y b son ambos
positivos y 0 <r<1,

Detalle Técnico. La parte (a) del diagrama de dispersién del Grifico 1 se
construyd con pares de mimeros seudo-aleatorios, distribuides uniformemente entre
0y 1. Para cada par (x, y), su proyeccion a la lineay = x es (x + ¥)/2, x + ¥)/2). ¥
ellos forman los pares de la parte (e). Los puntos de las rectas que unen ambos pares
estdn dados por (ax + (1-a)(x + y)/2, ay + (1-a)(x + y)/2) para aentre 0 y 1. Por lo
tanto las partes (a) hasta (e) corresponden a los valores a = 1, 0.75, 0.5, 025 y 0,
respectivamente. A estos diagramas de dispersion corresponden los valores r = 0.03,
0.31,0.62,0.89 y 1 sefialados en el grafico.

a 2 n

Diagramas de dispersion simétricos

Un enfoque que se utiliza a menudo para ilustrar el sentido de la falta de
correlacién (r = 0) es recurrir a los diagramas simétricos. Los diagramas en el
Gréfico 2 tienenr=0,

Cualquiera de estos diagramas puede alterarse (haciéndolo mas disperso) en una o
ambas direcciones, y todavia corresponderd a r = 0. Por ejemplo, los diagramas de
dispersion en el Gréfico 3 se obtuvieron del diagrama a la izquierda del Grafico 2, y
todos tienen r=0.

Sin embargo, la presencia de simetria no es ficil de detectar. Algunos de los
diagramas de dispersion en el Gréfico 4 tienen r=0 mientras que otros tienen r<0 6
r>0. Por lo tanto se justifica analizar el tema de la simetria con més detencion. Lo
haremos después de introducir algo de teorfa y una notacion.

2. Notacion

Para un conjunto de n pares de nimeros, {(xy, ¥1), . (Xo, ¥o)}, definimos el
coeficiente de correlacion de Pearson por

Correlacién, simetria y variabilidad, pp. 20- 42

Zx, -9, =)

1 =
M 3 \/)’f T /E % A
A% =R A5 P
= . 1 4
Donde Xx=— ¥ x, y=— 3 y._.
Es til representar a las sumas con la letra S. Entonces,
S S
Xy X
(2) = = s
S_ 8 S S
xx )y x ¥y

donde S; = ,’S_u iSy= o fs”, . Si a un conjunto de n pares ajustamos una recta por
el llamado método de los cuadrados minimos, la recta tendré pendiente

n
Sy A —Dy, -7

Xy
(3) b = - =
5 2
S z‘=1(xf - X)
y ordenada al origen
(4) a=jy-b3.

Mantenemos como supuesio que S, 20 y S,,#0, lo que significa que los casos en
que todas las x son iguales, o todas las y iguales, o ambos, estdn descartados. Bajo
estas condiciones, esta claro que r y b s6lo pueden ser iguales a 0 en un caso, esto es
cuando S,,=0.

Notese que S, y S,y (0 bien S, y S, que estén, en valor absoluto, en las mismas

unidades de las variables) miden la variabilidad, la variabilidad marginal, presente
en las respectivas variables, mientras que S,, mide la variabilidad conjunta de los
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pares (x.y) y tiene como unidades el producto de las dos variables consideradas.
Utilizando divisores adecuados, constituyen medidas estadisticas utilizadas
frecuentemente: S,’=S,/(n-1) ¥ S,.3=Sn.f(n*1) son las varianzas muestrales, sus
raices cuadradas (no-negativas) con las desviaciones estandares muestrales y
8,y=5,,/(n-1) [0 Syy/n] es la covarianza muestral.

Propiedades de invariancia

Es imporiante analizar cuestiones de invariancia. Primero consideremos el efecto
de traslaciones, que convierten a X en x+p, a y en y+q, 0 a ambos simulidneamente.
Estas traslaciones afectan de la misma manera a los promedios, esto es, la media de

los valores trasladados x+p es ¥ + p, y la de los valores trasladados y+q es
¥ +q. Por lo tanto, los desvios x,—X e y,—J no son afectados por las

traslaciones. Dado que r y b fueron definidos en (1) y (3) en términos de sumas de
estos desvios, concluimos que ry b son invariantes a las traslaciones.

Sean ahora c y d constantes positivas. Dado que

h 2

2 n
z s e - sz a o - 3
(5) le(ﬂf €x) ¢ %}("',‘ x) & Sﬂ,
2 2 21 S
dy = f = -y =
A W) =4 g0 =3) =4 8,

n

x —cE)dy, - dp) = ed 2 (x, XNy, - F) =
(er ex )( }f 7} C:':lui x)(_1£ 7) cdS_U__,

=

I

se deduce que el coeficiente de correlacién de los pares (cx; ,dy;) es
¢dS,,/(cS,dSy)=r, mientras que la pendiente de la recta computada por el método de
cuadrados minimos se¢ toma el valor cdS,,f(czsu]=(dfc}b.

La conclusion es que r es imvariante a las transformaciones (positivas) de escala,
mientras que b resulta afectado de la manera indicada, Una manera interesante de
enfatizar cstos resultados es notar que en el andlisis de correlacion para diagramas
de dispersion como los presentados en la Seccion I, no es necesario referir las
observaciones a un sistema de coordenadas, pues las fraslaciones y los cambios
(positivos) de escala no tienen efecto sobre el cocficiente de correlacion. Cuando se

L
o

estudian las rectas por cuadrados minimos, se deben considerar o trazar los ejes
coordenados, para recordar que las elecciones de escala son importantes,

Las restricciones ¢>0 y d>0 son importantes: si una de estas constantes es positiva
y la otra negativa, los signos de r y b cambian, mientras que si ambas son positivas
o ambas negativas, r y b no cambian de valor ni de signo.

3. Cémputos

Para analizar con mis detalle los ejemplos de la Seccién I, presentamos a
continuacién ejemplos numéricos. El diagrama a la izquierda del Gréfico 4 (o del
Gréfico 5) puede considerarse generado por los pares (z; ;) de la Tabla 1.

Tabla 1. Ejemplo numérico con 5 puntos bidimensionales.

1 2 3 4 5
Abscisas | Ordenadas | Abscisas Centradas | Productos Cuadrados

Z; Yi X=%- Z Xi¥i x'?;

1 1 -2.5 -2.5 6.25

2 -1 -1.5 1.5 225

3 1 0 0 0

4 -1 1.5 -1.5 225

5 1 2.5 2.5 6.25
Suma =15 1 0 0 17.00

Ndtese que la iltima fila contiene las sumas de las columnas.

Teniendo en cuenta la invariancia 2 las traslaciones, operamos conx; = z; — 2
en vez de hacerlo con z; Como la suma de los x es igual a 0, también lo es su
promedioc. Dado que los y son muy simples operamos sin modificarlos, siendo su

promedio 1/5. Tenemos que

(6)

3 el A
Yo Y, P, = M =TS ey

I

la segunda igualdad se debe a que X (x,—-X)y=yX(x,—-X)=0, ¥
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tercera a que X = 0, lo que conduce a que S,,=3 x;y,. También obtenemos
S»=17. En conclusidn,
8oy

(7) r= =0, b

it w0
58y ’

Sxx
como se dijo. Sin embargo consideremos ahora el diagrama a la derecha del Grafico

5 (0 el segundo contando desde la izquierda en el Grafico 4); los datos aparecen en
la Tabla 2.

Tabla 2. Ejemplo mmérico con 6 puntos bidimensionales

1 2 3 4 5
Abscisas | Ordenadas | Abscisas Centradas | Productos Cuadl;ados
Z Yi X=zi- Z XiYi Xi
1 1 -2.5 -2.5 6.25
2 -1 -1.5 1.5 2.25
3 ] -0.5 03 0.25
4 -1 0.5 0.5 0.25
5 1 1.5 1.5 225
b -1 235 25 6.25

Suma 21 0 0 230 17.50

Ahora calculamos

S 3 :
xy Xy
) r= s————= 029, b=——=<011,
¢ |
5,8, 17.50x6 5.

mientras que ¢ = ¥ — bT = 0. Diagramas correspondientes a las tablas 1y 2
forman el Gréfico 5,

estudian las rectas por cuadrados minimos, se deben considerar o trazar los ejes
coordenados, para recordar que las elecciones de escala son importantes.

Las restricciones ¢>0 y d>0 son importantes: si una de estas constantes es positiva
y la otra negativa, los signos de r y b cambian, mientras que si ambas son positivas
o ambas negativas, r y b no cambian de valor ni de signo.

3. Computos

Para analizar con més detalle los ejemplos de la Seccién I, presentamos a
continuacion ejemplos numéricos. El diagrama a la izquierda del Gréfico 4 (o del
Grifico 5) puede considerarse generado por los pares (z; ,y;) de la Tabla 1.

Tabla 1. Ejemplo numérico con 5 puntos bidimensionales.

1 2 3 4 5
Abscisas | Ordenadas | Abscisas Centradas | Productos Cuadrados

z; Y; Xi=Zi- Z XiYi i

1 1 -2.5 2.5 6.25

2 -1 -1.5 1.5 225

3 1 0 0 0

4 -1 1.5 -1.5 225

5 1 2.3 25 6.25
Suma=15 1 0 0 17.00

Nétese que la tiltima fila contiene las sumas de las columnas.

Teniendo en cuenta la invariancia a las traslaciones, operemos conx; = z; — 2
en vez de hacerlo con z;. Como la suma de los x es igual a 0, también lo es su
promedio. Dado que los y son muy simples operamos sin modificarlos, siendo su
promedio 1/5. Tenemos que

5
(6) 5 = .Zilix. - %Ky, —y)= ‘.Z (x -%)y, = Zxy =0,

la segunda igualdad se debe a que Y (x;, -X)y=¥yYL(x;-X)=0, y Ia
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tercera a que X = 0, lo que conduce a que S, =% x;,. También obtenemos
S=17. En conclusidn,

7) r=—2_=0, b=-"=0,

como se dijo. Sin embargo consideremos ahora el diagrama a la derecha del Gréfico
5 (o el segundo contando desde la izquierda en el Grafico 4); los datos aparecen en
la Tabla 2.

Tabla 2. Ejemplo numérico con 6 puntos bidimensionales

1 2 3 4 5
Abscisas | Ordenadas | Abscisas Centradas | Productos Cuadgados
Zi Vi X=zi- £ XiYi Xi
1 -2.5 -2.5 6.25
2 -1 -1.5 1.5 225
3 -0.5 0.5 0.25
4 -1 0.5 -0.5 0.25
5 1 1.5 1.5 2.25
6 -1 5 -2.5 6.25
Stma 21 0 0 -3.0 17.50
-
Ahora caleulamos
xy -3 xy
(8) ro= - == =029, b=—=-017,
5.8 V17.50x6 S
X y X

mientras que a = J — b = 0, Diagramas correspondientes a Jas tablas 1y 2
forman el Grafico 5.
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A medida que aumenta la cantidad de pares de datos del tipo que estamos
analizando, disminuyen b y r. Por ejemplo, podemos controlar que para conjuntos
de pares como los de las tablas 1 y 2, se cumple lo siguiente:

n=4 pares, b=-0.4, r=-0.44,
n=6 pares, b=-0.17, r=-0.29 (como se vio en (8))
n=50 pares, b=-0.0024, r=-0.00346.

4. Diagramas de dispersién simétricos

Definicion Operativa. Un diagrama de dispersién con n puntos o pares
bidimensionales (x; , y;) ( donde n21) se dice que es simétrico si: (a) contiene n,

puntos (0<n,<n) para los cuales (x; =X)(;~7)=0; y (b) los restantes 2n; puntos
(donde 0<m=<n/2) aparecen en pares, (X, ¥;) Y (% Yo en los
que(x; —X)(y; =) =~(x, = %)y, = ¥) #0.

Los n, puntos cuyos productos cruzados son iguales a O pertenecen a las
lineasx = X 0 y = J, o a ambas si ellos coinciden con el par de promedios

(%, ¥). Estas lineas son paralelas a los ejes coordenados, o coinciden con ellos.
Una consecuencia de la definicién operativa es la siguiente:

Proposicion. Un diagrama de dispersién simétrico tiene S,=0, y por lo tanto
r=b=0.

Esto proviene directamente de la definicién de S, dada, por ejemplo, en (6).

Proposicicén. Existen diagramas de dispersién que no satisfacen la condicion de
simetria de la definicién operativa y sin embargo tienen S,,=0.

Ejemplo. Para n=3, el conjunto de puntos {(-2, 2), (-1, -1), (3, 1)} tiene esta
propiedad.

Generacién de diagramas de dispersiéon simétricos

En esta seccién analizamos cémo generar diagramas de dispersién simétricos. De

519



Publicaciones - Raul Pedro Mentz

acuerdo con nuestras observaciones sobre invariancia, en los siguientes diagramas
omitimos los ejes coordenados, Considere los diagramas siguientes:

XX XX XXX XXXX
X XX X
X

)

B4 54 ha 34

Ellos cumplen con las condiciones de la definicion operativa y son por lo tanto
diagramas de dispersién simétricos. Corresponden a las particiones de 4 con los
enteros 1,2,3y 4,

(10) I41+1+41 2+1+1 2+2 3+1 4

Euler demostrd que el nimero p(n) de maneras de representar un entero positivo n
como la suma de enteros positivos (sin considerar el orden) es igual al coeficiente
de q" en la expansidn en serie de potencias del producto infinito

w
(11 -——17=1+q+2q2 +3¢° +5¢° +7¢° +...,
k=1]—q

(Bressoud and Propp, 1999). Estos autores usan lo que llaman diagramas de Young
para representar las particiones. En nuestro caso ellos son,

Correlacién, simetrfa y variabilidad, pp. 20- 42

| 3 i S &

(12)

o)

De los diagramas de dispersion simétricos presentados en (10), podemos generar
olros por permutacion, con lo que obtenemos lo siguicnie:

X XX X X XX XXX X XXX
(13) X X XX o XX X XXX
X X X X X
X
J+1+1+1 24141 1434 19 2+2 3+] 143 4
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Proposicién. La cantidad s(n) de diagramas de dispersion simétricos generados
por las permutaciones de las particiones es igual a 2*.

Esto es valido por ser s(n) la cantidad de soluciones de las ecuaciones
(14) XXt X =n

para k=1,2,...,n, cuando las soluciones son enteros de 1 a n. Para cada k la cantidad

-1
de soluciones es [z J (Niven, 1965, Capitulo 5). Por lo tanto
n(n-=1) n-l{n-1 el
(15) s(n)= 2. = 7 =2
k=I\k-1) k=0\k

Observamos que algunos (pero no todos) los diagramas de dispersién de (13)
pueden escribirse con orientaciones distintas, y todavia retener la propiedad de
simetria. En efecto, tenemos lo siguiente:

X X X X X X

X X X

X X X

X X X

X X b ¢ X X

X X X
2+1+1 1+1+2 3+l

Sin embargo no podemos hacer algo semejante con 1+2+1 o con 2+2.

5. Concilusiones

Hemos analizado algunas propicdades de la correlacion. El elemento bisico de
nuestro enfoque s el diagrama de dispersion de un conjunto de pares 0 puntos
Pi=(x;, yi) en el espacio bidimensional.
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Conjecture was solved, Notices of the American Mathematical Society, Vol. 46, No.

La correlacién se mide con relacién a rectas: si los pares estdn en una curva, ain
6, pp. 637-646.

siendo la relacion (no lineal) aparente, su correlacion (lineal) puede ser baja, incluso
jgual a 0, cuando utilizamos el coeficiente de correlacion de Pearson definido en

(1). Por lo tanto la correlacion es lineal ain cuando omitimos el calificativo. Niven, Ivan (1965), Mathematics of Choice. New York: Random House, the L.

W. Singer Company.

Cuando medimos el signo y el grado de la correlacién con el coeficiente r de
Pearson, como se hace habitualmente en la préctica, las traslaciones y los cambios
de escala son irrelevantes, excepto que si multiplicamos a los x con ¢ y a los y con
d, v se satisface que cd<0, ocurre un cambic de signos. La conclusién es que los
diagramas de dispersion, cuando se analiza la correlacién, pueden dibujarse sin los
ejes coordenados. Desde este punto de vista la correlacidn no estd relacionada con
la variabilidad marginal de x o de y por separado, sino que sélo estd relacionada con
la variabilidad conjunta medida por Sy, la suma de productos de las desviaciones
con relacién a los promedios. El coeficiente r es S,y estandarizado por el producto v . e

de las desviaciones estdndares, de manera que sus valores posibles estén entre -1 y .~ .
+1, 0.8} " 2 e =

Grafico 1. Los diagramas de dispersion tienen 100 puntos o pares. El diagrama a)
tiene r aproximadamente igual a 0, el diagrama e) tiene r exactamente igual a 1. Los
puntos del diagrama a) se proyectan a la recta y =x; b), ¢), y d) representan pasos
sucesivos de la aproximacién de cada par (x,y) a su proyeccion ((x+y)/2,(x+y)/2).
a) r=10,03

En consecuencia hemos analizado un conjunto de conexiones entre la correlacion 0.5l Al e
y su medida r, con la variabilidad que presenta el diagrama de dispersion. Hemos 2l o 2 iand
enfatizado que cierias aseveraciones con respecto a r deben relacionarse con el valor : A= o .
de la pendiente b. i - : ’ s

A continuacién relacionamos correlacion con simetria. Encontramos que los 0.2p 3 e Tt S ;
diagramas de dispersién simétricos (segin una “definicion operativa”) tienen r=0, 5
pero que !a reciproca no es cierta, podemos tener =0 en diagramas de dispersion no - , P . .
simétricos. También analizamos ejemplos de diagramas de dispersién que se alejan b) r=0,31 0.2 0.4 0.5 0.4 1
levemente de la simetria, 1p

Finalmente desarrollamos un procedimiento simple para generar diagramas de . = o <
dispersion simétricos. Este procedimiento revela una relacién interesante con la Y-8f d = S ’ - .
teorfa matematica de Jos nimeros (enteros): los diagramas de dispersion simétricos . -
estan relacionados con particiones de enteros como sumas de enteros positivos, y a 0.6} =5 . L sa
soluciones en enteros de ciertas ecuaciones. Ilustramos el procedimiento sistematico L e Ay RPN
para generar 2™ diagramas de dispersién simétricos de n punios. Dos de ellos, .
correspondientes 2 la particién de un entero n como 1+1+..+1 o bien como n, ' s s
tienen S,,=0 y S,,=0, respectivamente, de manera que r no estd definido para ellos; . . . x
lodos los restantes tienen S;/=r =0. 0.t i e Sl ol ey

Bibliografia [ :

Bressoud, David and James Propp (1999), How the altemating sign matrix 0.% 0.4 0.6 o:s
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e)r=1,00
c)r=0,62 _ =
v 0.5} N
e
E » " 4
b5 " B S 0.5 e
* " - .rx a L) ""
0.5} : L i i R " 0.4} i ;
. Wy . .8 v
LET S S < "J
. i = g I, L
0.4} ; AR Sekt
0.2F ; z .:: ) |. 2 i * ; :
S ¢ 0.2 0.4 0.5 0.8
0.2 0.4 0.6 0.3 Griéfico 2. Diagramas de dispersion que tienen r=0
X X
X X X X X
X X X X X X X X X X X X
d)r=0,89 X X X Xy
X X
-~ Grifico 3. Diagramas de dispersién con r=0 deducidos del primer diagrama del
oot 2 Griafico 1,
b 8 ) % X X
“* Fa e X
i | IR £ 0% A % X
S X
e . a X X
0.4} i (S
1 : o i:' ' Grifico 4. Diagramas de dispersion que muestran que un cambio de un solo pun!
o2l S T puede afectar el signo y el valor de r, en particular, que sea igual a 0 0 que no lo se-
X % % & XXX XX X
0.t 0.t 0t T X X X RX X % X X% XX
=0 r<0 >0 =0
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Gréfico 5. Tzquierda: Pares de la Tabla 1, r=b=0, la recta por cuadrados minimos es
el eje de las abscisas. Derecha: Pares de Ia Tabla 2, =-0.29, b=-0.17 con la recta
calculada.

L A
X KX X X X | X
al . <\ b
X \
X X X X X
v i’

Universidad Nacional deTucumén y CONICET,
Casilla de Correo 209. Tucumén (4000) - Argentina.
Fax 54 (0381) 436-4105.

Email: mentz@herrera.unt.edu.ar
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El rey y los castillos

Gamondi Rubén Mario y Cassoli Dario

Introduccién:

Con la resolucién de este problema se pretende lograr dos objetivos, en el primero
se busca captar la atencién de los alumnos para resolver un problema sin la
utilizacién de conceptos mateméticos y con mucha utilizacién de la idea intuitiva y
el segundo objetivo consiste en crear el dmbilo apropiado para aplicar la
herramienta matematica conocida como induccion matematica.

Este trabajo fue propuesto a alumnos de primer afio de un profesorado en
matematica, y con el correr del tiempo se generd un intercambio que llevé a
plantear y resolver una generalizacion.

El problema original fue extraido de [1].

El rey y los castillos

“Erase una vez, en tiempos antiguos, un poderoso rey que tenia ideas excéntricas
en materia de arguitectura militar, Sostenia que habia gran fuerza y economia en
las formas simétricas, y siempre citaba el ejemplo de las abejas, que construyen
sus panales en celdas hexagonales, para demostrar que la naturaleza lo
respaldaba.

Decidio construir diez nuevos castillos en su pais, todos conectados por murallas
fortificadas, que debian formar cinco lineas con cuatro castillos en cada linea. El
real arquitecio presenté su plano preliminar en la forma

Pero el monarca sefialé que era posible atacar cada castillo desde el exterior, ¥
ordend modificar el plano para que la mayor cantidad posible de castillos
quedaran a salvo de un ataque externo, y sélo se pudiera llegar a ellos cruzando
las murallas fortificadas. El arquitecto replicé que le parecia imposible disponerios
de tal modoe que atm un solo castillo - el edificio que el rey se proponia usar como
residencia- se pudiera proteger de ese modo, pero Su Majestad se apreswro a
explicarle como hacerlo. ;Coémo se pueden construir los diez castillos y
Jortificaciones para satisfacer del mejor modo los requerimientos del rey?.
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Ante esta situacion se conviene en delimir puwnto interior o castillo interior, como
aquel punto que para poder llegar a él desde ¢l exterior es necesario pasar por lo
menos por una linea, y punto exterior o castillo exterior aquel que se accede desde
el exterior sin pasar por ninguna linea.

Planteado el problema surge la siguiente respuesta por parte del alumnado, la cual
coincide con [1].

El docente interviene nuevamente y propone que se analice la posibilidad de
defender un castillo. Aparece la siguiente situacion:

Agotado el problema, el docente propone modificar el enunciado identificando cada
castillo con un punto y cada muralla con una linea, donde cada linea tiene
unicamente 4 puntos y cada punto, surge de la interseccién de sélo dos lineas, este
enunciado se analiza para el caso de 6 lineas y 12 puntos, luego se propone a los
alumnos que muestren la posibilidad de encontrar cero, uno, dos y tres puntos
interiores respectivamente o tanto como sean posibles.

Para cada uno de los casos los graficos encontrados son:

X XA A

Surge por parte de los alumnos la observacién de la imposibilidad de encontrar una
canl'lad de puntos interiores que superen a 3, en el caso de 12 puntos y 6 lineas.

528

Se.les propone como actividad siguienie la posibilidad de realizar el mismo
problema pero con la variante de 14 puntos y 7 lineas.

Luego de deducido el caso de n =7 se pretende generalizar el problema, el cual
consiste en: trazar un diagrama con solamente puntos exteriores, que contenga
2n puntos y n lineas, con la condicién que cada linea pase por sélo 4 puntos.
La respuesta, pronto aparece con la intervencién del docente al considerar un
poligono (se puede pensar regular) de n lados y prolongar sus lados, se tiene que
cada lado finaliza en 2 puntos y la prolongacién del mismo hacia ambos sentidos se
corta en dos puntos con las respectivas prolongaciones de los 2 lados vecinos.

La grifica siguiente muestra tres lados vecinos y sus prolongaciones en un
poligono de n lados.

Con todas las situaciones propuestas y que quizds han sido resueltas se da una
respuesta a la siguiente pregunta:

Si se tienen 2n puntos y n lineas de manera que cada linea contenga 4 puntos, que
cada punto pertenezca a la interseccion de unicamente dos lineas; y ademds con
las n lineas se cubran los 2n puntos. ;Cudl es la mayor cantidad de puntos que
pueden ser interiores?.

Al hacer el anilisis del caso # =5, hemos visto que hay sélo dos puntos interio-
res.

De la situacién n =6, se observa que el méximo posible es de 3 puntos interiores,
del caso n =7 resulta un miximo de 5 puntos interiores, luego para n=8 es
posible encontrar a lo sumo 7 puntos interiores y para n=9 son 9 los puntos
interiores, esta sucesién no es otra cosa que la secuencia de nimeros impares,
excepto en el primer caso,

A partir de todo este trabajo manual surge la siguiente conjetura:

Conjetura: La mdxima cantidad de punios interiores que resultan de trazar n
lineas que pasen por 2n puntos de manera que cada linea contenga 4 puntos y
cada uno de ellos pertenezca a la interseccidn de dos lineas es:

2:n-9
Para poder afirmar o contradecir esta suposicién se deberia ver cuales son las

herramientas matematicas disponibles para resolver esta situacién, una de ellas
consiste en utilizar el método de induccidén matemdtica, la idea inicial es realizar la
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solucion en conjunio con el alumnado, analizando uno por uno los distintos valores

den. )
En el caso n =6, se ha encontrado el siguiente diagrama: E % g g

Se puede observar que para 7 = 9 se ha insertado en Ia figura siguiente

Que no es ofra cosa que un tridngulo (exterior) en el cual se le ha insertado el
siguiente disefio:

b
@

el disefio:

n =17, paraello es necesario trazar un nuevo segmento y que aparezcan dos nuevos

puntos en el esquema, nos bastamos de la siguiente estrategia. En la figura anterior

identificamos los puntos A y B: :

Luego se traza una linea de manera tal que los puntos A y B no sean los puntos Repasando lo realizado hasta el momento, los disefios que permitieron pasar de6
extremos del segmento que formarén con otros dos puntos, de esta manera se hasta 9, haciéndolo por 7y 8 fueron:

obtiene ei siguiente esquema:

A
A S

El préximo paso radica en la posibilidad de poder pasar del caso n=6 al caso -i_

A continuacién se muestra los casos de n=10,11y12 .

Si se repite el proceso en cada una de las dos puntas restantes del disefio insertado
en el tridngulo exterior, se tiene la manera de pasara n =8 y n =9, obteniéndose

respectivamente: ; ; g g ;
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Se nota que los tres 1ltimos casos, tienen en comuin la figura "exterior" siguiente:

Y los disefios interiores inscriptos son los mismos que los que permitieron el paso
de 6 hasta llegara 9.

Mediante ]a repeticién de este proceso, es posible pasara diagramas exteriores del
tipo:

Puesto que en el tridngulo exterior, sélo hay dibujados 9 puntos, estos serdn en
consecuencia los tinicos puntos exteriores del total. Entonces se tiene una
demostracion geométrica del siguiente teorema:

Teorema: Sea n > 5, consideremos 2n puntos, y n lineas, el nintero mdxino de
puntos interiores que resultan de trazar n segmentos por 2n puntos de manera

que cada segmento contenga 4 puntos y cada uno de ellos esté en la interseccion
de dos segmentos es 2n-9.

Con la resolucién de este problema, se tiene una idea intuitiva que creemos que
permitird explicar con mayor facilidad el proceso inductivo.

Bibliografia
Que luego con alguno de los disefios siguientes antes elaborados se puede construir , :
el caso que se requiera: [1]-. EI Acertijo del Mandarin y otras diversiones matemdticas. Henry Dudeney.
Juegos & co./Zugarto ediciones. 1992.

[2]-. Para pensar Mejor. Guzmén M. Editorial Labor . Barcelona 1991.

[(3)-. Matemadticas, discreta y combinatoria.Grimaldi, Ralph P. Addison - Wesley
Iberoamericana. 1989.

[4]-. Matematicas Discretas. Ross, Kennet A. Wright, Charles. Prentice Hall,
Hispanoamericana 1990.
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|2]-. Hanabook of Applicable Mathematics. Combmnatorics and Geometry. Jhon

J Problemas pava resoiver
Wiley & Sons. 1961.

1) Estoy pensando en un nimero menor que 100. Si el niimero es miltiplo

de 4 entonces estd entre 50 y 59 inclusive.
*} NUCOMPA - Facultad de Ciencias Exactas. UNICEN. . g - " 3 .
3 Tandil (7000). ;:o: de Buenos Aires. Si no es muiltiplo de 6, entonces est4 entre 20 y 29 inclusive. Si no es miltiplo

rgamondi(@exa.unicen.edu.ar

de 7, entonces estd entre 70 y 79 inclusive. Qué nimero es? (nota: hay tres

{**} Inst. Sup. Formacién Docente N ° 27— Bolivar. soluciones posibles, encuentre las tres).

2) Pruebe :

a) 2" — 1 es divisible por 3 si y sélo si n es par.

b) 2™ — 1 es divisible por 7 si y sélo si n es miiltiplo de 3.
c) 2™ — 1 es divisible por 15 si y sélo si n es multiplo de 4.
'd) Enuncie y pruebe la férmula general.

3) Suponga que se tienen nimeros de la forma abOa, ee2, bb3, ccdged3d,
donde a, b, ¢, d, e, g son digitos entre 0 y 1. Se sabe que:

(ab0a) x (ee2) x (bb5) = cedgeddd

y se sabe ademds que g =5+ c. Halleay b.

4) En la ciudad de Metrépolis hay alrededor de 20 millones de personas, de
las cuales 14.971.389 son adultos. No todos los adultos hablan el mismo idioma,
pero se da la situacion que, en cualquier grupo de tres metropolitanos adultos
al menos dos hablan el mismo idioma. Cada metropolitano adulto habla entre 1
y 20 idiomas. Pruebe que hay al menos un idioma que es hablado por al menos
374.285 adultos.

5) Halle todos los primos p tales que 2p — 1 y 2p + 1 también sean primos.
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Normas para la presentacién de articules

Los articulos que se presenten a esta revista no deben haber sido publicados o estar
siendo considerados para su publicacion en otra revista.
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diagramas deben dibujarse perfectamente. Los simbolos manuseritos deben ser
claramente legibles. Salvo en la primera pdgina, deben evitarse en lo posible notas al
pie.

Larecepeion de cada trabajo se comunicard a vuelta de correo y en su oportunidad la

aceptacion del mismo para su publicacion.

Direccién de e-mail:
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Nota sobre la asignacion de fechas a los
picos vy vailes de una serie de iluvias mensuales

Nora M. Jarma y Raul P. Mentz

Facultad de Ciencias Econémicas
Universidad Nacional de Tucuman
CONICET

Resumen

En este trabajo se estudia el efecto que tiene sobre 12 asignacion de fechas a los
ciclos de corto plazo de una sene de lluvias mensuales, la seleccion del tratamienta
destinado a estimar el comppnente de tendencia. Se analizan tras manaras de asli-
mar la tendencia, dos que provienen directamente del programa X-12-ARIMA de ajuste
estacional, y olro que surge de recomendaciones aparescidas fecieniamente en la
Iteratura. Los resultados muestran |a importancia de seleccionar bien &l metodo de
estimacion de la lendencia y coinciden con lo que se encontrd en otro estudio al
analizar series de indicadores econémicos mensuales y tnmestrales, que tenen (en
general) menos variabilidad que las senies de lluvias

Falabras Claves

Tendencia, estacionalidad, X-12-ARIMA, ciclos, picos, valles, suavizade

539



Publicaciones - Raill Pedro Mentz

1. Introducecién

En un trabajo reciente (Jarma y Mentz, 2000) se considero el terqa (_ie la asignacion
de fechas a los picos y valles de un conjunto de indicadores economicos argentinos.
Se puso especial atencion a la seleccion de opciones en el programa X-12-ARIMA y
2l suavizado de las series ajustadas por estacionalidad

El proposito de asta nota es aplicar procedimientos estadisticos similares a una serie
de lluvia L3 serie con datos hasta 1995 fue analizada en Mentz et al (2000) yhse
encontro que presentaba mucha variabilidad, mas que las series economicas cita-
das.

2. Datos

La sene considerada es la de los totales mensuzles de lluvia caida en la localidad de
La Cocha, Provincia de Tucuman, Los datos fueron captados por un productor
agropecuario particular. Se dispone de informacion desde enero de 1982 hasta di-
ciembre de 2002, En Mentz et al (2000) la sene fue estudiada hasta diciembre de
1995.

3. Métodos
3.1. Ajuste Estacional

El ajuste estacional se hizo con el programa X-12-ARIMA (Release Version 0 2 10 del
ano 2002). Este programa es una version moderna (Findley et al, 1998) del método X-
11 desarrollado por el Bureau of the Census de los Estados Unidos (Shiskin et al,
1967). Las opciones basicas en nuestro caso son que se uso la version aditiva del
modelo estacional, y se requirid la seleccion automatica de un modelo ARIMA de los
disponibles en el programa

El medele que se considera para los datos observados, y,. es aditivo en los
componentes inobservables, y puede escribirse como y, =t + C + S + |, donde los
componentes son, respectivamente la tendencia, los ciclos, el componente estacional
y el irregular. Sin embargo los programas de la familia X-11 no distinguen entre
tendencia y ciclo, de manera que el modelo efectivamente utilizado es y,=C + S, +
I, donde ahora C es el scomponente tendencia-ciclos Este modelo se aplica a los
datos observados en los meses t=1.2 T ademas se dispone de extrapolaciones
obtenidas al ajustar a la serte un modelo ARIMA estacional, lo que permite extender
la serie por un'afio mas.

El resultado del procesamiento con el programa X-12-ARIMA es un conjunto de ta-
blas y graficos. Un primer resumen lo constituye la Tabla 1. Luego tenemas las si-
guientes series (1) La serie cbservada, yt que se presenta en el Grafico 1: (2) La
serie de estimaciones estacionales, Tabia D10 del programa, corresponde a nuestro
Grafico 2. (3) La serie corregida o zjustada por estacicnalidad, Tabla D11 del programa,
carresponde a nuestro Grafico 3. (4) La serie corregida por estacionalidad y suavizada,
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Tabla D12 del programa. corresponde a nuestro Grafico 4. finalments (5) El Grafica 5
contiene la version designada como D12° mas abajo, que es una Version mas suavi-
zada aun, de |a sena corregida por estacionalidad En el analisis se usa también |2
Tabla E2 (ver abajo), que no se presenta por razenes de simplicidad

En Ios graficos Iz escala horizontal esta expresada en mesas y la vertical en milime-
tros, que corresponden a un litro da agua por metro cuadrado de superficie

El resultado del analisis ciclico se muestra en algunos de los graficos (3. 4y 5)yen
las tablas 2. 3, 4 y 5 Esto sera explicado mas abajo

A pesar de este suavizado se sostiena (Dagum. 1996) que s aconsejabie profundi-
zar ia reduccion del efecto del componente irreguiar Este es el procedimiento utiliza-
do en esta nota. lo identificamos come D12° ¥ opera de la siguiente manera: (1)
Ademas de las tablas D11y D12, &l programa X-12-ARIMA emite Ia Tabls E2 "Sene
Ajustada por Estacionalidad Modificada” en la que los valores extremos ("outliers” en
inglés) han sido reemplazados por otros valores generados en el programz. (2] La
serie de la Tabla E2 es extendida por medio de un modelo ARIMA sstacional, que =n
nuestro caso es el modelo (0.1,1)(0.0,1 112 recomendado por la autara; (3) Usando
las cpciones provistas por el programa, la serie no recibe ajuste per estacionalidad y
se exlrapola usando el modelo ARIMA, (4] A la senie resultante se le aplica un prome-
dio movil de Henderson d= 23 meses (51 En la serie resultants sa reamplaza nueva-

mente los valoras extremos, y. finalmente (8) El resultado deseado se les 2n I3 Tabla
D12 .

En la Tabla 1 damos algunos de los principales esladisticos descriptivos de la bondad
del ajuste. Para comparar presentamos los d=l periodo 1982-1995 con los da actual,
1982-2002 Algunas observacionas son (1) El estadistico F de la "estacionalidad es-
table” describe cuan imporiante es el componente estacional de 13 seriz: 2| F de la
"estacionalidad movil* describe si debe asignarse importancia a los cambios en la
estacionalidad durante el lapso considerado Los valores observados en el periode
1982-2002 son, respectivamente. 26 82 y 142 (2) Sobre !z basa de estos dos esta-
disticos F se califica al ajuste estacional como "estable 310 1%" {3) MDC s &l "mes
de dominancia cichca” definido como la cantidad de meses da variacion del comoa-

nente tendencia-ciclo que hacen falta para compansar la vanabilidad dal componant
irregular, el valor 12 es el mas desfavorable El'cociente l/C” ralaciona Ia
del irregular estmado con la del componanta tendencia-ciclo es
disticos M son medidas de ia bondad del sjuste y son 11 en'total En la
2002 hay cuatro que tienen valoras desfavorables M1 mide Ia contribucia
panente irreqular a la varianza total: M2 tiene un significado similar, solo que lax
total se calcula cuando la serie onginaria ha sido convartida n estacionaria, M3
ta contribucion del componente irregular sobre Ia base de |z razon IIC madiant
expresion M3 = {/C - 1)/2. M5 esta basadoen MCD M5 = (MCD'-0
ha sido previamente corregido €n base a una interpolacion lingal £

tacar que el estadistico M7 no ha resultado 2n la lista d2 indig
M7 es un test combinado de 1a presencia de estac

ahidad 1d
un promed:o ponderado de les estadisticos My

ficar el ajuste como rechazado Deba adverurse
cen 8l medslo adiivo no es del todo aconsejabia
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TABLA1

Algunas Medidas de la Bondad del Ajuste Estacional,
Modelo Aditivo, Programa X-12-ARIMA .
Serie de Lluvias Mensuales en La Cocha, Tucuman, en dos Pericdos

Nota sobre la asignacién de fechas a los picos y valles de una serie de lluvias... , pp. 21- 34

Anos | Estacio- | Estacio- | Auste | MD | Cocien- | Canudad | Detalle | Q | Ajuste
nakdad nalidad es c te liC de M>1 as
Estable | Movil (F)
(F)
1982- 1318 0o8 Estable | 12 434 4 M1M2 | 131] Recha-
1295 al 0.1% M3 M5 zado
1982- 26.682 1.42 Estable | 12 461 4 M1 M2 | 131| Recha-
2002 al0.1% M3I.M5 zado

Algunas observaciones son: (1) Aumentaron los dos esladisticos F. es decir hay un
compenente estacional mas importante y tiene mayor vanabilidad a través de los
anos, confirmando lo que muestra los graficos que se veran mas adelante. (2) Hay

pocos cambios en las olras medidas

3.2. Analisis Ciclico

Las series identificadas como D11, D12 y D127, que representan a los valores corre-
gidos por eslacionalidad con distintos grados de suavizado, ingresan al programa de
asignacion de fechas a los picos y valles. Esto lo gjecuta un programa desarrollado
originariamente en el National Bureau of Economic Research de los Estados Unidos
y tuvimos acceso a &l a través del Center for Internationoal Business Research de la
Universidad de Columbia (Moore, 1989).

El resultado de l2 aplicacion de este metodo se presenta en forma tabular y grafica.
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4. Analisis de los resuitados

Presentacidn Gréafica

La informacién disponible para el periodo 1982-2002 se presenta inicizimente en 5
graficos, como sigue.

Grafico 1. Serie originaria, Obsérvese la presencia de ceros, en algunos casos por
lapsos de varios meses. Estos determina que no podamos usar directamente el ajus-
le multiplicativo. Las cpciones del programa son el modelo aditive y uno llamado

"pseudo-adiivo”; los ensayos que realizamos con este dltimo no fueron satisfacto-
rnos

Grafico 1
Lluvias en La Cocha, Tucuman, Argentina Serie originaria

Enero 1982-Diciembre 2002
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Grafico 2. Corresponde a la Tabla D10 de la salida del programa X-12-ARIMA Obsar
vamoes cambios suaves en la amplitud del componente estacional estimado Nate
el cambio a partir de 1992. En el estudio previo (Mentz et al, 2000) no se observo este
tipo de movimiento,
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Grafico 2

Liuvias en La Cocha, Tucuman, Argentina. Factores Estacionales,
Tabla D10, Programa X-12-ARIMA, Metodo de Ajuste Aditivo
Enero 18682-Diciembre 2002.
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Grafico 3. Corresponde a la Tabla D11 del programa Es la sene ajustada por
estacionalidad, con las fechas de los puntos de giro (picos y valles) y la tendencia de
largo piazo del crecimiento. Notamos que en &l lapso considerado esta tendencia
prasenta pocas oscilaciones, y es aproximadamente constante.

Grafico 3

Lluwias en La Cocha, Tucuman, Argentina. Serie Ajustada por Estacionalidad,
Tabla D11, Programa X-12-ARIMA, Método de Ajuste Aditivo, Tendencia de Largo

Plazo y Puntes de Giro Determinados por el Programa del NBER.

Enero 1982-Diciembre 2002.
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Tendencia de largo plazo. Los graficos 3, 4 y Sincluyen una tendenciz de largo plazo
Grafico 2 ) - calculada por los programas del National Bureau of Economic Research. Se trata ds
Liuvias en La Cocha, Tucuman. Argentina. Factores Estacionales, un promedio movil de 75 meses (Moore, 1980). Se llega a este promedio movil por un
Tabla D10, Programa X-12-ARIMA, Método de Ajuste Aditivo, procedimiento de analisis empirico basado en muchas series observadas y se encon-
Enero 1882-Diciembre 2002, tro que una alta proporcion de los casos el ajuste logrado y 12 extrapolacion practica-
e s o il da dieron resultades razonables
150 ! Grafico 4. Corresponde ala Tabla D12, componente de tendancia-ciclo estimado, con
160

los puntos de giro y 1 tendencia de largo plazo del crecmiento. En comparacion can
el Grafico 3, esta serie esta mas suavizada. Las fecha de los puntos de giro no coin-
2 ciden exactamente en todos los casos La tendencia del crecimients tiene un move-
miento a partir, aproximadamente, de fines de 1994, y al final del periodo tizne unz
tendencia decreciente

Grafico 4

Lluvias en La Cocha. Tucuman, Argentina Sene Tendencia-Ciclo. Tapla D12,
Programa X-12-ARIMA, Método de Ajuste Aditive, Tendencia de Largo Plaza y
Puntos de Giro Determinados por el Programa del NBER

Enero 1982-Diciembra 2002

Gréfico 3. Corresponde 2 la Tabla D11 del programa Es la serie ajustada por

estacionalidad, con las fechas de los puntos de giro (picos y \._railes} y la tendencia de 12: ]
largo plazo del crecimiento. Notamos que en el lapso considerado esta tendencia i
presanta pocas oscilaciones, y es aproximadamente constante. ‘ 1;; J
: BO
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Grafico 3 - s >
Lluvias en La Cecha, Tucuman, Argentina. Serie Ajustada por Estacmqahdad. 5
Tebla D11, Programa X-12-ARIMA, Matodo de Ajuste Aditivo, Tendencia de Largo L

Plazo y Puntos de Giro Determinados por &l Programa del NBER.
Enero 1282-Diciembre 2002,
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i ue Grafico 5. Corresponde a lo que hemos identificado como D12°, es degir, una seris
= mas suavizada que la de la Tabla D12, Hay algunos cambios en las fechas de picos y
4 valles, se observa nuevamente un movimiento 2 partir da fines de 1894, y al final del
m periodo |a lendencia de largo plazo sefiala una disminucion importants
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Grafico 5

Lluvias en La Cocha, Tucuman, Argentina. Serie Tendencia-Ciclo, Tabla D12*,
Programa X-12-ARIMA, Tendencia de Largo Plazo y Puntos de Gira Determinados
por el Programa NBER. Enero 1982-Diciembre 2002.
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Una manera de resumir la informacidn sobre el procesamiento estacional lo constitu- S8 3 g 2| 2 o1
ye la Tabla 1 presentada en la Seccion 3.1 precedente. La correspondiente presenta- o 9 *:LE l 2 232238 =1 *8 | zggzes
cion gel fechado constituye en un caso, 12 Tabla 2, basada en la Tabla D11 de la salida £ w .;:J-, 2 B rEr ey R E R duar R
del programa X-12-ARIMA. La tabla tiene dos cuarpos, en el superior se analiza la é ;‘é g z = a | '
sucesion de pico - valles - picos y en la inferior |2 de valles - picos - valles Se dan las L 52 & i @ Bnrmma - ] E | Sewete |
‘. 3 x F = ) - |
fechas asignadas por los programas (las tres primeras columnas), la duracion en E8 8 2 = = § * '
meses, y estadisticos de resumen: las medias (aritméticas) y las medianas de las EGe Bl £ On@aTan gl e b e I:
duraciones, y el desvio estandar gs' 4| ¥ | 8888533 2l = | 882 "
0o o ] haill adi ol ald g = < = |
De esta tabla hay una parala salida D11, una parala D12 yotraparala D127, a su vez, : 5E % % a | |
hay un juego de estas Ires tablas para el llamado "procesamiento clasico” de los 5 < 8 i @S M S| o Sazoad- |
A “ . = = ! w R |
ciclos y otro juego para el "procesamiento de crecimiento” 382 8 i s | 8| .= | k-
: 7 7] 0 = (5] ; =
La determinacion de los puntos de giro en los ciclos clésicos se realiza en los niveles 8 é .5:3; 3| 8 Z g| 3 | | =
de la serie observ;da de lluvias, mientras que en el andlisis de crecimiento los puntos ~588 5| %o mnsoazs @ @ 5| 52 | g3 | 9@
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En el analisis clasico las variaciones pico - valle - pico se Interpretan como contraccio-
nes y expansiones en el régimen de lluvias, mientras que en el analisis de crecimiento
estos conceptos se sustituyen, respectivamente, por los de desaceleracion y acelera-

cion en el régimen de lluvias. TABLA 4
Lluvias en La Cocha, Tucuman, Argentina, Fechas de los Pico y Valles
t nlaTabla 3 : ‘ : . Y
Algunos datos aparecen e Establecidos para las Tablas D11, D12 y D12°, Programa NBER, Analisis Clasico
TABLA 3 Enero 1982-Diciembre 2002

Medidas ce Posicion y Variabilidad del Fechado de los Ciclos
Serie de Lluvias Mensuales en La Cocha, Tucuman, 1982-2002

PICOS Diferancias en meses
Tipo | Medias Antmeticas | Medianas [ Dasvios Estandares ] < 3 & B =
[ Dismin | Aumen | Total I. Dismin [ Aumen | Total | Dismin [ Aumen | Total D11 (1) 512 (2) 012 (%) 2vs (1) Bvs () Bive. )
e Sl fe0- T T 1983/05  1983/02 1983103 3 3 1
Di2C | 145 | 161 | 291 | 135 | 120 | 264 | 56 | 82 | 58 1385/11 1986/01 1986/04 2 5 3
Di2’C| 138 | 169 B7 | 115 | 120 | 250 | 55 75 658 1988/01 1988/02 198801 ! 0 -1
Di1Cr] 150 | 258 | 404 140 | 230 | 300 65 159 177 1990/04 1990/04 1990/10 o 5 5
D12Cr| 143 | 163 | 293 135 | 120 | 260 5.1 85 61 1993/01 1892/10 1992/10 -3 3 0
Di2’Cr| 168 | 140 | 30§ | 120 | 110 | 240 #h 59 12.1 1994/12 199411 1994112 -1 0 1
Andghisis Valle - Pico - Vaile 1996/11 1996111 - Q
D1ic | 200 152 36.2 135 150 | 315 16 1 53 201 2000/
D12C | 161 | 151 | 313 | 120 | 150 | 250 | 82 | 57 | 130 9 2000me - 19seh & < 2
D1Z’C | 117 154 | 213 120 110 | 245 1.7 80 82 .
DiiCr| 268 | 166 | 434 | 230 | 16.0 | 400 [, 159 58 191
D12Cr | 183 149 | 311 120 | 150 | 250 8.5 51 12.7
D12'Cr | 154 11.8 270 110 115 | 235 80 18 7.7 VALLES Diferencias en meses
DI1() | b1z@ | oiz@ @vs () | Gvs() | Bivs (@
D 1983/12 1983/12 1984/03 0 3 3
Clave (1) Las primeras seis filas de datos corresponden al analisis pico- valle - pico y 1987/03 1987104 1987103 4 a 1
las restantes al analisis valle - pico - valle. (2) Como medidas de posicion se presen- 1988/11 1988/124 1988/12 1 1 0
tan las medias antmeticas y las medianas de las duraciones de los ciclos estimados, 1982/03 199112 189112 -3 -3 2
separando las fases de disminucion de Ia lluvia de Jas de aumento (3) Como medida 1994/03 1684/01 1993112 -2 -3 i
de vanabilidad se presenta el desvio estandar . 199512 188511 1995M1 -t =1 g
r . 1997/08 1997/09 - = 1
Las tablas 4 y 5 resumen la asignacion de fechas a los picos y valles de Ia serie de 2002/01 2002/03 2002103 2 2 S
lluwias en el periodo 1982-2002, para el analisis clasico y de crecimiento, respectiva- [

mente Las columnas (1), (2) y (3) contienen las fechas asignadas Las columnas (4),
(5) y (6) las diferencias en meses enire ellas Se advierte una cierta coincidencia
(diferencias hasta -2 y +2 meses) Analizamos este tlema mas adelante.
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3 Duracion de los Ciclos (Tabla 3) Las medias aritméticas varian entre 27.0y 43 4
meses v las medianas entre 23 5y 40 0 meses, es decir, aproximadamente, entre 2 y
3% afos Esto esta de acuerdo con la observacion meteorolégica tradicional de que
muchas series de este lipo tienen una "oscilacion cuasi-bienal” (ver Burroughs, 1982,
citado en Mentz et al op. cit.). Observamos que las medianas conducen a estimacio-
nes mas cortas de los ciclos.

4 Efecto del Suavizado en la Duracion (Estimada) de los Ciclos. El efecto final del
suavizado es reducir la duracion estimada.

5 Variabilidad. El efecto del suavizado es impertante, sobre todo cuando utilizamos el
procedimiento D12°. En algunos cases el desvio estandar estimado con D12" es
menos de la mitad dal correspondiente @ D12. Vale decir que el efecto del suavizado
sobre la vanabilidad es importante.

& Fechado de los Picos y Valles. Comparanda el fechado bajo D12 con el de D127,
observames lo siguiente para los meses mas recientes, a partir de 1997: (1) El primer
valle esta fechado, respectivamente, en 97/08 y 97/09, una diferencia de un mes. (2)
El primer pico esta fechado en 2000/03 y 2000/01, una diferencia de dos meses. (3)
£l Gltimo valle esta fechado en 2002/02 y 2002/03, una diferencia de un mes. (4) El
metodo basado en D12 asigna fechas a un ciclo intermedio, con valle en 2000/10 y
pico en 2000/10 Al haber suavizado la tendencia, este movimiento resulta significati-
vo y el programa lo registra

7 Comparando 2l Grafico 4 con el correspondiente al trabajo Mentz et al. (2000),
Grafico 5, notamos los siguiente: (1) Las fechas hasta 1991 coinciden; (2) El pico
fechado 92/08 paso a ser 92/10 en el presente trabajo, y el pico 94/12 paso a ser 94/
11, (3) Al final de 1995 ia serie mostraba un claro movimiento descendente, en el
presente trabzjo esto sk concreto al asignar fecha 95/11 al valle correspondiente.

8 Conclusion. La principal conclusion referida al suavizado es que el procedimiento
D12" es efectivo en lograr un mayor suavizado, al punto de sefalar la presencia de un
ciclo que de otra manera quada sin identificacion explicita.
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Bootstrap estimation of standard
errors in seasonal analysis

R. P. Mentz, N. M. Jarma and C.I. Martinez

Abstract

For the X-12-ARIMA seasonal adjustment procsdure, standard errors of yeer-shead
seasonal estimates ero computed by means of the bootstrap methed. Direct estimates arise
when the original estimated ireguler Is resampled, AR estimates arise when, before resampiing.
the comslation structwre of en AR model is estimated end incorporated to the bootstrap
irregulars. The celculations are done with four series covering vericus situstions. Results are
reasonably steble for two of the series with good seasonal fits, and lass steble for the other two
where fits are lesa satisfactory. The AR estimstes are in geneval larger than the direct ones, ss
expected. The bootstrep procedures are suitsble to be used ss an optionsl calculstion In the
sezsonal anslysis.
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1. introduction

We consider the estimation of the standard errors of certain estimators arising in
seasonal analysis. Among seasonal adjustment procedures, of singular importance is tha
family of X-11 procedures, originated in the USA Bureau of the Census in the early
1960's. It is well known that this procedure is statistically complex, being based upon
ideas of smoothing by means of moving average filters, of iteration of sets of operations
to which a series is subjected, and other techniques. Pfeffermann (1984) devalopad
formulas for the standard errors of some estimates, by assuming a linear approximation
to the seasonal adjustment procedure (Wallis, 1974). His analysis can take into account
the sampling error of the survey estimates when relevant. We shall not pursue this
interesting line of work in our paper. The bootstrap procedure appears as a reasonable
alternative to obtain numerical estimations of some of the desired standard errors.

We use the bootstrap procedure to obtain estimations of standard errors of so-
called year-ahead seasonal estimates. Thess are provided as part of the procedure, and
consist of 12 monthly constants for monthly data, and 4 quarterly constants for
quarterly data. The importance of these estimates is clear, since they are projections to
be used in short term forecasting of the seasonal series.

We designed our study in terms of 4 observed series of different lengths, two
arising in economic areas and two in meteorological contexts. The economic series are
guarterly Gross National Product (GNP) and monthly Index of Industrial Production (lIF),
both of Argentina; thesz are fairly reguler series for which the ssasonal procedures

provide good fits. The meteorological series are two of those considered in Mentz et al

{1988), namely monthly rainfall series for two locations in the State of Tucumen,

n
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2. Direct estimation of standar emors

2.1. The X-12 ARIMA seasonal adjustment program

The X-12-ARIMA seasonal adjustment program (Findley et al 1898) is a recent
variant of the family of X-11 programs introduced in 1965 (Shiskin et al 1967). The
mention of ARIMA in the name is due to the fact that for each given series a set of
seasonal ARIMA models is automatically considered, so that if one of them provides a
good fit (and is the best fit among the models available in the program), then one year
of extrapolated data generated by that model is added at the end or beginning and end
of the series, previous to the operation of the ssasonal adjustment.

The program assumas a multiplicative model, X,=C,S,,, whera X is the
observable time series, C is a trend cycle component, § is a seasonal (intraanual)
component, and I is an irregular component. For many series a muitiplicative model
available in the program is preferred; in the cese of positive components it can be
reduced to the additive case by taking logarithms.

A complex computational procedure is used to produce final estimates ¢ and S.
A basic device used in the program is a set of moving average filters, which are
symmetric in the case of observations in the middle of the series, and become
asymmetric for observations near the ends of the series. Wallis (1874) argued that the
combined operation of these filters can be taken (approximately) &s represented by &
long moving average. The use of ARIMA models for extrapolation will increase the
number of months at which symmetric filters can be used.

The program includes a series of options that the user can consider, unless he
chooses to use the automatic selections. Besides allowing for additive or multiplicative
models and monthly or quarterly data, the program includes a treatment of extreme
observations, the possibility of accounting for trading day variation, iterations of the
procedures to produce preliminary estimates of the trend-cycle and seasonal compo-

nents, use of a set of summery (diegnostic) measures, and others.
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We concentrate in the results provided for the program, for monthly data, of 12
estimates of the seasonal component that can be used for prediction, and that are
labeled one yesr shead sessonal factors. The objective of this paper is to compute
standard errors of these estimates, via the bootstrap procedure.

2.2, The Boostrap procedure

Given an observed time series X,...,%, with monthly observations, where T=12n
for simplicity, we assume that this series has been generated by the unknown
probability model P=P(C,S,F), where F is the distribution function of the irregular
component 1. We assume that the indicated components generate the series by means
of the additive model

X =CaS+E,"  1=42..T: (n

or by & multiplicative mode! postulating a product of components.

In our presentation of the bootstrap ideas we follow Efron and Tibshirani (1883).
in particular their Chapter 8. The fact that it can be assumed that a model holds for &
series which is to be processed by one of the X-11 programs hes been frequently
considered explicitly in the literature; ses, in particuler, Cleveland and Tiao (1876).

For the given observed time series, the X-12-ARIMA program produces (final)
estimates C (Table D12), § (Table D10), f(Table D13), and one year ehead seasonal
factors (Teble D10A), that we denote by §,J, j=1, 2,...,12. The sstimated §,J are
standardized so that their mean is 100 for the multiplicative and O for the additive
medel. For further use we note that we operate with centered irregulars, in either the
additive or multiplicative situations.

Our objective is to use the available information on C, § end I to estimats ihe

Sanidaod dirdne At 4 Eerrninll PR PRss - SUCTG N SOYRP IIOR AL 75T 1> TAr
standarc eror of the S FOAMEBHY WS CONSITEr an &3UmMErsg prodaunicy Indual

Wil - Fhaadas drad e i U A LI
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function having jumps of size 1/T at the estimated values f1....jr. in the context of
this model we let
2,80 J=10..12, (@)

denote the standard errors of the statistics §,j.

The estimates of the sep(S,) that we propose to compute are denoted by
ség (,S"qf) (or by sép when there is no risk of confusion), and are calculated by means of

the following steps: (a) Let I, f; be B bootstrap samples of size T from F. That
is to say, each one is a sampie of size T selected with replacement from among

f.,, = f, ; (b} With a given set f;, we associate a bootstrap time series

=048 41, t=1..,T and b=1...,B, (3)

»

where € and § are the estimetes coming from processing the data xy,...,x7 with the
X-12-ARIMA program; (c) With each bootstrap series, we use the X-12-ARIMA program
io process it and compute §;(b), the corresponding one year ahead seasonals; and (d}

We then define the mean of the bootstrap values by

5 o
s;(.)=%};ls,,(b) @
and we have that
~ B ny ne ¥
sé,(S,,)={ﬁ§lS.,(b)-S.,(.)]‘} . j=12..12 )

are our bootstrap estimates of the standard errors of the S.U-.

Efron and Tibshirani (1993, pages 57-58) also consider robust estimates of
standard errors, defined by

557



Publicaciones - Raul Pedro Mentz

I§‘(=) o S"Q—c!

ng (jq )= “‘2:—“;-

s, 6)
where §*@) is the 100a% quantile of the bootstrap replications, and z(®is the 1000:%
percentile of a standard normal distribution.

2.3. Series used in our study

Since our final results are numerical estimates of the desired standard errors, we
payed attention to the design of our calculations, in the sense that a coilection of series
was used in an attempt to cover several different scenarios. Some of the dichotomies
that we considered are sconomic versus other types of series, monthly versus quarterly
observations, multiplicative versus additive models, satisfactory versus poor seasonal
fits.

The series we analyze are all from Argentine sources: (1) Gross National Product -
GNP - at market prices, quarterly observations, 1980-1996, multiplicative model; (2)
Index of Industrial Production - IIP, monthly observations, 1980-1896, multiplicative
model; (3) Reinfall in Las Cejas, Tucuman, monthly observations, 1975-1989, additive
model; and {4) Rainfall in La Cocha, Tucuman, monthly observations, 1982-1997,
additive model. The economic series GNP and IIP have very good seascnal fits in terms

of X-11-ARIMA, considerable better than the rainfell series.

For further information about the series see the Appendix, where we also report on
some of the main results obtained in processing these series with the X-11-ARIMA
program.

2.4. Results of the bootstrap procedure

In this secticn we report on the results obtained in using the bootstrap procedure
in the manner indicated in Section 2.2. We used 8 = 200 in &ll cases, a number that
can be considered satisfactory for our problem (cf Efron and Tibshirani, op.cit.). For
some of the examples we compared the results obtained with B = 100, 200 and 300,

and noted a great deai of stability.
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The present Section 2.4 contains the analysis of what we call the direct method,
to be distinguished from the autoregressive (AR) procedure developed in Section 3; the
two procedures are compared in Section 4. For each series processed by the direct
method we presant a box plot of the bootstrap replicates (Figures 1, 3, 6 and 8) and &
table summarizing in numericel form the main results (Tables 1, 2, 4 and 5); to facilitate
the comparison of the two indicated procedures, each one of them contains the
corresponding results for the direct and AR procedures. For the direct method we aiso
present histograms, to facilitate the analysis of the symmetry and approximate normality
of the empirical distributions (Figures 2, 4, 7 and 8), and the results of a comparison
with a very simple regression estimation of the seasonal components and their standard
errors {Tables 3 and 6 and Figures 5 and 10).

2.4.1. Economic series
2.4.1.1. Gross National Product - GNP

Figure 1 contains the box plots of the 200 bootstrap replicates of each of the one
vear ahead seasonal factors for quarters I, I, 1l and IV. Since the model is
multiplicative, the seasonal factors cluster around 1; however, the traditional form of
the output in these seasonal programs is to write them as percentages. Hence, our
figures are expressed in terms of percentages.

Each box extends from the first to the third quartile, and also shows the median of
the replicates. The whiskers have lengths equal to the 1.5 times the difference betweeny
the quartiles, and the stars correspond to replicates falling outside these limits. They
starred replicates fell within 3 times the quartile differences, and hence can be qualifiecw
as distant (but not very distant). As we will see in comparison with the other cases, this
is a rather regular diagram.

The same information is presented in Figure 2 by means of histograms. The four
histograms have the same scales and the seme numbers of classes to fecilitate the
comparisons. In general the histograms show that the distributions of the bootstrap
replicates of the one year ahead seasonal factors do not depart strongly from symmatry
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On the basis of the bootstrap estimates, Table 1 presents the analysis correspon-
ding to formulas (4), (5) and (6) of Section 2.2. The first two lines of the table compare

the Shq, coming from the X-12-ARIMA program with the averages f; () of the bootstrap
replicates: we find a great deal of coincidence. The third line contains the bootstrap
estimates of the standard errors séqgq defined in (5), and the next three lines contain,
respectively, the robust estimates of the standard errors, s€agp, célculated for

=0,84, 0.90 and 0.95 (we take Z** = 1), The differences are small, confirming the
idea that the bootstrap distributions are fairly regular, that the influence of outliers is

smaell.

2.4.1.2. Index of Industrial Production - IIP

Figures 3 and 4, and Table 2 contain the information corresponding to the lIP, in
correspondence with Figures 1 and 2 and Table 1 for the GNP. The box plots are quite
reguler, with essentially all bootstrap replicates lying within 1.5 times the difference
between quartiles. The 12 histograms in Figure 4 do not contradict the idea of
approximate normality of these bootstrap distributions. The first two lines of Table 2
show a very good agreement in terms of means, while the differences between the

bootstrap estimates of standard errors and the three robust estimates are small.

2.4.1.3. Analysis of the results

1. The two economic time series that we studied, quarterly GNP and monthly ilP, are
very well suited to be treated by the X-12-ARIMA program in its muitiplicative form. In
the Appendix we argue that, in terms of some of the main figures of merit commonly

used, the signals coming from the program are all in the indicated direction.
2. The bootstrap procedure works very well, at least to be judged by the close

agreement between the one year chead seasonal factors produced by the X-12-ARIMA

program and the mean of the corresponding bootstrap replicates (Lines 1 and 2 of
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Tebles 1 and 2, respectively). We recall that seasonal factors are expressed (arbitrarily)

as percentages.

3. The bootstrap replicates show variability, but by considering the box piots (Figures 1
and 3, respectively) we find that no large outliers are present. This is also confirmed by
the relation between the two types of estimates of standard errors considared below.

4. The distributions of the bootstrap replicates show reasonable similarities with normal

distributions, as seen in the histograms contained in Figures 2 and 4, respectivsly.

5. Tables 1 and 2 exhibit the numerical values of the bootstrap estimates of the
standard errors of the one year ahead seasonal factors. We recall that the seasonal
factors are expressed as percentages, so that the standard errors are also muttiplied by
100. They are computed according to formula (5), and then according to formula (6) for
a = 0.84, 0.90 and 0.95, which are robust estimators. In agreement with the

preceding comments, the differences among these various estimates are in general
small.

6. In the case of the GNP serias, referring to the estimates coming from formula (5),
we find that there are differences among the quarters: the smallest standard error is for
the first quarter, the fourth quarter is lerger, and the second and third querters have
similar standard errors and thev are numerically the largest.

Bootstrap estimstes of standard errors tend to move in consonance with the size
of the correspending statistic (or of the average over bootstrap replications), without
being proportional. in fact they represent 0.41%, 0.46%, 0.47% and 0.44%,

respectively.

7. In the case of the IIP series, referring to the estimates coming from formula (5), we
12

find a good deal of coincidence among the estimates of standard errors: 7 of the 12

estimates can be rounded to 1.2.
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8. While comparison of the .§,, with the averages S’;(.) is useful to evaluate the

performance of the procedure, we do not have a similar benchmark to compare the
numerical values of the bootstrap estimates of the standard errors. In view of the very
reguler structure of the seasonal patterns in our series, we performed the following
calculations. To the series adjusted for trend (i.e. the original series divided into the final
estimate of the trend cycle component), we fitted regression models without constant,
having linear trend terms and dummy seasonal variables. The fits of these models are
compared with the X-12-ARIMA estimates in Figure 5, and we see that the
approximations are quite reasonable. The vertical scales in Figure 5 are not in
percentages.

The advantage of these approximations is that for the regression models we have
estimates of the standard errors obtained as part of the inferential part of the regression
procedure. The numerical values of the one year ahead seasonal factors and their
standard errors are compared in Table 3. The estimates of standard errors coming from
the regressions are quite similar among themselves, which is a consequence of the
approach (The seasonal dummies are orthogonal). We find that the agreement in the
case of GNP is quite good, and better than for the IIP. What is important from our point
of view is that the orders of magnitude of the standard errors give reassurance to the

bootstrap estimates.

9. We conclude that for the two economic series that we considered, one with quarterly
and one with monthly observations, which are acknowledged to be very suitable for the
seasonal treatment programmed in X-12-ARIMA under multiplicative models, the
bootstrap procedure works very well to produce numerical estimates of the standard
errors of the one year ahead seasonal factors which are obtained as a regular part of the

output of the program.
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2.4.2. Rainfall series

2.4.2.1. Las Cejas

Figure 6 contains the box plots of the 200 bootstrap replicates of each of the one
year ahead seasaonal factors for the 12 months. The model is now additive, and the
seasonal factors are expressed as percentages and centered at 0. The variability and
presence of outliers is more notorious than in the economic series. In particular we find
a great deal of variability (including outliers in some cases) in January, March, August,
and November. The corresponding histograms in Figure 7 do not show noticeable
departures from (approximate) normality.

The main results of the bootstrap procedure are in Table 4. There is some level of

agreement between the estimated seasonal factors S‘aj and the averages of the

bootstrap replicates ﬁ;(.). In comparing the bootstrap estimates of standard errors

corresponding to formula (5) appearing in the third line of the table, with the robust
estimates in the fourth, fifth and sixth lines, there are some differences, with the first
estimates being larger than the robust versions, as expected. In fact, the differences are
larger for most of the months mentioned in the preceding paragraph as exhibiting large

variabilities.

2.42.2.La Cocha

Figure 8 contains the box plots of the 200 bootstrap replicates of each of the one
yeer ahead seasonal factors for the 12 months. In comparison with the box plots for the
two economic series and the rainfall series for Las Cejas, the present one shows
considerably more variability, and a great deal of outlying values. Note in particuiar the
smaell outliers in the otherwise rainy month of January, opposite tc the large outiiers in
the otherwise dry month of July.

The indicated nature of the bootstrap replicates is also apparent in the histograms
of Figure 9: their central parts do not contradict the idea of approximate normality, but

the presence of very large or very small values is clear.
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These remarks help interpret the bootstrap results in Table 5. There are differences
between the original estimates of the seasonal factors and the averages of the
bootstrap replicates (Lines 1 and 2 of the Table 5). What is more important for our
analysis, there exist large differences between the usual bootstrap estimates of the
standard errors computed according to (5), and the robust estimates computed
according to (6). For the months of January and July mentioned above, the differences
are the largest, the usual estimates are larger than 30, while the robust estimates are
around 20. One consequence of this fact, is that the usual estimates range from 20.5
for May to 32.1 for January, while the robust estimates show less variability: They
range from 18.5 for October to 24.8 for November when & = 0.95, from 18.1 for May
to 22.7 for February when a = 0.90, and from 16.3 for May to 21.8 for April when
o = 0.84.

2.4.2.3. Analysis of the resuits

1. The two monthly rainfall series that we studied, Las Cejas and La Cocha (Province of
Tucuman, Argentina) are not particularly well suited for treatment with the X-12-ARIMA
program. They are processed under the additive model because they have zero values,
corresponding to months without rain. In the Appendix we argue that among the figures
of merit commonly used, some indicate that a reasonable fit can be expected, while

others reject the quality of the fit.

2. The bootstrap procedure also finds difficulties. For example, there is disagreement
between the one year shead seasonal factors produced by the X-12-ARIMA program,
and the mean of the corresponding bootstrap replicates (Lines 1 and 2 of Tables 4 and
B, respectively).

3. The bootstrap replicates show variability, including the presence of large outliers (box
plots in Figures 6 and 8). This is particularly important in the case of La Cocha, and is
also confirmed by the relation between the two types of estimates of standard errors

considered below.
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4. The distributions of the bootstrap replicates show reasonable similarities with normal
distributions in their central portions, but the presence of outliers is notorious in the
histograms conteained in Figures 7 and 9.

B. Tables 4 and 5 exhibit the numerical values of the bootstrap estimates of the
standard errors of the one year ahead seasonal factors. They are computed according to
formula (5) in the third line, and to formula (6) with @ = 0.84, 0.90 and 0.95 in the
fourth, fifth and sixth lines. The differences among these various estimates are large. It
makes an important difference whether we adopt the usual or sny of the robust
estimates of the standard errors, in particuler in the case of La Cocha.

In a similar situation, Efron and Tibshirani (1993, page 69) comment: “ The large
values of séyqp for [some months] are seen to be caused by a few extreme values of

[the bootstrap replicates]. The approximate confidence interval 88+ 2z will be
more accurate with sé equaling se500 , rather than sé;qp, at least for moderate values

of alike .B43.”

6. Taking the values in the fourth line of Tables 4 and 5 as the estimatss of the
standard errors of the one year ahead seascnal factors, we find that they range from
9.8 in April to 13.5 in February for Las Cejas, and from 16.3 in May to 21.8 in April for
La Cocha.

7. The regression approximation proposed for the economic series can also be tried here
{the model has now coefficients restricted to sum to 0). The results are in Figure 10 and
in Table 6. This information is still of some use, in terms of orders of magnitude.

8. We conclude that for the two monthly rainfell series that we considered, which are
acknowledged to be hardly suiteble for the seasonal treatment programmed by the
X-12-ARIMA under additive models, the bootstrap procedure finds some difficulties, and
the analysis points out to the convenience of using robust estimates of the standard
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®,(B)=1-4B -...-4,B”, ®
and £, is white noise. We now invert (7) into
I, =0} (B)é, =11,(B)é,. \ (9)
where
IL,(B)=1+#B +...+ #,B°, (10)

is an approximation of finite order ¢ to the infinite moving average defined by the
inverse operator in (9). The order ¢ is chosen so that #, is small for s>c.

We now generats bootstrap samples of the &, that we designate by &5 .
b=12,...,B. With these we generate the bootstrap irregulars,

Iz=n®@s, t=12..T, b=12...B, (11)
wutnd finally the bootstrap series
Ry wCafaly, 1127, $=12...8, (12)

We use two asterisks to distinguish from (3) of the direct method.

To the series in (12) we apply the X-12-ARIMA procedure to obtain the desired

estimates of the year-sheed seasonals, and in turn their bootstrep estimate of standard
errors.

We see that if the autocorrelation structure in the estimate irreguler for a given

series is important, the AR bootstrap series X" will differ from the X considered in

Section 2, and hence the estimates of the year-shead ssesonals may also differ, and
also their estimated standard errors. The magnitude of this effect will be studied by
compering the results obtained by application of the two procedurss.

568

Bootstrap estimation of standar errors in seasonal analysis, pp. 63- 108

3.3. Results of the empirical study

As indicated in Section 3.2, we start the empirical study by fitting to each time
series an AR model of an order estimated from the same data. We used the programs in
Brockwell and Davis (1991b), which make preliminar estimations of the parameters by
using Burg’s or Yule and Walker's procedures, then estimate the order by the AICC
procedure, and finally produce the final estimates of the AR (j:) model parameters. We
found the orders of 6 trimesters for GNP, 7 months for the IIP, 12 months for rainfall in
Las Cejas, and 4 months for rainfall in La Cocha. We explored this last series in more
detail, and found that similar resuits were obtained by using order 12 also for this
rainfall series. in inverting the AR operator, we considered the way the coefficients
decreased &s the lag increased, and came out with the uniform suggestion of using lags
up to ¢=50 in all 4 series. Hence, the irregular in (11) is generated by sums truncatad
at c=50, while we use three different values of the autoregressive order.

With these irregulars we generate the bootstrap time series definad in (12), obtain

the estimates of the year-ahead seasonals, and their standard errors.

3.3.1. Bootstrap study of the economic series

The results of the bootstrap study for the quarterly GNP and monthly lIP are
presented in tables and graphs with the same formats as those discussed in Section 2
for the direct method. The only exception is that we do not have tables like Tables 3
and 8, and figures like Figures 5 and 10, which contain regression analyses of the
seasonal patterns.

Tables are 1 for GNP and 2 for IIP, and figures containing box plots are 1 for GNP
and 3 for lIP. For the sake of simplicity we do not present the histograms corresponding
to the bootstrap results under the AR procedure, since they lead to the same kind of
conclusion that in the case of the direct method.

In view of the indicated circumstance we do not describe in detail these tables and
figures, and postpone further discussion of these results until Section 4 in which they

will be compared with those coming from the direct method.
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3.3.2. Bootstrap study of the rainfall series

The numerical results of the bootstrap study appear in Tables 4 for Las Cejas and
5 for La Cocha, and box plots of the bootstrap replicates appear in Figures 6 for Las
Cejas and 8 for La Cocha. The same comments of the preceding section apply to this

4. Comparing the direct and AR approaches

The comperison of the direct and AR epproaches is fecilitated by the approach
followed in the presentation of the results in many of the tables and figures: in Tables 1,
2, 4 and 5 which summarize the main numerical results, and in Figures 1, 3, 6 and 8
containing the box plots of the bootstrap replicates, the results of the two approaches
are presented in the sams page.

In Tebles 1, 2, 4 and 5 the 4 estimated standard errors are summarized by their
medians and standard deviations: medians are used to compare positions, standard
deviations to compare varisbilities. Variability is related to the eppearence of the
corresponding box plot diagram, including the possible effect of outfiers. Position and
varigbility as measured in the tables, are then exhibited graphically in Figures 11 and 12.

GNP is the simplest series to analyze, partly becausa there are only 4 quarters to
consider, and also because the series corresponds to a highly aggregated concept. Box
plots for the AR(B) procedure show less verigbility than for the direct method (Figurai},
standard errors sépng and medians of the 4 estimates of standard errors are higher for
the AR(6) than for the direct method (Teble 1), standard devistions of the estimates of
se for the AR procedure are equal to or larger than those of the direct method in 3 of
the 4 quarters. Hence, the graphical summery in Figure 11 cen be interpreted as
showing thet, compared with the direct method, the AR(G) procedure produces larger

estimates of se 'a jJ, its bootstrap replicates tend to exhibit less variability, and as a
consequence its robust estimates sgagq . differ less among themseives and from séagg -
For monthly lIP, sépgq under AR(7} is higher than under the direct approach in 11

of the 12 months (the exception is Jenuary), and medians are also higher in 11 months
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(the exception is June). Hence, the conclusion is that AR estimates of standard errors
tend to be higher than those of the direct procedure, which is confirmed by Figure 11.
In terms of variability of the 4 estimates of u&, _,), and hence of the effect of the
variability of the bootstrap replicates, standard deviations under AR are smaller than
those of the direct method only in 6 of the 12 months.

As expected, the results for the rainfall series are less conclusive. We recall that
these series have more variability that the economic ones, and that the X-1 2-ARIMA
procedure found more difficulties in its fit to the data. For Las Cejas sépqq is larger
under the AR(12) procedure in 8 of the 12 months, and the median of the 4 estimates
of se is higher in 9 months, so that AR estimates of standard errors tend to be higher
than those of the direct procedure, which is confirmed by Figure 12. Standard
deviations of the 4 estimates of se are smaller for the AR procedure in 8 of the 12
months.

For monthly rainfall in La Cocha, séx00 is smaller under the AR(12) procedure ir\
the 12 months, while the median of the 4 estimates of se is larger than for the directyy.
approach only in 3 of the 12 months. This should be related to the shape of the box
plot in Figure 8, and is also evident by observing Figure 12 and comparing La Cocha

with the other 3 series considered in this study. Another consequence of these facts is
that the standard deviations of the 4 estimates are smaller for the AR procedure in 9 of
the 12 months.

5. Conclusions

This study deals with some estimation problems generated in applying the X-12-
ARIMA procedure to time series of monthly or quarterly observations. The X-12-ARIMA
procedure assumes that the series can be decomposed multiplicatively or additively into
certain components; it also has available an option known as pseudo-additive. In the
simplest case, these are the trend-cycle, seasonal and irregular components. A more
detailed analysis of the given series may lead to consider other components: in a related
resampling study, Findley et al (1990) considered in addition tradiﬁq day, holiday and
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outlier components, and treated them with a module of X-12-ARIMA called Reg-ARIMA
(Findley et al 1989).

For any of these models, the program X-12-ARIMA produces estimates of the
components and of other related quantities. Since one of the main objectives of
seasonal analysis is forecasting, we consider the one year ahead seasonal factors
estimated by the program. These are extrapolations of the seasonal component, which
are recommended to be used in the analysis of the first year following the period of
cbservation.

For these one year shead seasonal factors, which consist of 12 estimates for
monthly data and 4 estimates for quarterly data, we concentrate in estimating their
corresponding standard errors. These are the key quantities needed to appraise the
variability of the estimates. However, due to the complicated nature of the X-12-ARIMA
procedure, no closed-form either exact or approximate expressions are available for
these standard errors.

It then follows that the bootstrap procedure is & priori adequate to be used for
’tandard error estimation. In this paper we study two procedures, namely: (a) the direct

~nethod, in which resampling is performed with the estimated irreguler component
estimated in the empirical decomposition, as is usually done in bootstrep studies dealing
with (independent) cross-section data; (b) the AR(p) procedurs, in which the
autocorrelation structure of the estimated residual is studied, and if it is found of
importance, incorporated into the resempling procedurs.

The differences between the two approaches are found to bes important. The
explicit consideration of the AR structure leads in general to more concentrated values
of the bootstrap replicates, less need to consider robust estimates of the standard
errors, and larger values of the estimated standard errors.

The procedures were applied to 4 different time series, two arising in the
-scnnomic field (Argentine's quarterly GNP and monthly IIP}, and two monthly rainfall
series. The economic series are analyzed by means of multiplicative models, and the
rainfell series by means of edditive models because thay have zero observed values in
some months. The indications coming, when the X-12-ARIMA procedure is applied to

these series, are thet for the economic series the fit is quite good, while for the rainfall
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series has considerably more difficuities. This can be regarded as a strength of our
analysis, since it is possible to check the expectation that the bootstrap results will tend
to be weaker for the rainfall series.

In view of the preceding considerations, in all cases the automatic (or defauit)
options available in the X-12-ARIMA program are used. As indicated in the first
paragraph of this section, a more deteiled or specific model couid be developed for each
series. However, the rationale in the appiication of the bootstrap procedure will not
change, since all estimated components will enter unchanged in the formation of the
bootstrap replicates of the series, only the treatment of the irreguler being subject to
analysis.

Two main remarks can be offered in conclusion. One is concerned with the
numerical value of the estimated standard errors. In terms of order of magnitude, we
can use the summary measures available in Tables 1, 2, 4 and 5. Two possible

selections are the medians (over periods) of the sé,;, estimates, and the medians (over

periods) of the four estimates of se. These results are as follows:

Box 1 — Medians of the four estimates of se and 5é,,, AR procedure

~ Median of medians of
S Number of |Estimated AR| Medien of S€200. : of 5¢, AR
cbservations crder AR procedure
GNP 68 6 0.518 0.508
P 204 i 1.260 1.186
Las Cejas 180 12 13.786 13.073
La Cocha 192 12 21.173 19.844

As for overall consistency, these median values can be compared with the simple
regression estimates in Tables 3 and 6, the values above being slightly larger.

The sscond remark is that a bootstrap procedure similar to that developed here,
can be incorporated in the empirical application of programs like X-12-ARIMA, for the
purpose of obtaining numerical estimates of the standard errors of interest. In this way
they will complement the list of numerical estimates produced by this kind of programs.

w
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Appendix. More information about the series used in this study

In Section 2.3 we introduced the four series studied in this paper. The two
economic series (quarterly GNP and monthly IIP) are two standard meesures used in
economic description and analysis. The two monthly rainfall series are included in a
study emphasizing cyclical analysis (Mentz et al, 1998). Brief descriptions follow.

GNP. It is a frequently-used indicator of the global behavior of Argentine's
economy, computed and published quarterly. It is @ weighted aggregate of economic
series representing added value in the production of goods and services. It is often
defined as the value (at market prices) of the production done in the economic space of
a country, with the participation of residing and non-residing factors of production.

JIP. This weighted index is based upon series of the manufacturing sector of the
economy, is produced by a private institution, Fundacién FIEL, and comprises 61
products; often 100 is regarded as a desirable number of products. The design is of a
longitudinal or panel type. Most of the information is gathered from associations and
chambers of producers, which simplifies the procedure and reduces the costs. The
selection of products is done according to two basic ideas: (a) that the available series
provide good coverages for the selected products; (b) that the series are readily and
regularly available.

Rainfall Series. These series are formed by monthly totals of rainfall in the
indicated places. Those for Las Cejas were provided by a state-supported agricultural
experimental station, while those for La Cocha were collected by a private farmer.

In our applications of the X-12-ARIMA procedure, in general the default or
automatic options were used, when available; see our comments in Section 5. All series
were processed in their original available scales, without introduction transformations;
the possibility of transforming the rainfall series was considered in Mentz et al (1999),
and found that they did not imply improvements in the application of the procedures.

Appendix Table 1 conteins information about the resulis of applying the X-12-
ARIMA procedure to the four series. The two economic series have figures of merit
showing that the fit is quite good. The F statistics for stable seasonality (month effect
in a one-way ANOVA) are large, and the F statistics for moving seasonality (year effect
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in a two-way ANOVA) are small, so that the seasonal components are judged present at
0.1%.

An important measure is the quarter or month of cyclical dominance, which is
defined as the number of periods needed to make equal to 1, the ratio of the estimated
irregular component to the estimated trend-cycle component. One quarter for GNP and
3 months for IIP are indication of good fits.

Under M statistics analysis the table reports the resuits of computing 11 sample
quantities computed by the X-12-ARIMA program, meaning different characteristics of
the seasonal fit. Each M statistic ranges from 0 to 3, and has acceptance values from 0
to 1. The Q statistic is an overall measure defined as a weighted average of the 11 M
statistics. For the two economic series we find that no M statistics is larger than 1, and
the Q statistics indicated that the seasonal fit is considered as accepted. A reference for
these ideas is Lothian et al (1978).

Another way to study the quality of the seasonal fit is by means of the sliding
spans analysis (Findley et al, 1990b). In the table we find that for the two econcmic

series, the empirical values are either O or very small, and hence that the seasonal fit is
deemed likely which is the most satisfactory category.

These analyses are also performed for the two rainfall series. The results for the F
statistics, even when they differ in magnitude from those of the economic series, still
lead to the qualification of seasonal present at 0.1%. The interpretation of the M and Q
statistics are also not too negative: the series for Las Cejas is conditionaily accepted,
and that for La Cocha is rejected, in agreement with what we saw in other parts of this
study. The month of cyclical dominance is 12 for both series, which is the worse
possible value. Finally, the sliding spans analysis leads to the qualification of unlikely
csasonal fits; we should point out that there are some reservations about the use of

thase methods in the case of an additive model (Findley st &, 1880).
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Figure 3 - Argentine's monthly IIP, 1980-1996, one year ahead seasonal factors from
X-12-ARIMA: boxplots of bootstrap replicates

a) Direct method
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Figure 4 — Argentine's monthly [P, 1980-1996, one year ahead seasonal factors from
X-12-ARIMA: histograms of bootstrap replicates by direct method, common 32 class intervals
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Figure 4 — Argentine's monthly 1iP, 1980-1996, one year ahead seasonal factors from

Figure § — Argentine’s economic series, seasonal factors from X-12-ARIMA compared with
X-12-ARIMA: histograms of bootstrap replicates by direct method, common 32 class intervals
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Figure 6 - Las Cejas monthly rainfall, 1975-1989, one year ahead seasonal factors from
X-12-ARIMA: boxplots of bootstrap replicates

a) Direct method
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Figure 7 — Las Cejas monthly rainfall, 1975-1989, one year ahead seasonal factors from
X-12-ARIMA: histograms of bootstrap replicates by direct method, common 32 class intervals
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a) Direct method

Figure 8 ~ La Cocha rainfall, 1982-1997, one year ahead seasonal factors from X-12-ARIMA:
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Bootstrap estimation of standar errors in seasonal analysis, pp. 63- 108

Figure 9 - La Cocha rainfall, 19821997, one year ahead seasonal factors from X-12-ARIMA:
histograms of bootstrap replicates by direct method, common 32 class intervals (end)

Figure 9 - La Cocha rainfall, 1882-1997, one year ahead seasonal factors from X-12-ARIMA:
histograms of bootstrap replicates by direct method, common 32 class intervals (continued)
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Figure 10 ~ Rainfall series, seasonai factors from X-12-ARIMA compared with constant
regression seasonal

a) Las Cejas, monthly, 1975-1689

e 8
[T =g
s
B~

-VVVVVV VYUV UUYVY

CBEEEE G TR

-

g B
- -

K1ZARMA ® = = REGRESION

188101
108401

b) LaCocha, monthly, 1981-1997

180

EFEEEEEIRRT
VYRV
EEEEEEREREREEE

|——xvARMA= = - rEcressoN |

188101

198701

594

La estadistica bayesiana: una descripcién de sus ideas basicas, pp. 61- 80

Figure 11 — Argentine's economic series, one year ahead seasonal factors from X-12-ARIMA:
graphical comparison of four standard error estimates

o) Quarterly GNP, 18201889, direct mathod b) Quarterly GNP, 1880-1998, AR(S) procadure
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Figure 12 — Argentine’s rainfall series, one year ahead seasonal factors from X-12-ARIMA: Bibliography
graphical comparison of four standard error estimates
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Note on the autoregressive spectral estimator

Raiil P. Mentz and Carlos I. Martinez
Universidad Nacional de Tucuman and CONICET

Abstract: An estimator of the spectral density of a stationary time se
ries is obtained by fitting to the observations an autoregressive model (often
including the estimation of its order), and computing with sample values the
spectrum of the indicated model. In the p t note we consider the cal-
culation of simultaneous confidence bands, according to Newton and Pagano
(1984). The procedure is illustrated by means of Monte Carlo simulations,
for series generated by autoregressive models or orders up to 5.

Key words: Asymptotic properties, confidence bands, estimation of au-
toregressive order, Monte Carlo.

1. Introduction

Given a time series (or stochastic process) y;, t = 0,%1,42,... with the property
of being stationary, we define its autocovariance function as the set of expected
values

st = E(ye — p)(ys — ), 5,6 =0,£1,£2,... (1.1)
where p is the expected value of the process.

These expectations are assumed to exist, in the sense that the defining series
or integrals converge, and be positive semidefinite, in the sense that a matrix of
arbitrary size formed with them should possess this property.

We also define its aufocorrelation function

p,:.gi, a=0,+1,42,... (1.2)

It is often convenient to consider transforming these parametric functions by
defining the spectral density function of the process, namely

1 — 70 4, W
FO) =5= h; opcos(Mh) = z?h;m prcos(Ah), — T <A< 7 (1.3)

This will exist provided the series converges. If the series of absolute values
of the covariances converges, then (1.3) converges uniformly; see, for example,
Anderson (1971).
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An important example of time series is that corresponding to an autoregressive
model of order p, that we identify by AR(p), with coefficients a1, ag,...,ap and
variance o2; it satisfies the (stochastic) finite difference equation

P
> aj(ye—s—p) =&, t=0,%1,%2,..., (1.4)
j=0
where we define ap = 1, and the £; constitute a stochastic process of uncorrelated
(or independent) random variables with 0 expected value and constant variance o2
The a; satisfy the condition that the associated polynomial equation, Y ajzd =0
has all of its roots, real or complex, larger than 1 in absolute value. Under
the stated condition y; can be “inverted”, i.e., expressed as an infinite linear
combination of the £;'s, current and past, and further, y; is independent of &; for
s > t, i.e., independent of future values of the &,’s.
Under these conditions, it can shown that the spectral density function of the

AR(p) process is

o? 1
R =—————= , T ALET, (1.5)
2 |5~ o eini
| j=0%5€
so that if, for example, p = 1, defining @ = a; we find that the spectral density
function of the AR(1) model is

a2 1
Sara)(A) = i sy <AL (1.6)
The condition on the roots now implies that « is less than 1 in absolute value.
The autoregressive estimator of the spectral density function of a given (station-
ary) time series is defined as follows: (1) The series is approximated by an AR(p)
model, whose order p is suitably chosen; (2) The p + 1 parameters of this model
are estimated; (3) With the estimates we form a function similar to (5), and we
take this function (of frequency ) as the sample estimator of the spectral density.
This procedure is related to that of Maximum Entropy. Priestley (1981, page
604) states: The method of maximum entropy is based on choosing a spectral esti-
mate h(w) which is such that the entropy E = § log{h(w)}dw is maximized sub-
ject to the constraints (in our notation) [~_h(w)e“"dw = ¢, r = 0,%1,...,+k.
In Akaike (1977) it is shown that the resulting form of h(w) is exactly the same
as for the AR spectral estimate, where the ¢, satisfy the Yule-Walker equations.
Newton and Pagano (1984) considered the problem of computing simultaneous
confidence bands for the spectral density function. The problem arises because
the estimator consists of a set of values (in general it is computed at frequencies
Aj =2m3/T, j = 0,1,2,...,[T/2], where T is the sample size), each one having
sampling variability.
In this note we analyze through simulated examples, the behavior of the pro-
posed confidence band. We want to compare results with those in Newton and
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Pagano (1984) and with those in Mentz et al (2003). In the former no logarithmic
transformation is introduced, so that we follow this option. Logarithms are used
in the second reference,

Newton and Pagano (1984) approached the problem by considering that the
reciprocal of the spectral density function of an AR(p) model, has the form of
the spectral density function of a moving average model of the same order, with

the same coefficients and with the variance of the error term equal to 472 /0?; we
denote this model by MA(p).

2. The AR(1) model

With sample values y;,...,yr, parameters i, o and o2 are estimated by one of
the known methods of parametric estimation: Yule-Walker, least squares, what
is known as Burg's algerithm, or maximum likelihood under the assumption that
the errors in the models have a normal distribution. We can also estimate the
autocovariances of the process, which means that the output of the estimation
stage is, in the case of an AR(1) model, the following:

T—j
o 1
Hy Q‘GQ,C" = T E(yl —5)(!J':+J ""?}I J ) 0: ls2- (21)

¥=1

With these sample values we define a set of autocovariances corresponding to
an MA (p) model namely,

) 472 ; 1 472
Yo=—27(1+6%), h1=—>74& (22)
and the empirical spectral density function of the MA(1) model is
- 1 1. Lo
M) = 75 = 5 o + 2 cos(o)} @3)
We next define two matrices as follows:
C(4) = diag(c’T'*,207%), (2.4)

where T is the matrix of variances and covariances of the process; in the special
case of an AR(1) model this is og, and is estimated by the sample value cg. The

other matrix is

2
i“-r--l-—iécur a'a'm
B=| @ (2.5
4m? 2
R e b

These two matrices lead to estimates of C and ‘B by substitutin_g sample values
for o and o? and further estimate ~ using definitions (2.2). Defining

D = BCB (2.6)
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the confidence band for the spectral density function is
1 1

e 2.7

f't(w]-f-é(w)gf @) Sh(w)—é(w) &
where . §

sf(u)zq—n 311X (@)D (w)x(w), (2.8)

X341 is the percentile of the chi-square distribution with p +1 = 2 degrees of
freedom, and we introduce the two-dimensional vector x = (1/7)(1/2 cos(w))’.
If it happens that ii(w) — 4(w) < 0, the upper bound of the confidence band is

taken to be infinite.

Under these conditions, the (simultaneous) confidence bands have confidence
coefficient approximately equal to §. The statistical argument is based on pro-
jections proposed by Scheffé (1959, page 407), as cited by Newton and Pagano
(1984).

3. The AR(5) model

As a more general example we consider the AR(5) model, one that is studied by
Newton and Pagano (1984). Observations y;, £ =1,2,...,T come from the model

5
vty gy =&, (8.1)

j=1

where the £, are independent with expected value 0 and constant variance a2 > 0.
The output of the computer program includes the estimates &;, 6? and ¢; =

(1/T) S (4 =) (v =7) where ji =7 = T, ue/T.
The MA(5) used to approximate the autoregression has autocovariances esti-

mated by

. 4 ;

-,F?Ea,a,ﬂ-, lil=0,1,...,5, (3.2)
and by 0 for all other values of j. The spectral density of the MA(5)model is
estimated by

: 1 5
hw) = 5= { 40+ 2_25«*5 cos(jw) p, -T<w<m (3.3)
J=
Defining matrices
f ”:’.‘|,‘_J—|", (34)
C = diag(6?, 1 267%), (3.5)
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and defining ¢ as
_ 4x?
e=3F (3.6)

we form the following matrix of order (p+ 1) x (p+1) = 6 x 6:

2, 24 26y 28y 265 cipi?
1+éa é14+6Gs Ga+6Gy @&+ 6y &y cy6?

g=l| & 14+& &+d & a5 cpe?
e| & és 1 &y by st | 8D

o SN 2 1 & ey

0 0 0 0 1 cy56°

This matrix contains those of smaller order. For example.
: : ple, in the case of the
AR(:{%} model, we omit the last row and the fifth column, and set &5 = 0, since
a5 =0.
With these matrices we form

D=BCB (3.8)
and
L s
#(w) = 7 xse XDx (3.9)
where the vector x is defined by
i s
x=—|5 cosw cos 2w cosdw cosdw nosSw) . (3.10)

Finally, the confidence bands for the spectral density can be written as

1 1
RO R N ) o

This band has, approximately, level 4. Again, this is the key result in Newton and
Pagano’s main theorem.

As indicated, Ne\ivton and Pagano’s ap:pmach is to set a band to h(w) =
1/f(w). The band is h(w) — s(w) < h(w) < h(w) + s(w), and has no problem even
if the left hand side is negative for some frequency. When deriving the band for
f(w) they write: “It could happen that h(w) — s(w) < 0 for some w in which case
infinity for the upper limit which does not diminish the probability contents of the
band.” One could solve this problem by letting this band to be max{h(w)-s(w), d}
where d is some constant, for example, d = 0.001. This procedure could alter the
probability contents of the band or, to say it in other words, the level d will be only
approximately met. In our rather extensive simulations with the given models,
we found no cases of negative estimates.
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4. Numerical examples
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procedure to estimate the order. In Newton and Pagano, Parzen’s CAT procedure
is used together with Burg's algorithm. OQur choice of AIC come from the program

In this section we present and analyze some numerical examples. Observations we use, namely, S-PLUS. One of our objectives is to explore the behavior of the
were generated by Monte Carlo simulations, taking some values for the parameters computer programs in this package.
and taking the error variance equal to 1. This choice coincides with that of Newton Table 1 shows the results of applying the indicated procedure to 1000 Monte
and Pagano, which means that the variance is treated as a scaling factor, the Carlo replications. Values concentrate for j = p, but we also observe an important
main interest being in estimating the spectral density. In all cases 6 = 0.05, number of cases in which p > p. In Table 1a) the estimated j is restricted to be
which means that the confidence bands have (approximately) simultaneous 95% < 5 while in Table 1b) it is restricted to be < 10.
confidence level.

We use the S-PLUS package. The functions we use are: “arima.sim” to simu- Table 1a  Frequency distributions of autoregressive orders chosen by S-PLUS

late the errors; “ar.burg” to fit AR models using Burg’s algorithm; “arima.mle”

RS using Burg’s estimation algorithm, in 1000 replicati
to fit AR models via maximum likelihood estimation under the Gaussian distri- 9 i replications (p < 5).

bution. Modél | True order | Sample size Chosen order
P T 1 1 2 3 1 5
4.1. Models 100 733 [ 118 68 | 46 | 40
Observations were generated by four models, namely: I 1 igg ;;; }ié g; ;g gg
I. AR(1) with a; = —0.60. 100 1 745 | 134 89 51
. IT 2 200 0 756 | 133 | 53 58
II. AR(2) with a; = —0.40 and o = —0.45. 00 3 = 10 = =
1L AR(4) with oy = —2.760, ay = 3.8106, a3 = —2.6536 and ay = 0.9238. 100 0 | 0 | 0 |80 181
111 4 200 0 0 0 836 | 164
IV. AR(5) with &y = 1.7, a7 = 2.4, a3 = 1.634, aq = 0.872 and o5 = 0.168. 400 0 0 0 [ 850 | 150
By using models IT, ITT and IV we follow Beamish and Priestley (1981), Newton e 100 0 0 0 |48 ] 572
and Pagano (1984) and others. The argument is that they are “casy, moderately 5 200 0 0 0 | 207 [ 793
casy and very difficult to fit, respectively”. These models have roots (1.11, 2.00), 400 0 0 0 38 | 962
(1.12, 1.12, 1.19, 1.19, 3.33), and (1.02, 1.02, 1.02, 1.02), respectively, so that the
roots of model IV are all close to 1 in absolute value. Model I with parameter Table 1b  Freguency distributions of autoregressive orders chosen by S-PLUS
0.60 is expected to behave like model II. using Burg’s estimation algorithm, in 1000 replications (p < 10).
4.2, Dealing with p and parameter estimation Model | True order | Sample size Chosen order
4.2.1. Dealing with 2 d e
) g P 100 | 699|108| 63 | 37 | 30 | 18 [11[11[11]12
L 1 200 702|115] 57 [ 36 [ 21 | 21 [20[12] 7|9
The autoregressive model has known order p, since this is the model gener- 100 BO1[1381 40 | 34 |30 | 10 [14]10| 8| 7
ating the simulated observations. In the computer program used to estimate the 100 T 1694 118[ 57 | 20 | 32 | 25|13 (17|14
parameters, this value of p can be forced, which implies that exactly as many I 9 500 0 (71011849 [ 38 | 26 [18]15[ 8] 9
a;’s as is the value of p are estimated. In our case, parameter estimation is done 700 0 (7301101 [ 53 [42 |23 |[14[18[11] 8
by maximum likelihood using the normal distribution; if observations have only 700 010 10 [665(1351 58 [46]44]24]28
approximately a normal distribution, asymptotic theory shows that use of this 11 4 00 0T 00 [712(125] 63 [34] 361616
procedure provides a valid approximation; see, for example, Brockwell and Davis 100 o100 (742107 [ 54 [33]25[18]21
W oo £0.5), . 700 |0 | 0 | 0 |365]399 |10552]38|2625
Observations generated by a model with known p can be used to estimate the v 5 500 o010 (171360 113]40]41 35795 |
order p of the AR model that provides the best fit to the data. In the S-PLUS 100 0T 00 (33 7aa] 98 [46]38]20]21
program, this is done by Bury's algorithm for parameter estimation, and the AIC
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Shibata (1976) derived the explicit asymptotic distribution of the estimated Table 2 (continued)
order p. If this order is selected by means of the AIC criterion in the range from
0 to, say, P, the probability distribution of 5 has values from the true order to P. (c) Model II, p =2, [ ay = 0.40 | ay = 0.45 | MLE
The distribution does not depend on the a;, and these are estimated by maximum
likelihood. In a simulation study for the AR(1) model with parameter a = 0.80, T P m | Ve B @
he showed that the frequency of selecting the order p = 1 is roughly 0.70, and our 100 | 0.3966 | 0.4255 0.0900 0.9707
results in Table 1 agree with this. e : 200 | 0.3978 | 0.4360 | 0.0637 | 0.9884

Since the models proposed as examples have p < 5, the restriction that < 10 700 [ 0.3

AT s 2 .3986 | 0.4446 0.0448 0.9934

is reasonable: larger values of this estimate will introduce further estimates of a

parameters and raise sample variability. Note that in Table 1, p =1 and a = 0.60,

& is close to 0.60 and &, § = 2,3,4 and 5 are small. Similar behavior is observed (d) Model II, p=2,| &y =0.40 [ o = 0.45 | pest Burg’s algorithm
in the case of p = 2, p < 5. Further discussion of the effect of estimating the AR
order is presented below. T)| aa | ag @y as ag ar g as | awn | oF
For models I and II (p = 1 and 2), changing from the restriction p < 5 to 100/0.3986/0.4287| 0.0050 [-0.0364]-0.0052{ 0.0105 |-0.0152|-0.0260/0.0695|-0.0465|0.9499
$ < 10 alters the selection of order in about 5% of the cases: for model [ selecting 200]0.3991|0.4395[-0.0015-0.0254] 0.0058 |-0.0095-0.0334|-0.0100|0.0445| 0.0623 [0.9776
p = p reduces from 733 to 699 cases (out of 1000): in the remaining cases some 400]0.3985]0.4445}-0.0010}-0.0004] 0.0071 |-0.0042 0.0030 |-0.0102{0.0256|-0.0278|0.9881
value > pis selected. For models I1I and IV (p = 4 and 5) the effect is larger: for
p = 4, selecting # = p = 4 reduces in about 15% of the cases in favor of choosing (e) Model III, p =4, |1 = 2.760]ay = —3.8106]c3 = 2.6535[cq = —0.9238] MLE
values of p > 4; for p = 5, selecting p = p = 5 reduces in about a 30% of the cases
in favor of choosing values of p # 5 (for some series the selected order is 4). T o o o a Var(ey)7? .
y | 100 | 2.7370 | -3.7478 | 2.5802 | -0.8944 0.0442 0.9493
4.2.2. Parameter estimation 200 | 2.7481 | -3.7774 | 2.6190 | -0.9077 | _0.0295 | 0.0786
Table 2 shows the average results in the estimation of parameters. Sample 400 § 27530 | 57955 ) 26556 | 09155 0.0201 0.9880

sizes were T = 100,200 and 400, and 1000 replications (repetitions) were done in

each case. Table 2 is done under the restriction < 10. Another table under the () M"dgl HI,, Pal= 4, I?uln = 2.760]a = —3.8106]rs = 2.6535]ay = —0.9233]
restriction p < 5 is available from the authors. Pest Burg's algorit
T| e az a3 oy as ag ar as ap aio 4
Table 2 Average estimates in 1000 fep!imiioﬂs 100{2.7397]-3.7579(2.6074|-0.9192|0.0802|-0.1246]0.1192|-0.0932|0.0549|-0.03380.9335
200[2.7484|-3.7806|2.6278/|-0.9231|0.0617|-0.0990|0.1112]-0.0949{0.0753|-0.0455|0.9711
(a) Model I, p=1, MLE 400|2.7540|-3.7962|2.6420|-0.0237|0.0272|-0.0517[0.0963]-0.1323]0.1048|-0.0453]0.9839
T ay Var(al)m at (g) Model IV, p =5, !I= —1‘71053 = —24la; = —1.334!0:4 = —0.872/as = —0.165%
100 | 0.5805 [ 0.0805 | 0.9818 MLE

A T T T T
- - - 100 | -1.6802 | -2.3508 | -1.5788 | -0.8355 | -0.1558 | 0.1008 | 0.9432

200 | -1.6906 | -2.3763 | -1.6061 | -0.8537 | -0.1606 0.0705 0.9724
400 | -1.6957 | -2.3879 | -1.6208 | -0.8626 | -0.1650 0.0496 0.9848

(b) Model I, p=1, Pest Burg’s algorithm

T| e g as oy as ag ar ag ag | ap | o

100(0.5907]-0.0084| 0.0091 |-0.0494]-0.0178| 0.0296 |-0.0117]-0.0545|0.0299/-0.0136|0.9589
[ﬁ'[)jgﬁ-i -0.0048]-0.0082(-0.0224] 0.0220 |-0.0118|-0,0062-0.0460|0.0422| 0.0286 [0.9818
[400]0.5977]-0.0002]-0.0088]-0,0013] 0.0168 |-0.0292|-0.0144] 0.0038 |0.0498] 0.0792 [0.9899
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Table 2 (continued)

(h) Model IV, p = 5, [a; = —1.7]az = —2.4Jas = —1.634[ay = —0.872]as = —0.16§

Pest Burg's algorithm

T[] a o a3 ay as | as ar | as | as | awo | @

100|-1.6680]-2.3278|-1.5388]-0.8103/-0.2139/-0.0014/0.0319 | 0.0255 | 0.0272 |-0.0161/0.9308,
200/-1.6844[-2.3641(-1.5839]-0.838 -0.1333*—0.0203 -0.0400[-0.0562]-0.0392|-0.0296/0.96 66,
[400 -1.6048/-2.3860(-1.6174 -0.3504!-0.IEQE[-D.OOTG[-U.01451-0.023010.0203 0.0103/0.9818

For model AR(1) with parameters a; = —0.60 and o? = 1, the table contains
the averages of the estimates, and of the corresponding standard deviation. These
values must be compared with a; = —0.60, Var(a;) ~ (1—a?)/T, with numerical
values 0.08, 0.056 and 0.04, respectively.

Next we find the averages corresponding to estimates of the parameters ob-
tained when the order value 7 is used, and estimation is done by using Burg's
algorithm. The estimation of a; has improved to some extent, while the averages
for the other parameters are (comparatively) small. We recall that estimates are
based upon the number of series indicated in Tables 1 and 2, except that a; is
always estimated with the 1000 series.

Similar considerations correspond to the other three models. In the case of
model AR(2), use of the approximation Var(a) = (1 — a?)/T for the variance
appears valid. This variance corresponds to the asymptotically normal distribu-
tion of the maximum likelihood estimator, see, for example, Brockwell and Davis
(1987, page 252).

In general, changing the restriction on the chosen order has very little effect
on the estimation of parameters for the chosen parameter values.

4.3. Confidence bands for the spectral density
4.3.1. Graphical illustration

In this section we show some examples of use of the techniques developed for
the construction of simultaneous confidence bands. In all cases the logarithm of
the spectral estimates is presented. The abscissas, which are usually given by
T'/2 + 1 frequency points from 0 to , are presented in a transformed scale from
0 to 50, and labeled “Index” in the graphs. These graphs were also made by an
S-PLUS function.

Figure 1. Observations were generated by simulation with the AR(1) model with
parameter & = —0.60. The graph covers only the frequencies from 0 to m (0 to

50), since the remaining values, from —7 to 0 can be omitted due to symmetry.
The central dotted line is the theoretical spectral density of the AR(1) model used

to generate the data, and hence corresponds to (1.6) with 0? = 1. The solid line
is the spectral density coming from the MA(1) approximation, namely h~!()) as
defined in (2.3). Broken lines are the simultaneous 95% confidence bands, defined

610

;y (21.{';'()], one above and one below., They were computed with a sample of size

leg(im)

Indax

Figure 1  Spectral density [function of AR(1) model with parameter —0.60,
MA (1) approzimation, and 95% simultancous confidence bands.

ngums 2 and 3. Observations generated by simulation with the AR(2) model
with parameters —0.40 and —0.45. This model was considered by Newton and
Pagano. We observe the following: (1) There are 4 examples out of the 1000
replicates, (2) The theoretical spectral density and its MA(1) approximation in
some case are parallel and in other have one or more crossings, (3) The theoretical
spectral density in some cases falls entirely inside the confidence bands, in which
case we say that there are 0 points outside the bands, and in other there one or
more points outside the bands, (4) Since the bands are computed at frequencies
A; =2mj/T for j=0,1,2,...,T/2 if T is even, we compare the number of points
falling out of the bands for j > 0 with 7/2 + 1, which for T = 100 equals 51.
(5) The bar graph in Figure 3 is an example of the distribution of points falling
outside the 95% confidence bands, for model AR(2) with parameters values
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—0.40 and —0.45, and with 1000 replications. We find a bar of size approximately
equal to 300 at 0, and then a distribution reaching 24. The average is 2.25 (Table Hi
3); its expected number is 0.05 x 51 = 2.55. The shape is typical of a mixture of istogram

distributions.
Figures 4 and 5 correspond, respectively, to models AR(4) and AR(5) with param-

eters defined in Section 4.1. They compare with Figure 1 in Newton and Pagano

(op. cit.). In Figure 4, we find a good agreement between the two spectral densi-
ties, except at the peaks; the true spectral density is seen to lie (approximately)
entirely within the confidence bands; the same occurs in Figure 5 for the AR(5)
model: the approximation fails at the peak but the true AR spectral density falls
entirely within the confidence bands. The bands are wide at the extremes of the

range of frequency values, and narrow at the peaks.

.58 BBEE

Figure 3 Histogram of points falling outside the 95% simultaneous confi-
dence bands, AR(2) model, AR spectral estimations.

-10
L

Figure 4 Spectral density function of AR({) model with parameter (see
tert), MA(4) approzimation, and 955 simultancous confidence

Spectral density function of AR(2) model with parameter —0.40
and —0.45, MA(2) approximation, and 95% simultaneous confi-
bands.

dence bands.
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values are in good agreement with these figures. For model IV the averages are
larger than expected, in the order of twice the theoretical figure. For model [1]
the averages are even larger. One possible explanation for the lefi hand part of
the tables, is that for these larger values of the order p (4 and 5), the limitation
imposed that the order of the fitting AR is the same p used to generate the data,
results being too restrictive.

Table 3 Averages of sample points falling outside the 95% simultaneouws
confidence bands (in parenthesis, number of series with p = p).

True Bands computed Bands computed | Bands computed |
Model |order using p using p< 5 using 5 < 10 |
p |7 =100]T =200]T = 400( 100 | 200 400 | 100 | 200 | 400 |
I i 2.25 5.46 18.13 | 3.05 | 6.54 [10.03] 7.52 | 7.15 9.82|
(267)| (256) | (278) | (301) | (208) | (309) |
11 2 3.00 6.17 14.49 | 549 | 6.13 [ 0.42[ 7.37 | 7.04 | 9.37 |
(255) | (244) | (224) | (306) | (281) | (270) |
111 4 14.73 30.57 65.21 |17.87136.16|74.57|18.16|32.32 64 42|
(181)](164) | (150) | (335) | (288) | (258) |
v 5 8.09 17.73 38.01 |12.47|27.95|64.82]11.87|20.20 32.00]
(428)[(207)| (38) | (597)| (427) | (249)

T T T T T I
0 10 20 30 40 50 The importance of order selection is considered in the next three columus. In
Index them the averages are computed when the order is chosen according to the AIC
criterion, but still maintaining the restriction of its being less than or equal to 5 or
to 10, respectively. We find a sizeable improvement for T = 400, for medels T and
II. Here the improvement occurs because about 1/4 of the series led to changes
) » 5 . in the value of the order, which, as indicated in Table 1, consisted in increasing
Figure 5 Spectral density f um:_t wnlaf AH&‘;{}S’;‘)&?‘ w&?ﬂ :;a mr:t;::;‘ de(:z the value of p. Further, for orders p = 1 or 2, the restriction on the order is
;f:ig MA(5) approzimation, an g S i not important. When models III and IV are considered there are more points

(on average) outside the confidence band than expected. This is particularly true
of model III (AR(4)), confirming the finding of previous authors, Newton and

Pagano (1984), Beamish and Priestley (1981).
4.3.2. Monte Carlo simulation

4.3.2. Comparision with previous work
Table 3 presents summaries of the simulations performed with the four models

mentioned at the beginning of Section 4.1. Table 3 has results corresponding In a paper by the authors (Mentz, Viollaz and Martinez, 2003), stland:;rd.
to restricting p < 5 and also to restricting p < 10. The first three columns of windowed spectral estimators were studied by M_onte Carlo. T!}ey were: kl]‘t on- .
results are the averages over the 1000 replications, of the number of points of the fidence bands available in the S-PLUS Puc?mge, in whzf‘h the x* approximation is
theoretical spectral density function, that occurred outside the 95% (simultaneous) used, with 8.29 degrees of freedom; (2) Smular'bmués with 9.1-1‘ degms Ol.- f:r.'t:dt.:m:
confidence band. The expected numbers are 2.55 for T = 100, 5.05 for T' = 200 (3) Confidence bands using t.h‘e normal approximation, u{uir (“l ) Similar bands with
and 10.05 for 7" = 400. We find that for models I and II the observed (average) a correction for asymptotic bias. A summary of results is Table 4.
615 \
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Table 4 Averages of sample points falling outside the 95% simultaneous In summatry, the AR spectral simultaznieous confidence Bands see seen to behave
confidence bands. reasonably well for the models considered.
As pointed out by a referee, bootstrap estimation of the standard error of the
Model | True AR [ Sample size | This study Previous study confidence bands could be attempted, but we do not include this work in the
order v P p (1) (2) (3) (4) : present paper.
11 2 100 3.00 | 7.37 | 0.716 | 1.171 | 1.962 | 0.84 There has been a good deal of concern about the merits of the AR spectral
200 6.17 | 7.04 | 0471 | 0.971 | 2.262 | 0.739 estimator. See, for example, Priestley (1981, p. 612) who wrote: “It is scen
400 14.49 | 9.37 | 0.306 | 0.773 | 2.797 | 0.763 that the AR estimate is highly irregular, with quite marked oscillations over the
1 1 100 14.73 | 18.16 | 14.401 | 13.954 | 11.669 [ 11.081 whole frequency range”. Harvey (1994, p. 205) commented on the importance of
200 30.57 | 32.32 | 4.052 | 3.953 | 3.579 | 2.293 selecting an adequate (estimated) AR order. See also Brockwell and Davis (1987,
400 é321 20.29 | 0.693 | 0.945 2.512 | 0.657 Section 106), KDDPII'IB.I'[S (19?4‘ SQCtiOH 9‘4]
1Y 5 100 800 [11.87] 3.141 | 3.014 | 2.66 | 1.987
200 17.73|20.29 | 1.451 | 1.679 | 2423 | 1.2 Acknowledgements
400 38.01(32.09| 0.631 | 0.934 | 2.62 | 0.753

The authors thank two detailed referee reports and also comments by the editor.

It follows that (except for Model IIT with T = 100), the bands based on )
windowed spectral e(stimates, leave, on average, less points outside the bands than (Received March, 2004. Accepted March, 2006.)
the AR spectral estimates. One main point is that while the windowed estimates
are based on (95%) point-by-point or marginal analysis, the bands for the AR
spectral estimators have 95% joint confidence coefficient, and we expect the former References
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(op. cit.) are based on projections proposed by Scheffé (1959), and hence have a

joint confidence level (e.g. 95%). This is an asymptotic approximation. Mentz, R. P., A. J. Viollaz and C. . Martinez (2003). Confidence bands for time
The behavior of the AR bands is studied in some detail: (1) The role of series problems in the time and frequency domains. Brazilian Journal of

selecting the order of the approximating AR model is studied, and found that for Probability and Statistics, 17, 179-211.

the models considered, restricting it to be less than or equal to 10 improves over
restricting it to be less than or equal to 5, in particular, for the more complicated
models AR(4) and AR(5). However, it affects little the estimation of parameters.
(2) Graphical examples are provided to illustrate the results. (3) Tabled results Priestley, M. B. (1981). Spectral Analysis and Time Series, Vol. L Univariate
show average numbers of sample points falling outside the bands. Series. London: Academic Press.

Newton, H. J. and M. Pagano (1984). Simultaneous confidence bands for autore-
gressive spectra. Biometrika, 71, 197-202.

616 617




Publicaciones - Raiil Pedro Mentz

Scheffé, H. (1959). The Analysis of Variance. New York: John Wiley.

Shibata, R. (1976). Selection of the order of an autoregressive model by Akaike's
information criterion. Biometrika, 63, 117-126.

Woodroofe, M. and J. Van Ness (1967). The maximum deviation of spectral
densities. Ann. Math. Stat., 36, 1558-1569.

Ral Pedro Mentz and Carlos I. Martinez

Instituto de Investigaciones Estadisticas

Facultad de Ciencias Econémicas

Universidad Nacional de Tucuman and CONICET

Casilla de correo 209

4000 - San Miguel de Tucuman, Argentina

E-mail: rmentz@herrera.unt.edu.ar and cimartine@herrera.unt.edu.ar

618



