The Problem of the Substitution Properties of

Production Frontier Demand Curves
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It is widely known that the substitution term of demand
curves derived under the hypothesis postulated by Hicks in his
contribution of 1938 do satisfy a set of conditiagns. The purpose
of this paper is to explore the applicability of these conditions
to demand curves derived under a set of conditions that differs
from the ones chosen by Hicks in his seminal paper. To illustrate
the reader upon the nature of this problem we will develop the
case of a consumer in a world of two goods by comparing two
different demand curves: one derived under the set of conditions
in which the hicksian properties apply and the other a production
frontier demand curve which 1is a demand curve derived under an
alternative set of assumptions.

The standard case is illustrated by considerﬂﬁng the
derivation of a demand curve of a consumer in a world of two goods
Xy X a2 with an utility function of the form: U(X ,, X 2) = a log X
+ f log Xgy (x + @R = 1), with a (nominal) income I and facing
prices P, and P , that are exogenocus to the system.

The demand curves will be a function of these exogenous
prices and can be obtained by solving the following system of
eguations:

1 A = Xy Bk Xy R
2) &P, = a/X |

3) 6P, = QA/X,

Solving for X, and X . we obtain two demand curves:
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These demands show# the uncompensated respoense of & consumer
to changes in the Prices P, and F, while his nominal income I
remains constant. By the same token the implied elasticities of
the demand for X , and X ., which in both cases are egqual to -1, do
reflect this uncompensated response. To obtain the elasticities
that capture the pure substitution effect of a change in the price
of one of the goods we must resort to Slutsky's fundamental
equation expressed in elasticity form:
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With this formula we can compute an elasticity of demand that

captures the pure substitution effect. Let, us consider the
elasticity of demand for X ;, . In this case 1 = 3 = 1. f, = o and
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This means that “1” = -1 + « and by the same argument 7f’= -1 + 8.

The hicksian substitution properties are usually depicted in
terms of the partial derivatives:

@) By 0y bl S.y= S 3 c) % SR = O

These set of conditions can also be expressed in elasticity form.
Condition a) can be expressed alternatively as 49,,< O which is
satisfied in pour case. Condition b) can be expressed as:
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8) xl'RY:e = Xig Pavlu
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The values of “l,.and *l,,can be computed by using eguation &):
S
9)'*{,,: ’YZ,,+{3=0+{3

10)7&: ’V[,,+u=0+cx
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Replacing the values of ”l,,and ql,,in 8) we get:

11y X5 = BB = Xy FPa
Since X, P, = «l and X ;' P,= #1 condition b) 1s alsc satisfied.

Condition c) cal also be expressed in elasticity form. Let us
consider the demand for X, :

S
1a)§s‘,9,=x,(z'~z,, ) =X, (1 +a+0+8) =0
and condition c) is satisfied.

It should not come as a surprise to find out the hicksian
firt order conditions being satisfied in the exercise of above.
These preoperties have been shuwb to heold under more general
conditions concerning the nature of the utility function as well
as the number of commodities involved. The moral of this exercise
18 That 2% provides an analytic framework to explore the
properties of demand curves generated under a set of conditions
that differ from the ones chosen by Hicks in his theaoretical
development. The Production Frontier Demand Curve is &2 case in
point.

To illustrate the reader on this point we will consider the
same utility function as before and the theoretical model that
leads to demand functions of this type.
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13) Y°=X,P, + X P,
Feny s X K
15) 6P, = a/X

16)

Oy
0
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R/X,

This model differs from the one chosen by Hicks in many

aspects. It is a general equilibrium model that focusses on a
consumer that is a replica of the consumers of a community in both
tastes and preferences (equations 15S) and 16)) as well as in his

production oportunities (equation 14)). The prices are endogenous
to the system. P, and P, are real prices, that is.current prices
deflated in such a way that whenever different situations are
being compared private expenditure (Y®) remasins comnstant (egquation
13)). The Tact that in equilibrium the consumer 1is bound to
satisfy the production opportunities depicted by equation (14) has
been the origin of the name given to the demand curves that this

model generates: Production Frontier Demand Curves.

There are some difficulties in working out analytical
solutions to this system of equations due to the fact that the
variables enter non linearly in some of the equations.

Solving for X, and X, we get their demand functions and a
price frontier:

Pe
17y x7 = =iy
IR A
gP,
18) X, = o
Py ¢8R
PP O m flca B B R o g - Py
where & = /«.
This system of equations presents some features worth
mentioning. An important one 1is the fact that real private

expenditure (Y¥°) remains constant. Another feature is that when a
change in the price of a commodity 1is bBeing considered the
corresponding change in the price of the other commodity must be
allowed for. Under the conditions of the problem these prices are

related according function 19) wusually known as the Price
Frontier. If in addition to this we remember that the equilibrium
is constrained to the production opportunities locus 14) we can

easily conclude that we are dealing with situations in which "real
income”, in the sense of the range of altermnative production
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Using the same procedure we obtain the value S, = X, P,/ @P?} apd”
we can conclude that the condition S,a = Sey is not satisfied by

this Production Frontier Demand Curve.

Let us consider ow praoperty c) L 5, P, 0. This property

can be expressed in elasticity form:

ZS“F’,=)§ZS‘Q§,: =x'(mtll+qzw)
X
We already know that ”l,, = - 1 and ”lm = % P,/P, . Replacing
these values in the expression of above we get:
¢ P,
5. Quy =X = s )
Pe

an expression that in general will not be 2ero. Hence condition c)
£ §,P, =0 is not fullfilled by this Production Frontier Demand
Curve.
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oportunities, remains constant. This leaves us in & world of pursa
substitution effects where th& difference between compensated or
uncompensated demand curves is meaningless.

With these arguments in mind, let us caonsider the total
differential dX, :

2%, 2%
20) dX, = dP, + dP .
2P, R ’
this expression can be expressed in elasticity form:
— ~ P
ai) Aln =y ”l." * zoa ; lt!_'(. — Yl(}[ (ol 2—

Where h,, is the elasticity of the demand for X, with respect to a
change in its own price {(cum the corresponding change in the price
of the other good); M 1y and ﬁl 1a @are partial elasticities and "1,,9 ”1

is the elasticity of P, with respect to P, along the Price Frontxer wP,
19). Fer the demand equation 17) these values are:
Fore & P -~ - P
NL“ = - : - ’7 ST ) * ’Y)p p 2 2
T g eomr . Taniad g L no T
Pi *% 94 i P|
Putting these values in equation 21) we obtain a value i = o Y

This is the elasticity value that should be compared to the one
that captures the pure substitution effect in the hiksian world:

,,= - 1 + x, a value that is obviously different. This raises the
issue of the applicability of the hiksian substitution properties
to Production Frontier Demand Curves.

It is evident that cundition’s,. < 0 is satified by the
production Frontier Demand Curve even when its elasticity in

absolute value differs from the one obtained under the hypaothesis
postulated by Hicks.

To erxamine property b)) 8,, = 5, we compute the elasticities
qT, and Q}, using the following relationships:

22) ’Yase:"lu* ”‘(,. QP P

a3) 'Viat o {Y(’ = ’Y(' ea '\2

Since “2. 1 equations 228) and 23) can be easily
??L
estimated. Thus, “the values M e = B P, /P, and"]a = R/ & P, are
obtained.” To compute the values S, and S,, we use the following
relationship:
aXx, P S P & P,
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Using the same procedure we obtain the value S,, = X, Py / QP?,.aae'
we can conclude that the cendition S,a = Sa 15 not satisfied by
this Production Frontier Demand Curve.
Let us consider ow property c) X §5,P, = 0. This property
can be expressed 1in elasticity form:
ZS“P,-':)SZS”PLY:_ =%'(’Y1H+,r216)
Xy
We already know that’q . == 1 and ”Lw = &% P,/P,. Replacing
these values in the expression of above we get:
¢ P,
ot YL P SR = SN )
Pe
an expression that in general will not be zero. Hence condition c?
£ 5,P =0 is not fullfilled by this Production Frontier Demand
Curve.
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