The sustitution properties of a production frontier demand curve

Essay in the honor of Arnold C. Harberger in the ocassion
of his 71°" birthday.

"It is easy to show that the Hicks-Slutsky substitution
properties apply to demand functions defined by movements
constrained to a locus of the form: T X = Y, a
constant, so long as one is concerned with small changes in
the neighborhood of the undistorted equilibrium. However,
this cannot be shown to be generally true for large
changes."

HARBERGER
To explore the rationale of this assertion, which seems to

be intuitively obvicus, we shall consider a world of two goods
X;, X; and a consumer with an utility function of the form:

1) U(X;, X2) = a log X; + B log X, ; (aa + B) = 1.

Demand functions of the type under consideration can be
obtained by sclving the following system of equations:

2) Y =%P + X, P;
3) YO = X + X
4) 8P1 = a/X1

5) 8P, = B/X;

This is a system of four equations with five unknowns: X,

X2, P;y, P; and &. Prices are endogenous to the system. P; and P
are real prices, that is current prices deflated by a Paasche
price index, so that whenever different situations are compared
private expenditure (Y’) remains constant (equaticn (2)).
Equation (3) depicts the production opportunities assumed to be
linnear. Equation (4) and (5) are the consumer's marginal
conditions of equilibrium for the chosen utility function (1).

By solving for X, and X; we get their demand functions and a
price frontier:

P
6) Xy = . ¥

P2+®P1
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7) Xz = = P

Pz*@Pl
8) 0=(1+©) P, P, -0OP -P;

Where ® = B/a.

The hicksian substitution properties are usually depicted
in terms of the partial derivatives:

a)Sit<0; b)Sij=Sji; C)ESUP3=O

When working with producticn frontier demand curves S;;
stands for dx:/dp;

Let us consider the total differential dX;:

& X, o X4
9) dX1 = . dP1 + sz

o Py 5 P,

this expression can be written in elasticity form:

10)M; = ﬁll + Mz MNe1 e2

Where 1 is the elasticity of the demand for X; with respect to
a change in its own price cum the corresponding change in the
price of the other good; %, and Wz are partial elasticities
and'ﬂ‘w g1 1s the elasticity of P, with respect to P; along the

Price Frontier (8). For the demand equation (6) these values
are:

® p, P,

7111 — ‘ .7-]12 == 0T r MNez pr = =
Pp+®P1 ®P1

Putting these values in equation (10) we obtain a value of

Mi: = = 1. This value implies that the hiksian condition S;; < 0
is satisfied.

To examine the property S;; = S;; we compute the elasticities
N1z and M1 using the following relationships:

11) Tz = Mz + ;ln Ne1 ez



12) M2 = M2z + ﬁzz Mez m1

1
Since MNp p2 = —— equations (11) and (12) can be easily
Mez2 g1

estimated: my = ©® P;/P; and M. = P,/OP;. To compute the values
Si12 and 5;; we use the following relationship:

d X1 P, S Po (0] Py
13) Nz = = =
d P X, ).€} P,
® P, X,
14) S =
P

X; P

Using the same procedure we get the value S; =
@ P4
whence the condition S;; = S;; is not satisfied by this Production
Frontier Demand Curve.

Let us consider now the property X S;y Py = 0. This property
can be expressed in elasticity form:

Z Sij Pj
15) Z S5 Py = X4 = X: (M1 + M)
X,
Replacing mii = - 1 and m; = OP,/P; in this expression we
get:
® P,
16) £ Sy Py = X (-1 + —— )

P,

an expression that in general will not be zero. Hence the

hicksian condition X S;y Py = 0 is not satisfied by our Production
Frontier Demand Curve.
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